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Abstract 

We review the theoretical foundations and the most important physical applications of the 
Pinch Technique (PT). This general method allows the construction of off-shell Green's 
functions in non-Abelian gauge theories that are independent of the gauge-fixing param- 
eter and satisfy ghost-free Ward identities. We first present the diagrammatic formulation 
of the technique in QCD, deriving at one loop the gauge independent gluon self-energy, 
quark-gluon vertex, and three-gluon vertex, together with their Abelian Ward identities. 
The generalization of the PT to theories with spontaneous symmetry breaking is carried 
out in detail, and the profound connection with the optical theorem and the dispersion rela- 
tions are explained within the electroweak sector of the Standard Model. The equivalence 
between the PT and the Feynman gauge of the Background Field Method (BFM) is elab- 
orated, and the crucial differences between the two methods are critically scrutinized. A 
variety of field theoretic techniques needed for the generalization of the PT to all orders are 
introduced, with particular emphasis on the Batalin-Vilkovisky quantization method and the 
general formalism of algebraic renormalization. The main conceptual and technical issues 
related to the extension of the technique beyond one loop are described, using the two- 
loop construction as a concrete example. Then the all-order generalization is thoroughly 
examined, making extensive use of the field theoretic machinery previously introduced; of 
central importance in this analysis is the demonstration that the PT-BFM correspondence 
persists to aU orders in perturbation theory. The extension of the PT to the non-perturbative 
domain of the QCD Schwinger-Dyson equations is presented systematically, and the main 
advantages of the resulting self-consistent truncation scheme are discussed. A plethora of 
physical applications relying on the PT are finally reviewed, with special emphasis on the 
definition of gauge-independent off-shell form-factors, the construction of non-AbeUan ef- 
fective charges, the gauge-invariant treatment of resonant transition amplitudes and unsta- 
ble particles, and finally the dynamical generation of an effective gluon mass. 

Key wards: Non-Abelian gauge theories, Gluons, gauge bosons, Gauge-invariance, 
Schwinger-Dyson equations, Greens functions. Dynamical mass generation 
PACS: 12.38.Aw, 14.70.Dj, 12.38.Bx, 12.38.Lg 



Preprint submitted to Elsevier Preprint 



prepared for Physics Reports 
14 September 2009 



Contents 

1 Introduction 7 

2 The one-loop pinch technique in QCD 14 

2.1 The QCD Lagrangian, gauge-fixing, and BRST symmetry 14 

2.2 Gauge cancellations in the ^-matrix and the origin of the pinch technique 16 

2.3 The pinch technique mechanism of gauge fixing parameter cancellations at one loop 18 

2.3.1 The box 20 

2.3.2 The quark-gluon vertex 22 

2.3.3 The quark self-energy 23 

2.3.4 Final cancellation of all gauge fixing parameter dependence 25 

2.4 The one-loop pinch technique Green's functions 26 

2.4.1 The one-loop pinch technique quark-gluon vertex and its Ward identity 26 

2.4.2 The pinch technique gluon self-energy at one loop 29 

2.4.3 Process-independence of the pinch technique 31 

2.4.4 Intrinsic pinch technique and the gauge-independent three-gluon vertex at one 

loop 32 

2.4.5 The pinch technique four-gluon vertex at one loop 38 

2.5 The absorptive pinch technique construction 38 

2.5.1 Optical theorem and analyticity 38 

2.5.2 The fundamental s-t cancellation 45 

3 The background field method and its correspondence with the PT 51 

3.1 The background field method 51 

3.2 Background field gauges 54 
3.2.1 GeneraUzed background gauges 56 

3.3 Advantages over the conventional formalism 57 
3.3.1 PreUminaries: Green's function and S-matrix calculation in the BFM 57 



2 



3.3.2 Special transversality properties of the BFM 58 

3.4 The pinch technique/background Feynman gauge correspondence 61 

3.5 The pinch technique/background Feynman gauge correspondence: conceptual issues 63 
3.5.1 Pinching within the background field method 64 

3.6 Generahzed pinch technique 66 

4 The Pinch Technique one-loop construction in the electroweak sector of the Standard 

Model 68 

4. 1 The electroweak lagrangian 68 

4.2 Pinch technique with Higgs mechanism: general considerations 71 

4.3 The case of massless fermions 74 

4.3.1 Gauge fixing parameter cancellations 75 

4.3.2 Final rearrangement and connection with the background Feynman gauge 79 

4.3.3 A very special case: the unitary gauge 82 

4.3.4 Pinch technique absorptive construction in the electroweak sector 84 

4.3.5 Background field method away from = 1: physical versus unphysical 
thresholds 89 

4.4 PT with massive fermions: an explicit example 90 

4.4. 1 Gauge fixing parameter cancellations 92 

4.4.2 Final rearrangement and comparison with the background Feynman gauge 96 

4.4.3 Deriving Ward identities from the gfp-independence of the 5-matrix. 98 

5 AppUcations - 1 101 
5.1 Non-Abelian effective charges 101 

5.1.1 QED effective charge: the prototype 101 

5.1.2 QCD effective charge 1 04 

5.1.3 Effective mixing (Weinberg) angle 106 

5.1.4 Electroweak effective charges 108 



3 



5.1.5 Electroweak effective charges and their relation to physical cross-sections 109 

5.1.6 The effective charge of the Higgs boson 1 12 

5.1.7 Physical renormahzation schemes vs MS 112 

5.2 Gauge-independent off-shell form-factors: general considerations 116 

5.2.1 Anomalous gauge boson couphngs 117 

5.2.2 Neutrino charge radius 120 

5.2.3 The physical NCR 121 

5.2.4 Neutrino-Nuclear coherent scattering and the NCR 125 

5.3 Gauge-independent definition of electroweak parameters 126 

5.3.1 The 5, T, and [/ parameters 126 

5.3.2 The universal part of the p parameter beyond one loop 128 

5.4 Self-consistent resummation formahsm for resonant transition amphtudes 131 

5.4. 1 The Breit-Wigner Ansatz and the Dyson summation 131 

5.4.2 The non-Abehan setting 133 

6 Beyond one loop: from two loops to all orders 143 

6. 1 The pinch technique at two loops 143 

6.1.1 The one-particle reducible graphs 144 

6.1.2 Quark-gluon vertex and gluon self-energy at two loops 146 

6.1.3 The two-loop absorptive construction 151 

6.2 The PT to all orders in perturbation theory 157 

6.2.1 The four-point kernel ^^Q'g and its Slavnov-Taylor identity 157 

6.2.2 The fundamental all-order s-t cancellation 159 

6.2.3 The PT to all orders: the quark-gluon vertex and the gluon propagator 162 

7 PT in the Batahn-Vilkovisky framework 166 
7.1 Green's functions: conventions 167 



4 



7.2 The Batalin-Vilkovisky formalism for pedestrians 168 

7.3 Faddeev-Popov equation(s) 172 

7.4 The (one-loop) PT algorithm in the BV language 173 

7.5 The two-loop case 174 

8 The PT Schwinger-Dyson Equations for QCD Green's functions 178 

8.1 SDEs for non-Abelian gauge theories: difficulties with the conventional formulation 178 

8.2 The PT algorithm for Schwinger-Dyson equations 180 

8.2.1 Three-gluon vertex 181 

8.2.2 The gluon propagator 186 

8.3 The new Schwinger-Dyson series 190 

8.3.1 The PT as a gauge-invariant truncation scheme: advantages over the 
conventional SDEs 191 

8.3.2 Some important theoretical and practical issues 195 

9 Applications part 11: Infrared properties of QCD Green's functions and dynamically 
generated gluon mass 199 

9.1 PT Schwinger-Dyson equations for the gluon and ghost propagators 201 

9.2 Schwinger mechanism, dynamical gauge-boson mass generation, and bound-state 

poles 205 

9.3 Results and comparison with the lattice 208 

9.4 The non-perturbative effective charge of QCD 210 

10 Concluding remarks 214 
A S'?7(iV) group theoretical identities 216 
B Feynman rules 217 

B.l and BFM gauges 217 

B.2 Anti-fields 218 

B.3 BFM sources 218 



5 



C Faddev-Popov equations, Slavnov-Taylor Identities and Background Quantum Identities 



for QCD 220 

C.l Faddeev-Popov Equations 220 

C.2 Slavnov-Taylor Identities 221 

C.2.1 STIs for gluon proper vertices 221 

C.2.2 STIs for mixed quantum/background Green's functions 223 

C.2.3 STIs for the gluon SD kernel 224 

C.3 Background-Quantum Identities 226 

C.3.1 BQIs for two-point functions 226 

C.3.2 BQIs for three-point functions 228 

C.3. 3 BQI for the ghost-gluon trilinear vertex 230 

References 231 



6 



1 Introduction 



When quantizing gauge theories in the continuum one usually resorts to an appropriate gauge- 
fixing procedure in order to remove redundant (non-dynamical) degrees of freedom originating 
from the gauge invariance of the theory [1]. Thus, one adds to the gauge invariant (classi- 
cal) Lagrangian, £i, a gauge-fixing term, £gf, which allows for the consistent derivation of 
Feynman rules. At this point a new type of redundancy makes its appearance, this time at the 
level of the building blocks defining the perturbative expansion. In particular, individual off- 
shell Green's functions (n-point functions) carry a great deal of unphysical information, which 
disappears when physical observables are formed. S'-matrix elements, for example, are inde- 
pendent of the gauge-fixing scheme and parameters chosen to quantize the theory are unitary 
and well-behaved at high energies. Green's functions, on the other hand, depend explicitly (and, 
in general, non-trivially) on the gauge-fixing parameter (gfp) entering in the definition of Cqf, 
contain unphysical thresholds, and grow much faster than physical amplitudes at high energies 
(e.g., they grossly violate the Froissart-Martin bound [2]). Evidently, in going from unphysical 
Green's functions to physical amplitudes, subtle field-theoretic mechanisms are at work, enforc- 
ing vast cancellations among the various Green's functions. While it is clear that the realization 
of these cancellations mixes non-trivially contributions stemming from Feynman diagrams of 
different kinematic nature (propagators, vertices, boxes), the prevailing attitude is to condense 
all this down to the standard statement that the Becchi-Rouet-Stora-Tyutin (BRST) symmetry 
[3,4] guarantees eventually the gauge-independence of physical observables, and nothing more. 

It turns out, however, that all aforementioned cancellations inside physical amplitudes (such 
as S'-matrix elements, Wilson loops, etc) take place in a very particular way: not only is the 
entire physical amplitude gauge-independent, but it may be decomposed into kinematically dis- 
tinct subamplitudes that are themselves individually gauge-independent. In addition to being 
gauge-independent, these subamplitudes are endowed with further properties, such as analyt- 
icity and a profound connection with the optical theorem. The precise field-theoretic method 
that exposes this particular stronger version of gauge independence and enforces all ensuing 
physical properties is the Pinch Technique (PT) [5-9]. The basic observation is that all rele- 
vant cancellations are realized when a very particular subset of longitudinal momenta, circu- 
lating inside vertex and box diagrams, extracts out of them, through the "pinching" of inter- 
nal lines, structures that are in all respects propagator- like, and should therefore be reassigned 
to the conventional self-energy Feynman graphs. This particular reshuffling of terms has far- 
reaching consequences, giving rise to effective Green's functions, which, in contradistinction 
to the conventional unphysical Green's functions, have properties generally associated with 
physical observables. In particular, the PT Green's functions are independent of the gauge- 
fixing scheme and parameters chosen to quantize the theory (^ in covariant gauges, in axial 
gauges, etc.) are gauge-invariant, i.e., they satisfy the all-order simple tree-level Ward Identi- 
ties (Wis), associated with the gauge symmetry of the classical Lagrangian Cj, instead of the 
ghost-infested Slavnov-Taylor identities (STIs), they display only physical thresholds, and they 
are well-behaved at high energies. 

But why should one worry at all about the gauge-dependence or other unphysical properties 
that individual Green's functions may have? After all, when one uses them to construct observ- 
ables, they do conspire to furnish the right answer, which is all that really matters. Things are 
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not so simple, however; in fact, as we will explain in detail in this report, there are consider- 
able theoretical and phenomenological advantages in reformulating the perturbative expansion 
in terms of off- shell Green's functions with improved properties. 

Even within a fixed order perturbative calculation, the sharp difference between observables 
and Green's functions suggests a great deal of redundancy in the conventional diagrammatic 
formulation of gauge theories, in the sense that extensive underlying cancellations beg to be 
made manifest and be explicitly exploited as early within a calculation as possible. Implement- 
ing these cancellations at an early stage renders the book-keeping aspects more tractable [10]. 
Moreover, there is an unpleasant mismatch between our intuition based on Quantum Electro- 
dynamics (QED) and the way non-Abelian theories seem to work; however, very often this 
mismatch is not due to inherent properties of the non-Abelian physics, but is rather an artifact 
of the quantization procedure, and of the way this affects individual Green's functions. For ex- 
ample, the text-book concept of the effective charge, so familiar in QED, becomes completely 
obscured in a non-Abelian setting, because of the gauge-dependence of the vector meson's self- 
energy, a complication that is automatically resolved in the PT context. 

The main reason that clearly favors employing the PT Green's functions, however, is the 
fact that a variety of important physical problems cannot be addressed within the framework of 
fixed-order perturbation theory, i.e., by simply computing all Feynman diagrams contributing 
to a given process at a given order. This is often the case within Quantum Chromodynamics 
(QCD), where, due to the large disparities of the physical scales involved, a complicated inter- 
play between perturbative and non-perturbative effects takes place. Similar limitations appear 
when physical kinematic singularities, such as resonances, render the perturbative expansion di- 
vergent at any finite order, or when perturbatively exact symmetries prohibit the appearance of 
certain phenomena, such as chiral symmetry breaking or gluon mass generation. In such cases 
one often resorts to various reorganizations of the perturbative expansion, or to completely 
non-perturbative techniques such as the Schwinger-Dyson equations (SDEs). One of the main 
difficulties encountered when dealing with the problems mentioned above is the fact that several 
physical properties, which are automatically preserved in fixed-order perturbative calculations 
by virtue of powerful field- theoretic principles, may be easily compromised when rearrange- 
ments of the perturbative series, such as resummations, are carried out. These complications 
may, in turn, be traced down to the fundamental fact that we have emphasized from the outset: 
in non-Abelian gauge theories individual off-shell Green's functions are unphysical. 

We now take a closer look at some of the aforementioned issues, in order to fully appreciate 
the usefulness of the PT formalism. 

* Non-Abelian effective charges. The unambiguous extension of the concept of the gauge- 
independent, renormalization group invariant, and process-independent effective charge from 
QED to QCD [7,1 1] is of special interest for several reasons [12]. The PT construction of this 
quantity accomplishes the explicit identification of the conformally-variant and conformally- 
invariant subsets of QCD graphs [13], usually assumed in the field of renormalon calcu- 
lus [14]. Moreover, the PT effective charge can serve as the natural scheme for defining the 
coupling in the proposed "event amplitude generators" based on the the light-cone formula- 
tion of QCD [15]. In addition, the electroweak effective charges constructed with the PT are 
used to define the physical renormalization schemes [16], which provide a superior frame- 
work for the study of gauge coupling unification. 



8 



* Off-shell form-factors. In non-Abelian theories their proper definition poses in general prob- 
lems related to the gauge invariance [17]. Specifically, if one attempts to define the form- 
factors from the conventional vertices, for off-shell momentum transfers, one is invariably 
faced with residual gauge-dependences, together with the various pathologies that these im- 
ply. Some representative cases are the magnetic dipole and electric quadrupole moments of 
the [18], the top-quark magnetic moment [19], and the neutrino charge radius [20]. The PT 
allows for an unambiguous definition of such quantities, without any additional assumptions 
whatsoever: one must simply extract the corresponding physical off-shell form-factors from 
the corresponding gauge-independent PT vertex. A celebrated example of such a successful 
construction has been the neutrino charge radius; the gauge-independent, renormalization- 
group-invariant, and target-independent neutrino charge radius obtained from the correspond- 
ing PT vertex constitutes a genuine physical observable, since it can be extracted (at least in 
principle) from an appropriate combination of scattering experiments [21]. 

* Resonant transition amplitudes. The Breit-Wigner procedure used for regulating the physical 
singularity appearing in the vicinity of resonances (^/s ~ Af) is equivalent to a reorgani- 
zation of the perturbative series [22]. In particular, the Dyson summation of the self-energy, 
which is the standard way for treating resonant amplitudes, effectively amounts to removing 
a particular term from each order of the perturbative expansion, since from all the Feyn- 
man graphs contributing to a given order one only keeps the part that contains self-energy 
bubbles. Given that non-trivial cancellations involving the various Green's function gener- 
ally take place at any given order of this expansion, the act of removing one of them from 
each order may distort those cancellations; this is indeed what happens when constructing 
non-Abelian running widths. The way the PT solves this problem is by ensuring that all un- 
physical contributions contained inside the conventional self-energies have been identified 
and properly discarded, before any resummations are carried out [23]. 

* Schwinger-Dyson equations. The most widely used framework for studying in the continuum 
various dynamical questions that lie beyond perturbation theory are the Schwinger-Dyson 
equations (SDE) [24,25]. This infinite system of coupled non-linear integral equations for all 
Green's functions of the theory is inherently non-perturbative, and captures the full content of 
the quantum equations of motion. Even though these equations are derived by an expansion 
about the free-field vacuum, they finally make no reference to it, or to perturbation theory, 
and can be used to address problems related to chiral symmetry breaking, dynamical mass 
generation, formation of bound states, and other non-perturbative effects [26,27]. Since this 
system involves an infinite hierarchy of equations, in practice one is severely limited in their 
use, and the need for a self-consistent truncation scheme is evident. Devising such a scheme, 
however, is far from trivial; the crux of the matter is that the SDEs, in their conventional 
formulation, are built out of unphysical Green's functions. Thus, the extraction of reliable 
physical information depends crucially on delicate all-order cancellations, which may be 
inadvertently distorted in the process of the truncation. The PT addresses this problem at its 
root, by introducing a drastic modification already at the level of the building blocks of the 
SD series, namely the off-shell Green's functions themselves. 
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Let us emphasize from the beginning that, to date, there is no formal definition of the PT proce- 
dure at the level of the functional integral defining the theory. In particular, let us assume that the 
path integral has been defined using an arbitrary gauge-fixing procedure {e.g., linear covariant 
gauges); then, there is no known a priori procedure (such as, e.g., functional differentiation with 
respect to some combination of appropriately defined sources) that would furnish directly the 
gauge-independent PT Green's functions. The definition of the PT procedure is operational, and 
is intimately linked to the diagrammatic expansion of the theory {i.e., one must know the Feyn- 
man rules). In fact, the starting point of the PT construction can be any gauge-fixing scheme 
that furnishes a set of well-defined Feynman rules and gauge-independent physical observables. 
Specifically, one operates at a certain well-defined subset of diagrams, and the subsequent re- 
arrangements give rise to the same gfp-independent PT answer, regardless of the gauge-fixing 
scheme chosen for deriving the Feynman rules. However, as we will see in the last sections of 
this report, the PT in its ultimate formulation is not diagrammatic, in the sense that one does not 
need to operate on individual graphs but rather on a handful of classes of diagrams (each one 
containing an infinite number of individual graphs). 

Today's distilled wisdom on the structure of the PT can be essentially captured by the pro- 
found connection between the PT and the the well-known quantization scheme known as the 
Background Field Method (BFM) [28-38]. The BFM is a special gauge-fixing procedure, im- 
plemented at the level of the generating functional. In particular, it preserves the symmetry 
of the action under ordinary gauge transformations with respect to the background (classical) 
gauge field A^, while the quantum gauge fields appearing in the loops transform homoge- 
neously under the gauge group, i.e., as ordinary matter fields which happened to be assigned 
to the adjoint representation [39]. As a result of the background gauge symmetry, the BFM n- 
point functions (0|T A^^ {xi)A^^ (X2) ■ ■ ■ A^^ (xn) |0) satisfy naive QED-like Ward-identities, 
but they do depend explicitly on the quantum gauge-fixing parameter used to define the tree- 
level propagators of the quantum gluons. It turns out that, to all orders in perturbation theory, the 
gauge-fixing parameter-independent effective n-point functions constructed by means of the PT 
(starting from any gauge-fixing scheme) coincide with the corresponding background n-point 
functions when the latter are computed at the special value = I (BFM Feynman gauge, BFG 
in short) [40^2] . Some important conceptual issues related to this correspondence will be dis- 
cussed extensively in the corresponding sections. 

We now turn to a somewhat more technical issue, and discuss briefly the formal machinery 
necessary for the implementation of the PT. Evidently, there is a gradual increase in the so- 
phistication of the field-theoretic tools employed when going from the one-loop construction, 
presented in the early articles, all the way to the recently derived new SD series. 

The original one-loop [7] and two-loop [43] PT calculations consist in carrying out alge- 
braic manipulations inside individual box- and vertex-diagrams, following well-defined rules. 
In particular, one tracks down the rearrangements induced when the action of (virtual) longitu- 
dinal momenta {k) on the bare vertices of diagrams trigger elementary Wis. The longitudinal 
momenta responsible for these rearrangements stem either from the bare gluon propagators or 
from a very characteristic decomposition of the tree-level (bare) three-gluon vertex. Eventually, 
a WI of the form /c^7'^ = S~^{^ + '^) — S~^{]/)) gives rise to propagator- like parts, by removing 
(pinching out) the internal bare fermion propagator S{f.+]/)). Depending on the order and topol- 
ogy of the diagram under consideration, the final WI may be activated immediately, as happens 
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at one loop, or as the final outcome of a sequential triggering of intermediate Wis, as happens at 
two loops. The propagator-like contributions so obtained are next reassigned to the usual gluon 
self-energies, giving rise to the PT gluon self-energy. 

The direct diagram-by-diagram treatment followed up until the two-loops cannot be possibly 
used to generalize the PT to all orders. Indeed, the resulting logistic complexity clearly advo- 
cates for the use of a non-diagrammatic approach, i. e. , a method that treats at once entire subsets 
of diagrams. The non-diagrammatic formulation of the PT introduced in [44] accomplishes this, 
by recognizing that the aforementioned one- and two-loop rearrangements are but lower-order 
manifestations of a more fundamental cancellation. This cancellation takes place when com- 
puting the divergence (STl) of a special Green's function, which serves as a common kernel to 
all higher order self-energy and vertex diagrams. In addition, and most importantly, the parts 
of the Feynman diagrams that are shuffled around during the pinching process are expressed in 
terms of well-defined field-theoretic objects, namely the ghost Green's functions appearing as 
a standard ingredient in the STl satisfied by the three-gluon vertex [45]. These ghost Green's 
functions involve composite operators, such as (0|T[s$(x) • • • ] |0), where s is the BRST oper- 
ator and $ is a generic QCD field. It turns out that the most efficient framework for dealing 
with these type of objects is the Batalin-Vilkovisky formalism [46]. In this framework, one 
adds to the original gauge-invariant Lagrangian Ci the term £brst = thus coupling 

the composite operators s$ to the BRST invariant external sources (usually called anti-fields) 
to obtain the new Lagrangian C^v — + >Cbrst- One advantage of this formulation is 
that it allows one to express the STIs of the theory in terms of auxiliary functions, which can 
be constructed using a well-defined set of Feynman rules (derived from £brst)- The Batalin- 
Vilkovisky formalism, and in particular a multitude of useful identities derived from it, is used 
extensively in the derivation of the new series of gauge-invariant SDEs. 

We conclude by presenting a roadmap of the topics discussed in this report. 

Section 2. This section contains a detailed introduction to the one-loop PT in the context of a theory like 
QCD, i.e., without tree-level symmetry breaking. The method is implemented at the level of 
every single one-loop Feynman diagram contributing to a quark-quark scattering amplitude. 
The PT two-point functions at one-loop are derived, with particular emphasis on the PT gluon 
self-energy and the quark-gluon vertex. The QED-like WI satisfied by the latter is derived in 
detail. A similar construction is carried out for the one-loop three-gluon vertex, the corre- 
sponding Abelian WI is presented, and the supersymmetric structure of its form-factors is 
discussed. We dedicate a large part of the first section in establishing the precise connection 
between the imaginary parts of the one-loop PT Green's functions and the optical theorem, 
together with the corresponding dispersion relations. 

Section 3. Here we review the formal aspects of the BFM, and derive the corresponding set of Feynman 
rules, emphasizing the dependence of the bare three- and four-gluon vertices on the gfp, and 
the characteristic ghost sector containing a symmetric Acc vertex, and a new AAcc four-field 
vertex. We next establish the correspondence between the PT and the BFG at the one-loop 
level, and clarify various conceptual issues regarding this correspondence and its correct in- 
terpretation. The final item in this section is the introduction to the "generalized" PT, which is 
a diagrammatic procedure that permits one to start out with any arbitrary conventional gauge 
and be dynamically projected to the corresponding BFM gauge. 
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Section 4. In this section, the one-loop PT construction for the electroweak sector of the Standard Model 
(SM) is presented. This exercise is significantly more involved than in the case of QCD, 
mainly due to the book-keeping complications introduced by the proliferation of particles. 
We pay particular attention to the modifications introduced to the PT procedure due to the 
spontaneous breaking of the symmetry through the Higgs mechanism. We first present the 
technically simpler situation of massless external test fermions, an assumption that consid- 
erably simplifies the algebra. The absorptive construction of the first section is repeated, and 
the same underlying principles and patterns are recovered. The generalization of the method 
to the case of massive external fermions is then discussed, and the central role of the would- 
be Goldstone bosons for maintaining gauge-invariance is elucidated. We demonstrate how 
in this latter case the requirement of the complete gauge-independence of the PT-rearranged 
scattering amplitude furnishes non-trivial Wis relating the various PT Green's functions. 

Section 5. We present some of the most characteristic applications of the PT, that can be worked out 
based on the material presented in the previous three sections. We focus on four particular 
subjects. First, we study in detail the construction of non-Abelian effective charges that sat- 
isfy the same properties as the prototype QED effective charge. The analysis includes the 
QCD effective charge, as well as the those appearing in the electroweak sector, most notably 
the effective electroweak mixing angle. We demonstrate how the unitarity and analyticity 
properties built into these charges allow (at least in principle) their reconstruction from ex- 
periments. As a particularly interesting phenomenological application of the PT effective 
charges, we focus on the so-called "physical renormalization schemes", relevant for the cor- 
rect quantitative study of the unification of the gauge couplings. Second, we explain how to 
define gauge-independent off-shell form-factors with the PT. Particular emphasis is placed 
on the more recent case of the neutrino charge radius, which is shown to be endowed with 
a plethora of physical properties, and to constitute a genuine physical observable. The third 
application is related to the gauge-independent definition of some important electroweak pa- 
rameters, such as the S, T, and U, and the universal part of the p parameter. The fourth main 
application is the gauge-invariant framework for treating self -consistently resonant transition 
amplitudes. The intricate nature of this problem requires an elaborate synthesis of practically 
all the material that has been presented in the first three sections. In the corresponding subsec- 
tions the reader may fully appreciate how tightly intertwined the various physical principles 
really are, and eventually recognize the superiority of the PT-based resonant transition for- 
malism over any other similar attempt that has appeared in the literature to date. 

Section 6. The application of the PT beyond one loop is presented. We start with the explicit two-loop 
construction, which still proceeds by applying the PT algorithm on individual graphs. The 
upshot of the analysis is that all the PT properties known from the one-loop construction are 
replicated at two loops, without any additional assumptions; most notably, it is established 
that the PT-BFG correspondence persists at two loops. Next, we shift gears and turn into the 
non-diagrammatic formulation of the PT: the all-order construction is carried out by recog- 
nizing that all crucial PT cancellations are encoded into the STI satisfied by a special Green's 
function, and the PT-BFG correspondence is proven to be valid to all orders. 
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Section 7. We introduce the powerful quantization formalism of Batalin and Vilkovisky, which will 
allow us to streamline elegantly the entire PT procedure, in a way especially suited for ac- 
complishing the important task of the next section. After introducing the basic formalism, 
we revisit the one- and two-loop cases, and show how the various terms participating in the 
construction are expressed in terms of the auxiliary Green's functions characteristic of the 
Batalin- Vilkovisky formalism. In addition, we derive a set of identities relating the conven- 
tional and BFM Green's functions, which will turn out to be of paramount importance for the 
SD analysis that follows. 

Section 8. This section contains the holy grail of the PT. We first explain that the naive truncation of the 

conventional SD series is bound to introduce artifacts, such as the violation of the trans versal- 
ity of the gluon self-energy. We then show that the application of the PT to the conventional 
SDE for the gluon propagator and three-gluon vertex gives rise to new SDEs endowed with 
special properties. The fully dressed vertices appearing in this new SD series satisfy Abelian 
all-order Wis instead of the STIs satisfied by their conventional counterparts. As a result, and 
contrary to the standard case, the new series can be truncated gauge-invariantly at any order 
in the dressed loop expansion, and separately for gluonic and ghost contributions. 

Section 9. Here we present a highly non-trivial application of the new SD formalism derived in the pre- 
vious section. In particular, after truncating the SD series gauge-invariantly, we solve the re- 
sulting system of coupled integral equations, and determine the infrared behavior of the gluon 
and ghost propagator (in the Landau gauge). We explain that, under very special assumptions 
for the three-gluon vertex entering into the SDE, one can obtain an infrared finite gluon prop- 
agator. The physics behind this behavior is associated with the phenomenon of dynamical 
gluon mass generation, which is the 4 — d analogue of the 2 — d Schwinger mechanism. In 
addition, the numerical treatment of the SD system reveals that the dressing function of the 
ghost propagator is also finite in the infrared. These results are then compared with several 
recent large- volume lattice simulations, and are found to be in good qualitative agreement. 

The review ends with some concluding remarks in Section 10, and three appendices collecting 
material used in the main text. 
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2 The one-loop pinch technique in QCD 



In this section, we present in detail the PT construction at one-loop for a non-Abelian gauge 
theory like QCD, where there is no tree-level symmetry breaking (no Higgs mechanism). The 

analysis we present here applies to any gauge group [SU{N), exceptional groups, etc], but 
for concreteness we will adopt the QCD terminology (thus talking about quarks, gluons, etc). 
The calculations presented in this section are purposefully very detailed, and aim to provide a 
completely self-contained guide to the one-loop PT. 

2.1 The QCD Lagrangian, gauge-fixing, and BRST symmetry 

Throughout this report we will adopt the conventions of the book by Peskin & Schroder [47]. 
The QCD Lagrangian density is given by 

jC^jCi + jCgf + Upg- (2.1) 
Ci represents the gauge invariant SU (3) Lagrangian, namely 

A = —F^F^^ + V^j (ir-D, - (22) 

where a = 1, .... 8 (respectively i, j = 1, 2, 3) is the color index for the adjoint (respectively 
fundamental) representation, while "f" is the flavor index. The field strength is 

f;, = d,At - d^Al + gr^^A^Al, (2.3) 

and the covariant derivative is defined as 

{V,),^^d,{l),^-igAl{t%^, (2.4) 

with g the (strong) coupling constant. Finally, the SU (N) generators satisfy the commutation 
relations 

(2.5) 

with /"'"^ the totally antisymmetric SU{N) structure constants. Useful formulas involving the 
SU (N) structure constants are reported in Appendix A. 
Ci is invariant under the (infinitesimal) local gauge transformations 

SAl = —8^9'' + f^^^e^'Al Se^i = -iO^i^iM 5ei^\ = (2.6) 

where 9"-{x) are the local infinitesimal parameters corresponding to the SU (N) generators t"'. 

In order to quantize the theory, the gauge invariance needs to be broken; this is achieved 
through a (covariant) gauge fixing function JT", giving rise to the (covariant) gauge fixing La- 
grangian £gf and its associated Faddeev-Popov ghost term £fpg- The most general way of 
writing these terms is through the BRST operator s [48,3] and the Nakanishi-Lautrup multiplier 
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[49,50] which represents an auxiliary, non-dynamical field, that can be eliminated through 
its (trivial) equation of motion. Then 



Cfpg = -^sT\ {1.1) 
where 

5brst$ = es$, (2.8) 
with e a Grassmann constant parameter, and s the BRST operator acting on the QCD fields as 

= -igc''i)i{e)ji sB"" = 0. (2.9) 

We thus see that the sum of the gauge fixing and Faddev-Popov terms can be written as a total 
BRST variation 

Cgf + >Cfpg = s i^'^T'^ - ^(f . (2.10) 

This is of course expected, since it is well known that total BRST variations cannot appear in 
the physical spectrum of the theory, implying, in turn, the gfp independence of the -S'-matrix 
elements and physical observables. 

As far as the gauge fixing function is concerned, there are several possible choices. The usual 
linear i?^ gauges, correspond to the covariant choice 

n,-d'Al. (2.11) 

In this case one has 



>CGF=^(aM«)^ 

£fpg = d^'^d^c'^ + gf'^%d^^)Ay- (2.12) 

the Feynman rules corresponding to such gauge are reported in Appendix B. One can also 
consider non-covariant gauge fixing functions, such as [51-58] 

= (2.13) 

where ry'' is an arbitrary but constant four-vector. In general, we can classify these gauges from 
the different value of rf, i.e., rf < Q (axial gauges), rf = Q (light-cone gauge) and, finally, 
77^ > (Hamilton or time-like gauge). In this case 



15 



di^c^d^c" + gr'"'(d^'^)Alc''] . (2. 14) 



Notice that these non-covariant gauges are ghost-free, since it can be shown that, in dimen- 
sional regularization, the ghosts decouple completely from the .S-matrix [57,58]. Another non- 
covariant gauge fixing function is the one determining the Coulomb gauge, which arises from 
choosing 

^'={9,u-'^^d,A:. (2.15) 

Finally, due to their central importance for the PT, the particular class of gauges known as 
background field gauges [59,34] will be described in detail in Section 3. 

Throughout this report we will use dimensional regularization to regulate loop integrals. We 
will employ the short-hand notation 

J^ = fj,''%2n)-'^ Jd% (2.16) 

where = 4 — e is the dimension of space-time and /i the 't Hooft mass-scale, introduced to 
guarantee that the coupling constant remains dimensionless in d dimensions. In addition, the 
standard result 

^ 0, (2.17) 



Ik 

will be often used to set to zero various terms appearing in the PT procedure. 



2.2 Gauge cancellations in the S -matrix and the origin of the pinch technique 



Consider the yS-matrix element T for the elastic scattering of two fermions of masses mi and 
777.2. To any order in perturbation theory T is independent of the gfp ^. On the other hand, the 

conventionally defined proper box, vertex, and self-energy, collectively depicted in Fig. 1 (a), 
(6), and (c), respectively, depend on explicitly on the gfip ^ already at one-loop level. Specifi- 
cally, since s + t + u = 2{m\ + m\), we have that 

T{s, t, rrii) = Ti{t, + T2{t, m^, + T^{t, s, rm, ■ (2.18) 

where the gfp-dependent subamplitudes Ti, T2, and T3 are composed of self-energy, vertex, 
and box diagrams, respectively; for example, Ti(t, ^) corresponds to the standard propagator, 
depending kinematically only ont — (ri — r2)^ = (pi — ^2)^, but not on s = (ri -|- pi)^ = 
{^2 + P2Y, nor on the external masses. 

The central observation of the PT is that the ^-dependence of the proper self-energy will 
cancel against contributions from the vertex- and box-graphs, which, at first glance, do not 
seem to contain propagator-like parts. In turn, this cancellation can be employed to define gfp- 
independent subamplitudes with distinct kinematic properties. Indeed, given that the total sum 
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Pi 



Pi 



Pi 



(a) 



Fig. 1. The diagrams contributing to the S-matrix, grouped according to their topologies and their 
dependence on the Mandelstam variables s, t, and u, with s = (ri + pi)^ = (r2 + P2)^> 
t = {ri — r2)^ = {pi — P2)^> and n = (ri — ^2)^ = {pi — ^2)^. with s + t + u = T^imf. Evidently, 
box-diagrams (a) depend on s, t, mf, vertex-diagrams (6) depend on t, mf, and self-energy diagrams (c) 
depend only on t. 

T{s, t, rrii) is gfp-independent, it is relatively easy to show that Eq. (2.18) can be recast in the 
form 

T{s,t,mi)=f,{t)+f2it,mi)+nit,s,mi), (2.19) 

where the Ti{i = 1,2,3) are individually .^-independent. An immediate way to see this is by dif- 
ferentiating both sides of (2.18) with respect to ^ and s; the rhs vanishes because 
dT{s, t, nii) /d^ = 0; on the Ihs we have that dTi{t, ^ /ds = dT2{t, nii, ^ /ds = 0. Thus, 



d'^T3{t,s,mi,^) 
ds d^ 



0, 



(2.20) 



from which it follows that T3 can be written as a sum of two functions, one independent of ^ 
and one independent of s, i.e.. 



T^it, s, rrii, ^) = fsit, s, nii) + h(t, nii, 0- 



(2.21) 



So, we have 

T(s,t,m,) =Ti(t,0+T2(t,m,,0+T3(t,s,mi), (2.22) 

where T2{t, nii,^) = T2{t, rrii,^) + h{t, rrii,^). The argument may be continued by differenti- 
ating both sides of Eq. (2.22) with respect to ^ and m^, now obtaining 



d^f2(t,m,,0 
dnii d^ 



0, 



(2.23) 



and thus 

f2(t, nii, = T2{t, m,) + fit, 0- (2.24) 
The last step is to write Ti{t,^) = Ti{t,^) + f{t,^); clearly, since dT{s,t,mi)/d^ = 0, we 
must have that dfi{t, ^)/d^ = 0, and therefore fi{t, = fi{t), thus arriving at Eq. (2.19). 

The above proof is meant to demonstrate the possibility of decomposing T{s, t, nii) in terms 
of individually gfp-independent subamplitudes, as in (2.19), but does not specify how this de- 
composition is realized operationally, nor whether it is physically unique. To be sure, at the 
level presented above, the decomposition is not mathematically unique, since one can always 
add an arbitrary function g{t) to Ti{t) and subtract it from T2{t, nii); this changes the definition 
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of what the individual subamplitudes are, without changing the value of the full T{s,t,m.i). 
However, when the % are endowed with physical properties, such as unitarity and analyticity, 
Dyson resummability, and invariance under the renormalization group (RG), to name a few, the 
above arbitrariness disappears. As we will see in the rest of this review, the PT Green's func- 
tions, which, by construction, have all the aforementioned physical properties built in, provide 
the field-theoretically and physically unique way of realizing the decomposition of Eq. (2.19). 



2.3 The pinch technique mechanism of gauge fixing parameter cancellations at one loop 



Let us start by considering the S'-matrix element for the quark-quark elastic scattering process 
^ q'(p2)Q'('"2) in QCD. We have thatpi + ri =p2 + '"2,and setg = r2 — ri =pi—p2, 
with t = the square of the momentum transfer. The longitudinal momenta responsible for 
triggering the kinematical rearrangements characteristic of the PT stem either from the bare 
gluon propagator, A^°j(A;), or from the external bare (tree-level) three-gluon vertices, i.e., the 
vertices where the physical momentum transfer q is entering. 

To study the origin of the longitudinal momenta in detail, consider first the gluon propagator 
Aap{k) ; after factoring out the trivial color factor 5"^, in the gauges it has the form ^ 



Pa(3{q)A{q',0 + i 



(2.25) 



with Papiq) the dimensionless transverse projector defined as 



Paf}{q) = g. 



q^qp 



(2.26) 



The scalar function A(g'^, ^) is related to the all-order gluon self-energy 



na/3(g,0 = ^a/3(?)n(g',0, 



(2.27) 



through 



(2.28) 



q^ + m{q\0 

Since IIq,^ has been defined in (2.28) with the imaginary factor i factored out in front, it is 
simply given by the corresponding Feynman diagrams in Minkowski space. The inverse of Aq,/3 
can be found by requiring that 



(2.29) 



In the definition of the gluon propagator Aq,/^ we explicitly pull out an i factor on the Ihs, which 
accounts for the slightly unusual (but totally equivalent) form of writing Eq. (2.29). This is done in order 
to be consistent with the definition of the Green's functions in terms of functional differentiation of the 
generating functional introduced later on (Section 7). 
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and it is given by 



(2.30) 



At tree-level we have that 



^Ai°j(g,e) = -^c^(g^) 



(2.31) 



Evidently, the longitudinal (pinching) momenta are proportional to (1 — i), and vanish for the 
particular choice ^ = 1, to be referred to as the "Feynman gauge"; in that gauge the propagator 
is simply proportional to gapd{q'^). The case { = 0, known as the "Landau gauge", gives rise to 
a transverse a[°^(A';), but does not eliminate the pinching momenta. 

In order to gradually build up the concepts, and at the same time introduce some useful 
notation, let us see what happens to the pinching momenta at tree-level. Defining 



V""(pi,p2) = u{pi)gt''j"u{p2), 



the tree-level amplitude reads 



^(0) ^ iV'^"(ri,r2)iAj,°j(g)iV'^^(pi,P2). 
Then, since the on-shell spinors satisfy the equations of motion 

'u(p) — m) = = (i^ — m)ti (p) , 
the longitudinal part coming from A^°j vanishes, and we obtain 

r(o)=zV«"(ri,r2)d(g2)V«(pi,p2). 



(2.32) 



(2.33) 



(2.34) 



(2.35) 



Let us next consider the conventional three-gluon vertex, to be denoted by r^™"(g, ki, /C2); of 
course, in the case of the specific process we consider this vertex appears for the first time at 
one loop. It is given by the following manifestly Bose-symmetric expression (all momenta are 
incoming, i.e., q + ki + k2 — 0) 



^r»;;(g, fci, k^) = ^?/"™T„,.(g, k„ k^), 

^aiMu{q, ki, k2) = g^,v{ki - k2)a + gav{k2 - q)n + gaM - ki)u- (2.36) 
It is elementary to verify that the vertex satisfies the following Wis: 

(f^aiJiM^ ki, h) = kjPf,^{k2) - klPf,^{ki), 
kl^a^^u{q, ki, /C2) = q^Pav{q) - klPau{k2), 

k'2^a^u{q: k2) = kjP^^ik^) - q^Pc.^{q). (2.37) 
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To show how the relevant pinching momenta are identified in the conventional three-gluon 
vertex, we split Ta,j,u{q, ki, k2) into two parts, 

^anu{q, ki, /ca) = Tl^M: ki, /ca) + T^^M^ ki, /cs), (2.38) 

with 



^If^uil^ k'l, k2) = {ki - k2)ag,,u + 2g^5(„^ - 2q^go,y, 

TaMi/l^' ^1' ^2) = k2ugaui " A;i^5'ai/- (2.39) 

The vertex r^^^(g, ki, /ca) is Bose-symmetric only with respect to the ji and v legs. Evidently 
the above decomposition assigns a special role to the g^-leg, and allows r^^^(g, ki, /ca) to satisfy 
theWI 

^1, k2) = {kl - kl)g^,. (2.40) 

where the rhs is the difference of two inverse tree-level propagators in the Feynman gauge. The 
term V^^^{q, ki, /ca), which in configuration space corresponds to a pure divergence, contains 
the longitudinal momenta that will pinch. 

When considering a vertex or a box diagram, the effect of the pinching momenta, regardless 
of their origin (gluon propagator or three-gluon vertex), is to trigger the elementary WI 



kuY ^{$ + f-m) - {f-m) 

= -z[5(-;(/c + p)-5(-;(p)], (2.41) 

where the rhs is the difference of two inverse tree-level quark propagators. The first of these 
terms removes (pinches out) the internal tree-level fermion propagator S^^^ (k+p), whereas the 
second term on the rhs vanishes when hitting the on-shell external leg, i.e. using the appropriate 
Dirac equation of 2.34. Diagrammatically, what appears in the place where the 5**^°^ (A: + p) was 
is an unphysical effective vertex, i.e., a vertex that does not appear in the original Lagrangian; 
as we will see, all such vertices cancel in the full, gauge-invariant amplitude. 

We next consider all one-loop graphs contributing to the ^'-matrix element shown in Fig. 2, 
and isolate their gfp-dependent parts using the PT procedure; what we will find is that all gfp- 
dependent parts, irrespectively of whether they come from box- or vertex-diagrams, are effec- 
tively propagator-like (we emphasize that no integration over virtual momenta is necessary for 
carrying out the pinching procedure). 



2.3.1 The box 

We start our one-loop analysis from the two box diagrams, direct and crossed, shown in 
graphs (a) of Fig. 2 (for the kinematics used see Fig. 3). For the sum of the two graphs we have 
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(e) 

Fig. 2. The diagrams contributing to the one-loop quark elastic scattering 5'-matrix element, (a) box 
contributions, (b) non-Abelian and (c) AbeUan vertex contributions, (d) quark self-energy corrections, 
and (e) gluon self-energy contributions. 

(a) / u{r,)rt''S^'\r2 - k)Yfu{r^)Afp{k - g)AW(A;) x 

Jk 

To see how the PT works, we must now study the action of the longitudinal momenta appearing 
in the product A[|j](A; — q)A'^pJ{k). Therefore, let us, for concreteness, see what happens to the 
term kpk^- coming from A^^J(k). Using Eqs (2.41) and (2.34), we find that the contraction of k^^ 
with the term contained in the brackets in the second line on the rhs of Eq. (2.42) gives rise to 
the expression 
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Fig. 3. Schematic representation of the propagator-like parts extracted from the boxes for a general ^. 
Black dots indicate effective vertices that do not exist in the original theory. 

= 9r''Pu^qMpi)tgYtMP2) 



(2.43) 



Notice that in the second step we have used the commutation relation of Eq. (2.5), while in 
the third step we have used the fact that, for the on-shell process we consider, longitudinal 
pieces proportional to g/jg^ may be added for free (since they vanish anyway due to current 
conservation), thus converting to P^{q). The term in the last line of Eq. (2.43) couples to the 
external on-shell quarks as a propagator; evidently all reference to the internal (off-shell) quarks 
inside the brackets has disappeared. To continue the calculation, (?) multiply the result by kp, 
{ii) let kp get contracted with the 7'' in the first line of Eq. (2.42), {Hi) employ again the WI of 
Eq. (2.41), and (/v) use that if°-^HH^ = —\CAt^, where Ca is the Casimir eigenvalues of the 
adjoint representation, defined in Appendix A. The final result is a purely propagator-like term, 
i.e., a term that only depends on q (even though it originates from a box diagram), and couples 
to the external on-shell quarks as a propagator (see Fig. 3). Armed with these observations, it is 



relatively easy to track down the action of all terms proportional to (1 
we can write the two boxes as follows. 



-0; setting A = (1-0, 



(a) = (a)5=i + V:(ri,r2)ci(g^)n^fjg,A)d(g2)V|(pi,p2), 
where the gfp-dependent propagator- like term njjf^ is given by 



(2.44) 



k\k + qf 



(2.45) 



2.3.2 The quark- gluon vertex 

We next turn to the two vertex graphs, the non-Abelian graphs (6) and the Abelian graphs 
(c), shown in Fig. 2. We will analyze only one graph per subgroup, since the mirror graphs 
are to be treated in exactly the same way. As in the case of the boxes, we want to isolate 
the gfp-dependent pieces coming from the internal gluon propagators. The action of the cor- 
responding longitudinal momenta is determined following the PT procedure; again, they give 
rise to effectively propagator- like terms, as shown schematically in Fig. 4, where the kinematics 
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Fig. 4. Schematic representation of the propagator-like parts extracted from the one-loop vertex graphs 
for general ^. 

used are explicitly shown. Note that we do not yet split the three gluon vertex as described in 
Eq. (2.38); for the moment we simply collect the terms proportional to different powers of A. 
After a straightforward calculation, we find for the corresponding results 



(c) = (c)5=i + V:{n,r,)d{q^)YrJ{q, X)d{q^)V1,{p,,p2). (2.46) 
with the propagator-like pieces given by 



+ Xg'CAq' 

■c 



q^P-\q) 



k\k^qY 

+ P^^{q) 



k'^k. 



k k^{k + q) 



Ik k^k + qY 

where C/ is the Casimir eigenvalues in the fundamental representation, see again Appendix A. 



(2.47) 



2.3.3 The quark self-energy 



Let us now turn to the one-loop corrections to the self-energy of the on-shell test quarks shown 
in the group {d) of Fig. 2; notice that these four graphs are multiplied by a factor of \. Let us 
then concentrate on one of these graphs, shown in Fig. 5. It reads 

(rf) = lv-(ri, r^)Afp{q)u{p,)g^h^S^''\p^)i:^{pMP2), (2.48) 
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Fig. 5. Schematic representation of tlie propagator-Uke parts extracted from (one of) the quark self-energy 
corrections graphs for general ^. 



where 



Using the same methodology employed so far, it is easy to show that 



(2.49) 



= - Xg'Cf[{p^ - m) - {f^ - m) j^l,S^'\p2 + k){p^ - m)} . 

(2.50) 

We next insert the rhs of (2.50) back into Eq. (2.48). Clearly, the second term in the brackets 
vanish on-shell as the second fermion inverse propagator will trigger the Dirac equation; also 
the term S^=i(p2) gives simply {d)^=i. Thus the only term furnishing a propagator part will be 
the first one in the brackets and we will have 

(d) = (rf)^=i + V^(ri,r2)%2)n^£(g,A)%2)V|(pi,p2), (2.51) 

where 

A) = Ixg'Cfq'P-^iq) /^l. (2.52) 

Notice that 11^^ is proportional to C/ instead of Ca, and is in that sense of Abelian nature. In- 
deed, after multiplying it by a factor of 2 (accounting for both quark fields), Ilqse cancels exactly 
against the part of Ilav proportional to C/ in Eq. (2.47). For C/ = 1 this is simply the standard 
QED gfp-cancellation between the elector-photon vertex and the electron wave-function. 

Note that in obtaining the rhs of (2.50) we have not assumed that T.(p2) is actually sand- 
wiched between on-shell spinors, as indicated in Eq. (2.48). Thus, the gfp-independent quark 
self-energy should be identified with the first term on the rhs of (2.50), i.e., 

t{p) = S5=i(p). (2.53) 

A more thorough analysis [60,61], where an off-shell E(p) is embedded into a quark-gluon 
scattering process [giki)q{k2) — > g{k'i)q{ki), with p = ki + k2 = + k^] and the pinching 
procedure is repeated, shows that Eq. (2.53) is absolutely general: the gfp-independent off-shell 
quark self-energy coincides with the conventional quark self-energy calculated in the Feynman 
gauge. 
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Fig. 6. Schematic representation of the propagator-like parts extracted from the gluon self-energy cor- 
rections graph for general ^. 

2.3.4 Final cancellation of all gauge fixing parameter dependence 

We will now show that the propagator-like parts extracted from all the previous diagrams cancel 
exactly against analogous terms contained in the conventional self-energy graphs (e) of Fig. 2. 
Of course this cancellation is guaranteed to take place, regardless of how one may choose to or- 
ganize the calculation, given that it amounts to the gfp-independence of the one-loop amplitude. 
It is conceptually important, however, to establish a systematic way for extracting the relevant 
terms from the conventional one-loop self-energy using nothing but tree-level Wis. 

To that end, we concentrate only on the graph containing the three-gluon vertices (see Fig. 6); 
the ghost and fermion graphs have no pinching momenta and thus will be inert. We have 

(e) = V:(ri,r2)(i(g2)n"'3(g, A)ci(g2)V|(pi,p2). (2.54) 

Then, we let the longitudinal momenta coming from the tree-level propagators act on the two 
bare three-gluon vertices, triggering the two Wis of Eqs (2.37). It turns out that only the terms 
proportional to the transverse projector Papio) survive, furnishing 

n"^(g, A) = ngi(g) + n^£(g, A), (2.55) 

with 



k\k + qY 



rv rvi: 



k k\k + qy 



(2.56) 



We are now in the position of showing the cancellation of the gfp-dependent pieces; in fact, 
adding all the terms we have been isolating, we find 



irliq, A) + Kt{q, A) + 2 (g, A) + TlZ{q. A) + 4nt(g, A) = 0. 



(2.57) 



In the above formula the multiplicative factor of 2 comes from the mirror vertex graphs and the 
4 from the four external quarks. The contributions of each term to the different gfp-dependent 
structures appearing in the PT process is shown in Table 1. 
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Table 1 

Contributions of the box, vertex and self-energy diagrams to the different ^-dependent structures ap- 
pearing in the PT process. The sum of each column is zero, showing the well-known property of the 
gfp-independence of the 5-matrix elements. 

In summary, all gfp-dependent terms have been eliminated in a very particular way. Specifi- 
cally, due to the PT procedure employed, all gfp-dependent pieces turned out to be propagator- 
like. As a result, all gfp-dependence has canceled giving rise to subamplitudes that maintain 
their original kinematic identity (boxes, vertices, and self-energies), and are, in addition, in- 
dividually gfp-independent. It is important to appreciate the fact that the explicit cancellation 
carried out amounts effectively to choosing the Feynman gauge, ^ = 1, from the beginning. 
Of course, there is no doubt that this can be done for the entire physical amplitude consid- 
ered; the point is that, thanks to the PT, one may move from general ^ to the specific ^ = 1 
without compromising the notion of individual topologies. Such a notion would have been lost 
if, for instance, the demonstration of the gfp-independence involved the integration over vir- 
tual momenta; had one opted for this latter approach, one would have eventually succeeded to 
demonstrate the ^-independence of the entire S'-matrix element, but would have missed out on 
the ability to identify gfp-independent subamplitudes, as we did. In addition, this result indi- 
cates that there is no loss of generality in choosing ^ = 1 from the beginning, thus eliminating a 
major source of longitudinal pieces, that are bound to cancel anyway, through the special pinch- 
ing procedure outlined above. 

It would be tempting at this point to identify the gfp-independent subamplitudes obtained 
here with the Tj (i — 1,2, 3) introduced in Eq. (2.19). While this identification would be justi- 
fied, as far as the gfp-independence is concerned, it will be postponed until the end of the next 
two subsections, in order to endow the Tj with one additional powerful ingredient: QED-like 
Wis. 

2.4 The one-loop pinch technique Green's functions 

2.4.1 The one-loop pinch technique quark- gluon vertex and its Ward identity 

Let us now turn to the longitudinal terms contained in the pinching part F^^^, of the three-gluon 
vertex [see Eq. (2.39)] appearing in the non-Abelian vertex graph (6) (first line of Fig. 4), and 
the two such vertices inside the gluon self-energy graph (Fig. 6). One may ask at this point 
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iH''{p,q) = -gt" + 




Fig. 7. The auxiliary function H appearing in the quark-gluon vertex STI. The gray blob represents the 
(connected) ghost-fermion kernel appearing in the usual QCD skeleton expansion. 

what is the purpose of carrying the PT decomposition of the vertex given that one has already 
achieved .^-independent structures. The answer is that the effect of the pinching momenta of 
^a/iu to make the effective ^-independent Green's functions satisfy, in addition, QED-like 
Wis instead of the usual STIs. 

This is best seen in the case of one-loop quark-gluon vertex T'^{pi,p2), composed by graphs 
(b) and (c) of Fig. 2 now written (after the .^-cancellations described above) in the Feynman 
gauge. It is well known that the QED counterpart of T'^{pi,p2), namely the photon-electron 
vertex Ta{pi,P2), satisfies to all orders (and for every gfp) the WI 



(2.58) 



where is the (all-order) electron propagator; Eq. (2.58) is the naive, all-order generalization 
of the tree-level WI of (2.41). 

The quark-gluon vertex T'^{pi,P2) also obeys the WI of (2.41) at tree-level (multiplied by t"): 



g°r^(pi,P2) = ^9t' {s;\p,) - s;\p2)} . 



(2.59) 



However, at higher orders it obeys an STI that is not the naive generalization of this tree-level 
WI. Instead, T2ipi,P2) satisfies the STI [62] 



= [q'D'^'^'iq)] [S-\p2)H"\q,p{) + H^\p,,q)S-\p2] 



(2.60) 



where D"'"'' (q) and S{p) represents the full ghost and quark propagator respectively, and /f" is 
a composite operator defined as (see also Fig. 7) 

iS{p)iD"''\q)iH\p,q) = -gt^ j d^x j d^ e*?"^ e^^'^ (o | T {g(x)c'^'(?/) [0^^(0)5(0)] }| o) , 

(2.61) 

where T denotes the time-ordered product of fields, and H is the hermitian conjugate of At 



tree-level, Hf, reduces to H,. 

''J ''J 



(0)a 



After these general considerations, let us carry out the decomposition of Eq. (2.38) to the non- 
Abelian vertex of graph (6) in Fig. 2. Then, let us write, suppressing again the color indices. 



(6)^=1 = iV:id{q')u{p,)iTl{p,,p2)u{p2) 



(2.62) 



and concentrate on the (one-loop) non-Abelian contribution to the quark-gluon vertex F^. We 
have 
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Fig. 8. Diagrammatic representation of the PT quark-gluon vertex at one-loop. 

Tl^.YS^^){p,-k)^^ , fTl^,YS^^){p,-k)r 



ifl{p,,P2) = \g'CAt 

2 Jk 



1 



k'^{k + qy 



+ 



k^{k + qf 



, (2.63) 



where in this case 



^l,i,u = -i.k + q)yga^,-k^g^y. (2.64) 

Despite appearances, if we use that u{p2) {^2 — m) = and (^1 — m)u{pi) = 0, the part of the 
vertex graph containing is in fact purely propagator-like: 



27a / TTTT—^- (2-65) 



^l,.YS^'Kp2-k)^^ Dir^Eq. 

k-^{k + qY ' ~"'Jkk^{k + q) 

Thus, using the by now familiar methodology employed before, one obtains from the one- 
loop quark-gluon vertex a propagator-like contribution, to be denoted by n|^j^(g), given by 

n:„(,)=/CVP..to)/j5(^. (2.66) 

This term, together with an identical one coming from the mirror vertex, will be reassigned to 
the PT self-energy, soon to be constructed; for the moment let us concentrate on the remaining 
terms in the vertex. In fact, the part of the vertex graph containing remains unchanged, 
since it has no longitudinal momenta. Adding it to the usual Abelian-like graph, we obtain the 
one-loop PT quark-gluon vertex, to be denoted by F^, given by (see Fig. 8) 




T l,.rS^^\p2-k)^^ 
k'^{k + qf 

7^gW(p^ + A:)7^g(0)(p, + A;)7, 
A;2 



(2.67) 



Now it is easy to derive the WI that the T'^{pi,P2) satisfies, simply by contracting the rhs 
of (2.67); this will trigger inside the integrands the corresponding tree-level Wis. Thus, using 
Eqs (2.41) and (2.40), together with the definitions (2.49) and (2.53), we have that 
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(a) (6) (c) id) 

Fig. 9. Diagrammatic representation of the one-loop PT gluon self-energy Ilajs as the sum of the conven- 
tional gluon self-energy terms and the pinch contributions coming from the vertex. 



q TM.p2)--^gt Cfj^ p gCfj^ ^ 1 

= ^<{s(pi)-S(p2)}. (2.68) 

Clearly, Eq. (2.68) is the naive generalization of (2.59) at one-loop, i.e., the WI satisfied by 
at tree-level; this makes the analogy with Eq. (2.58) fully explicit. An immediate consequence 
of Eq. (2.68) is that the renormalization constants of fj^ and S, to be denoted by Zi and Z2, 
respectively, are related by the relation Zi = Z2, which is none other than the textbook relation 
Zi = Z2 of QED, but now realized in a non-Abelian context. 

A direct comparison of the STI of Eq. (2.60), obeyed by the conventional vertex F^, with 
the WI of Eq. (2.68), satisfied by the PT vertex T'^, suggests a connection between the terms 
removed from F^ during the process of pinching and the ghost-related quantities D'^'' and H^j. 
As we will see in detail in the next chapter, such a connection indeed exists, and is, in fact, of 
central importance for the generalization of the PT to all orders. 



2.4.2 The pinch technique gluon self-energy at one loop 

Next, we construct the PT gluon self-energy, to be denoted by ^^^(g). It is given by the sum 
of the conventional self-energy graphs and the self-energy-like parts extracted from the two 
vertices, as shown schematically in Fig. 9, i.e., 

n«/3(g)=n„^(g) + 2nP^(g). (2.69) 

Specifically, in a closed form [8], 

fr 2^ //-JV^l [ K{k + q)p + kp{k + q)^ \ , ^^^^ f q^Paf^jq) 

n„M?) - 2^ - p(fc + g)2 j + 2^ L^(k + qr 

(2.70) 

where we have symmetrized the ghost contribution [graph (6) in Fig. 8] for later convenience, 
and neglected the fermion contribution [graph (c) of the same figure]. 

It would be elementary to compute Uap directly from the rhs of (2.70). It is very instructive, 
however, to identify exactly the parts of the conventional FIq^ that combine with (and eventually 
cancel against) the term H)^^. To make this cancellation manifest, one carries out the following 
rearrangement of the two elementary three-gluon vertices appearing in graph (a) of Fig. 8 
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-\P/u;/ 
/3 



I pP pMi^ I p pP /u;/ 

Then, using the elementary Wis of Eqs (2.37) we have 



pP pP f^U 



(2.71) 



K^^r = 2A;aA;/3 + {kaQp + ^aA;/?), (2.72) 
where several terms have been set to zero by virtue of Eq. (2.17). Thus we obtain [8] 

which may be further evaluated, using 

Ta^.r^'^'^ = ^^(2fc + ?)a(2^ + q)p + Sq'P^piq), (2.74) 

and 

f (2k + q)j2k + q)^ ( 1 \ 2p . ^ [ 1 -7., 
to finally cast fi-apio) in the simple form 

fla,{,) = f ^1 9'%'Pa,{q) [ TJTT^r (2-76) 



Writing 

na/3(g) = Pa/3(?)n(g'), (2.77) 

and following the standard integration rules for the Feynman integral, we obtain for the un- 
renormalized 11 

"2 , , , 67" 

e //"^ 33 

where 7b is the Euler-Mascheroni constant (7^ 0.57721) and 



n(g2) = ^bgY 



(2.78) 



is the one-loop coefficient of the /5 function of QCD (/3 = —bg^) in the absence of quark loops. 

The appearance of b in front of the logarithm is not accidental, and is exactly what hap- 
pens with the vacuum polarization of QED. In the latter case the corresponding coefficient is 
— a/Svr; of course, the difference in the sign is related to the fact that QCD is asymptotically 
free, whereas QED is not. The fact that the PT gluon propagator captures the leading RG loga- 
rithms is a direct consequence of the WI of Eq. (2.68) and the corresponding relation Zi = Z2. 
Indeed, if Zi = Z2, then the charge renormalization constant, Zg, and the wave-function renor- 
malization of the PT gluon self-energy, Za, are related by Zg — Z~^^'^ , exactly as in QED. 
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Fig. 10. 5'-matrix embedding necessary for constructing a gfp-independent, fully off-shell gluonic 
n-point function. 

2.4.3 Process-independence of the pinch technique 

It is important to stress, at this point, that the only completely off-shell Green's function involved 
in the previous construction was the gluon self-energy; instead, the quark-gluon vertex has the 
incoming gluon off-shell and the two quarks on shell, while the box has all four incoming quarks 
on shell. These latter quantities were also made gfp-independent in the process of constructing 
the fully off-shell gfp-independent gluonic two-point function. Similarly, as already mentioned 
after Eq. (2.53), the construction of a fully off-shell PT quark self-energy requires its embed- 
ding in a process such as quark-gluon elastic scattering. The generalization of the methodology 
is now clear; for example, for constructing a gfp-independent, fully off- shell gluonic n-point 
function {i.e., with n off-shell gluons) one must consider the entire gfp-independent process 
consisting of n-pairs of quarks, q{pi)q{ki), q{p2)(l{k2), ■ ■ ■ , q{Pn)q{kn) and hook each gluon 
Ai to one pair of test quarks; the off- shell momentum transfer g,; of the i^^ gluonic leg will be 
Qi = Pi — ki (see Fig. 10). Note, however, that one may equally well use gluons as external 
test particles, or even (not observed) fundamental scalars carrying color. Provided that the em- 
bedding process is gfp-independent, the answer that the PT furnishes for a given fully off-shell 
n-point function is unique, i.e., it is independent of the embedding process. This property is 
usually referred to as the process-independence of the PT, and the PT Green's functions are said 
to be process-independent or universal. The universality of the one-loop gluon self-energy has 
been demonstrated through explicit computations, using a variety of external test particles [63]. 
For example, when gluons are used as external test particles, the pinching isolates propagator- 
like pieces that are attached to the external gluons through a tree-level three-gluon vertex (see 
Fig. 11). In this case the analogue of the quark-gluon vertex is a gfp one-loop vertex with 
one off-shell and two on-shell gluons, which, as we will see in a later section, is the one-loop 
generalization of F^. This latter vertex should not be confused with the PT three-gluon vertex 
with all three gluons off-shell, that can be constructed by embedding it into a six quark process 
(one pair for each leg), to be discussed in the next subsection. The distinction between these 
two three-gluon vertices is crucial, and will be made more explicit later on; in addition, a more 
precise field-theoretic notation will be adopted, that will allow us to distinguish them unam- 
biguously. 

We emphasize that the PT construction is not restricted to the use of on-shell S'-matrix ampli- 
tudes, and works equally well inside, for example, a gauge-invariant current correlation function 
or a Wilson loop. This fact is particularly relevant for the correct interpretation of the correspon- 
dence between PT and BFM, which will be discussed in the Section 3. Actually, in the first PT 
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Fig. 11. The pinching procedure when the embedding particles are "on-shell" gluons. Despite appear- 
ances, the vertex to which the pinching contribution is connected to the external gluons is a three-gluon 
vertex. 



calculation ever [7], Cornwall studied the set of one-loop Feynman diagrams contributing to 



r{Tr Tr [$(|/)$t(|/)] J 







the gauge-invariant Green's function G{x, y) = (O 
where is a matrix describing a set of scalar test particles in an appropriate representation 
of the gauge group. In this case, the special momentum, with respect to which the vertex de- 
composition of Eq. (2.38) should be carried out (i.e., the equivalent of q in that same equation), 
is the momentum transfer between the two sides of the scalar loop (i.e., one should count loops 
as if the $ loop had been opened at x and y). The advantage of using an S-matrix amplitude is 
purely operational: the PT construction becomes more expeditious, because several terms can 
be set to zero directly due to the equation of motion of the on-shell test particles. Instead, in 
the case of a Wilson loop, one would have to carry out the additional step of demonstrating 
explicitly their cancellation against other similar terms. 



2.4.4 Intrinsic pinch technique and the gauge-independent three-gluon vertex at one loop 

The central achievement of the previous subsections has been the construction of the gfp- 
independent off-shell gluon self-energy, II^j^, through its embedding into a physical S-matrix 
element, corresponding to quark-quark elastic scattering. This was accomplished by identifying 
propagator-like pieces from the vertices and the boxes contributing to the embedding process, 
and reassigning them to the conventional gluon self-energy, II^j,. This procedure has been car- 
ried out for a general value of the gfp, leading to a unique answer, which is most economically 
reached by choosing the Feynman gauge from the beginning. Thus, II^i, is obtained by adding 
to n^j, the propagator-like pieces 2n|^^, extracted from the vertices, as shown in Eq. (2.70). 
In the analysis following Eq. (2.70) it became clear that these latter terms cancel very precise 
terms of the conventional self-energy II^i,, furnishing finally fi^i,. Specifically, after the ver- 
tex decomposition of Eq. (2.71), the terms acted on the corresponding F, triggering the 
Wis of Eqs (2.37): the term 2n|^^ cancels against the terms of the Wis that are proportional 
to q^Pfiv. This observation motivates the following more expeditious course of action: instead 
of identifying the propagator-like pieces from the various graphs, focus on H^,^, carry out the 
decomposition of Eq. (2.71), and discard the terms coming from the Wis that are proportional 
to q^P^u\ what is left is then the PT answer. 

This alternative, and completely equivalent, approach to pinching was first introduced in [8] 
and is known as "intrinsic" PT. Its main virtue is that it avoids as much as possible the embed- 
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(a) (b) (c) 

Fig. 12. diagrams contributing to the one-loop three-gluon vertex. Diagrams (c) carry a ^ symmetry 
factor. Fermion diagrams are not shown. 

ding of the Green's function under construction into a physical amplitude. As we will see later 
on, the intrinsic approach is particularly suited for extending the PT construction at the level of 
the SDE of the theory. 

As an application of the intrinsic PT algorithm, we will construct the one-loop PT three gluon 
vertex [8]. The conventional diagrams are shown in Fig. 12 and read 

q2, qs) = -Ig^C^n- I l^^^N^.^ + Ba,u^ ' (2-80) 

with 



Na^iu — ^aXpiqi, ^3, —ki)T^^x{q2, ^2? —k3)T^p^{q3, ki, — ^2) ~ kiak2uk3f^ — kiak2uk3p, 
_9 f 1 9 f 1 

+ I i9,.qsa - 9..qs,) (2-81) 

Let us then introduce the short-hand notation rir2r3 for the product of (bare) three gluon 
vertices appearing in Eq. (2.81). In this notation all the Lorentz indices are suppressed and the 
number appearing in each vertex is the one corresponding to its external momentum gj. Then, 
decomposing each of the into Ff + Ff , we obtain the analogue of (2.71), namely 



F1F2F3 = Ff F^F^ + Ff F2F3 + FiFfFa + F1F2FP - Ff F^Fg - Ff F2FP - FiFf F^ 

+ FfFfFP. (2.82) 

Now, the first term contains no pinching momenta, and therefore will be kept in the PT answer, 
giving rise to the term 

(a) = -'-g^CAr'- f -^rl,^{q„ fc3, -k,)rl^,{q2, k^, -k^K^^iq^, k„ -k,). (2.83) 

Each of the next six terms gives rise to pinching contributions, generated when Ff acts on the 
full F's, thus triggering the Wis of (2.37). Some of the terms so generated will be proportional to 
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d~^{qf), i.e. inverse external gluon propagators; according to the rules of the intrinsic pinch, we 
simply discard them. However, all other terms generated from the Wis of (2.37) must be kept; 
as we will see, they are crucial for furnishing the correct final answer. For example, collectively 
denoting the terms discarded with ellipses, one has 

rf r2r3 = dr^{kl) \^ua^l{kl, -h) + ^f,ua{k2, -ks)] + A;2(U d~^{kl)gau - kiaki^ 



+ k2u d ^{kDg^^- ksahu, 



+ 



rlrlr^^d-\kl)r,^^ik,, -k2) - \d-\kl)g^, - k2^k 



^2v 



3/U 



d'\kt)g,a - h.kia +■■■ , (2.84) 



with similar expressions for the other such terms on on the rhs of Eq. (2.82). The last term on 
the rhs of Eq. (2.82) does not have terms proportional to d~^{qf), so there is nothing to discard; 
it must be kept in its entirety. Specifically, 

rf r2 Fg = -d'^ikl) {g^^uksa + gai^kia) - d~^{kl) {ga^kiu + gavk^t,) 

- d~'^{kl) {gauk2n + guvkia) - kiak2nk^u - kiyk2^,k2.a- (2.85) 

Isolating all terms that are not proportional io ?Ld~^{k1), and adding them to the conventional 
ghost graph (6) of Fig. 12, we get the result 

{%) = l-g^'CAn'' f 7^27:22(^1 + kMk2 + h)^.{k^ + A;2). . (2.86) 

Evidently, all terms proportional to d^^{kf) will cancel against one internal gluon propagator, 
giving rise to integrands with only two such propagators, i.e. 



i /" 1 

(c) = -^g^CAr"""" ^ [^0.^(^1 - Qs)'^ + '^9au{q3 - qi)n + g^u{ki + qi)a\ 

i /" 1 

- T^g^CAr"""" / 7:27:2 [9an{k2 + q^)^ + gccu{k2 - q2)„ + 2^/,^(g2 - gsja] 

- ^^'C^/''"" / [^9aMl - I2)u + QaAh + ^2)^ + 5^.(^3 ' qi)a] ■ (2.87) 

This is, however, not the end of the story. As we have seen, in the presence of longitudinal 
momenta the topology of a Feynman diagram is not a well-defined property, since longitudinal 
momenta will pinch out internal propagators, turning t-channel diagrams into s-channel ones. 
This same caveat applies also to the notion of one particle reducibility. Remember that a diagram 
is called one-particle irreducible (IPI) if it cannot be split into two disjoined pieces by cutting a 
single internal line; otherwise it is called one-particle reducible (IPR). Now, it turns out that by 
pinching out internal propagators, one can effectively convert IPR diagrams into IPI ones (see 
Fig. 13); of course the opposite cannot happen. Evidently the notion of a IPR diagram is gauge- 
dependent! Thus, when constructing the purely (IPI) gauge-invariant three-gluon vertex at one- 
loop, one has to take into account possible IPI pinching contribution coming from seemingly 



34 




pinch 



+ 



Fig. 13. IPR diagram giving to effectively IPI pinching contributions [diagram {difl Two more dia- 
grams (corresponding to having the gluon self-energy correction on the remaining legs) that give rise to 
similar terms are not shown. 

IPR diagrams, such as those shown in Fig. 13. How do we actually obtain these terms ? Simply 
by carrying out the intrinsic PT construction inside the self-energy graph (di): in doing so, 
the terms that will remove the "internal" gluon propagator will furnish the (effectively IPI) 
diagram (di)^, while those proportional to an inverse "external" gluon propagator [diagram 
{d[)^] ought to be discarded, in full accordance with the rules of the intrinsic PT. Indeed, as 
the reader should be able to verify, in the S-matrix PT implementation these latter terms will 
cancel anyway against analogous contribution coming from non-Abelian vertices attached to 
the external test-quark. 
Let us see in detail what happens in the case shown in Fig. 13. One has 

(di) = -^9^CATa^,'u{qi, q2, QzldiqDg^'"' x 

X / u2(i.\ .^ '^u'p.{-q2. k + g2, -A;)r^'^(-g2, k + q^, -k). (2.88) 

JkK \H + q2) 

As explained above, of all the possible pinching contributions appearing after the splitting of the 
two three gluon vertices inside this gluon self-energy according to (2.71) and (2.72), one needs 
to retain only half of the first term appearing in the rhs of Eq. (2.72), the other half removing 
instead the external propagator, thus generating diagram {d\Y of Fig. 13. Therefore one has 

where we kept only the g^^" part of the P^^" appearing in the pinching term, since the ^2 Q'2 term 
will remove the external propagator and thus ought to be discarded. Adding this to the first term 
on the rhs of Eq. (2.87), to be denoted by (ci), we find 

(ci) + {d,f = -^lg^CAn''{ga,q2u ' g,.q2a) ^2^^ + ^^^ (2.90) 

The same procedure can be repeated for the diagrams ((^2) and (^3); after adding them to the 
corresponding contributions, (02) and (03), we obtain 
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(C2) + {d,r = -zlg'CAf-''{9,.qsa - 9a.q3,) I 

(53) + {dsf = -ilg'CAr"'''{ga^.qiu - Qauqi,) I }^2^}^\q^y (2-91) 

Notice that these terms have exactly the same structure as the conventional (c) diagrams, to 
which they can be added. 

Thus, the PT one-loop three-gluon vertex is finally given by 

g2, gs) = -^/C^a/"™' 1 1 p^^cM. + , (2.92) 



where 



Nat^u = ^lxp{qi, h, -ki)Tl^^{q2, /c2, -k3)Tlp^{q3, h, -/cs) 



Ba,u - 8 {ga,qiu - ga.qi,) /^2(^ + ^^)2 + § i9a,q2u " g,.q2a) 

+ 8 (^^i^gsa - ^ai/gS/.) / 7^77^^ 77- (2-93) 

Note that r^™(gi, ^2, ^s) is manifestly Bose-symmetric with respect to all three of its legs. 

It is now of central importance to recognize that, unlike the conventional three gluon vertex 
that satisfies an STI, the r^™'^(gi, 52, ^3) constructed above satisfies a simple Abelian-like WI. 
Specifically, the conventional three-gluon vertex (in thei?^ gauges) satisfies at all orders the 
STI [45] 

qi^Z^{quq2,qz)=[qlD''''\qi)\ {A-\ql)P;j{q2)H^'^^"'{q3,q2) 

+ A-\qi)PJ{q3)H^;;^^{q2, qs)} , (2.94) 

where the auxiliary function if^^ is the IPI part of the composite operator 

iAZ'>{k)iD^'''iH^^''{k,q) = -tgr"^' J d^x J d^y e'"-"" e''''^ x 

X (0 \t {c'^'{x)A2:{y)[c%0)A;{0)]}\ 0^' . (2.95) 

and it is defined in Fig. 14. Notice that the kernel appearing in this auxiliary function is the 
conventional connected ghost-ghost-gluon-gluon kernel appearing in the usual QCD skeleton 

expansion [27,64]. Also, Haf^{k, q) is related to the conventional gluon-ghost vertex Tp{k, q) 
(with k the gluon and q the anti-ghost momentum) by [62,45,27,64]. 

q''H^p{k,q) = Vp{k,q). (2.96) 
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Fig. 14. The auxiliary function H appearing in the three-gluon vertex STI. The gray blob represents the 
(connected) ghost-gluon kernel /C appearing in the usual QCD skeleton expansion. 

Of course, the STI of (2.94) reduces at tree-level to that of (2.37). 
On the other hand, contracting Eq. (2.92) with gf , one obtains easily the result [8] 

qi'^Z::{qi,q2,q,)=gn''{^-\q2)P,u{q2)-^-\q,)P,u{qz)}, (2.97) 

with A^^(g) = + in(g^); of course, contracting with respect qi^ and furnishes the expected 
Bose-symmetric analogues of (2.97). Thus, rather remarkably, we find the naive one-loop gen- 
eralization of the tree-level identity of Eq. (2.40). Note, in particular, that any reference to 
auxiliary ghost Green's functions has disappeared: Eq. (2.97) is completely gauge-invariant. 

Let us now focus on a very interesting property of the one-loop PT three-gluon vertex, dis- 
covered recently by Binger and Brodsky [65]. These authors have first added quark and scalar 
loops to T^ll'iqi, q2, ^s); this is straightforward, from the point of view of gauge-independence 
and gauge-invariance, since these loops are automatically gfp-independent and satisfy (2.97). 
Then, all resulting one-loop integrals, including those of (2.93) and (2.93), were evaluated for 
the first time, thus determining the precise tensorial decomposition of T'^^iqi, q2, qs)- Then, 
after choosing a convenient tensor basis, r^^"(gi, q2, qs) was expressed as a linear combination 
of fourteen independent tensors, each one multiplied by its own scalar form-factor. Every form- 
factor receives, in general, contributions from gluons(G), quarks(Q), and scalars(S). It turns out 
that these three types of contributions satisfy very characteristic relations, that are closely linked 
to supersymmetry and conformal symmetry, and in particular the J\f = A non-renormalization 
theorems. Specifically, for all form-factors F (in d-dimensions) it was shown that 

Fg + AFq + {10 -d)Fs = 0, (2.98) 

which encodes the vanishing contribution of the J\f = A supermultiplet in four dimensions. Sim- 
ilar relations have been found in the context of supersymmetric scattering amplitudes [66,67]. 

It should be emphasized that relations such as Eq.(2.98) do not exist for the gauge-dependent 
three-gluon vertex [68], since the gluon contributions depend on the gfp, while the quarks and 
scalars do not. Indeed, it is uniquely the PT (or equivalently BFM in the BEG = 1, see next 
section) Green's function that satisfies this homogeneous sum rule. Most importantly, calculat- 
ing in the BEM with 7^ 1 leads to a nonzero rhs of Eq. (2.98). 
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2.4.5 The pinch technique four-gluon vertex at one loop 

The construction of the gauge-invariant four-gluon vertex has been outlined in detail in [69], in 
the context of the ^'-matrix FT. The actual derivation is technically rather cumbersome because 
of (/) the large number of graphs and {it) certain subtle exchange of pinching contributions 
between IPX and IPR diagrams (some of which have been seen in the construction carried out 
in the previous subsection). The exact closed form of this vertex (see, e.g., [41]) is too lengthy 
to be reported here. Far more interesting is the WI that this vertex satisfies: it is simply the naive 
one-loop generalization of the tree-level result, as can be easily confirmed using the explicit 
expressions for the bare three- and four-gluon vertices. Specifically, we have [69] 

?"r~(g, ^1, ^2, ^3) ^gr'^^rXii + ^3) + ^r'T + h, h) 

+ 5r'"f^r;(^ + ^3,A:i,fc2), (2.99) 

where the three-gluon vertices appearing are the FT ones constructed in the previous subsection. 
Again we find a fully gauge invariant, Abelian-like WI, that makes no reference to ghost Green's 
functions. 

2.5 The absorptive pinch technique construction 

In the previous subsection, we worked at the level of one-loop perturbation theory, and con- 
structed non-Abelian Green's functions that are gfp-independent and satisfy QED-like Wis. 
The analogy between the FT Green's functions and those of QED is best exemplified by com- 
paring the FT gluon self-energy with that of the photon (vacuum polarization): they are both 
gfp-independent and capture the leading RG logarithms. It is therefore natural to want to ex- 
plore until what point this analogy with QED may persist. Specifically, in QED knowledge of 
the vacuum polarization spectral function determined from the tree level e+e~ cross 
sections, together with a single low energy measurement of the fine structure constant a, enables 
the construction of the one-loop vacuum polarization, and the corresponding effective charge, 
aes{q'^), for all q^. What makes this possible in the case of QED is the unitarity of the -S-matrix, 
expressed in the form of the optical theorem, and the requirement of the analyticity of Green's 
functions, as captured by the so-called dispersion relations (see, e.g., [70]). In this subsection 
we will study in detail how the above crucial properties are encoded into the Green's functions 
constructed by the FT. Specifically, we will see that, in a non-Abelian context, the FT construc- 
tion enforces at the level of individual Green's functions properties of unitarity and analyticity 
that are completely analogous to those of QED. 

2.5.1 Optical theorem and analyticity 

The T-matrix element of a reaction i ^ / is defined via the relation 

{f\S\t) = Sfi + i(27r)V^)(P/-P,)(/|TK), (2.100) 
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where Pi (Pf) is the sum of all initial (final) momenta of the \i) (|/)) state. Furthermore, impos- 
ing the unitarity relation S^S — 1 leads to the generalized optical theorem: 

(/|r|i) - (i|r|/)* = iY:i'27r)'S^'\Pj - Pi){j\T\fr{j\T\i). (2.101) 

j 

In Eq. (2.101), the sum Y,j should be understood to be over the entire phase space and spins of 
all possible on-shell intermediate particles j. 

An important corollary of this theorem is obtained if f = i, corresponding to the case 
of the so-called "forward scattering". For this particular kinematic choice, setting on the Ihs 
= {i\T\i) and on the rhs T^J' = {j\T\t) andM'^ = \{j\T\i)\^ = jT^^f we have 

$>m{r"}= ^^(27r)^5W(p^. -p.)M^J\ (2.102) 

For the rest of this review we will be referring to the relation given in Eq. (2.102) as the optical 
theorem (OT). 

The rhs of the OT consists of the sum of the (squared) amplitudes, A4^^, of all kinematically 
allowed elementary processes connecting the initial and final states. Note, in particular, that only 
physical particles may appear as intermediate \ j) states. If the particles involved are fermions 
and/or gauge bosons, when calculating M'^^ one averages over the initial state polarizations and 
sums over the final state polarizations. In addition, the integration over all available phase-space, 
implicit in the sum Y.j, must be carried out. The Ihs of the OT is given by the imaginary part of 
the entire amplitude, i.e., including all Feynman diagrams contributing to it. For example, in the 
case of non-Abelian gauge theories to obtain the Ihs of the OT one must calculate the imaginary 
part of all diagrams, regardless of whether they contain physical (gluons, quarks) or unphysical 
(ghosts or would-be Goldstone bosons) fields inside their loops. The way how these imaginary 
parts will be actually computed is a mathematics rather than a physics question. For instance, 
in the simple case of one-loop graphs one may carry out the integration over virtual momenta, 
and then determine where the resulting expressions develop imaginary parts. Equivalently, one 
can use a set of rules known as "Cutkosky rules" or "cutting rules". One has to first cut through 
all diagrams on the Ihs of the OT in all possible ways such that the cut propagators can be put 
simultaneously on-shell. Note that one cuts through physical and unphysical particles (given that 
we are operating on the Ihs of the OT), and that higher order diagrams have, in general, multiple 
(two-particle, three-particle, etc.) cuts. Then, for each cut propagator one must substitute 

(k'^ -m^ + ie)-^ -2m5+{k'^ - rri^), (2.103) 

where 

5+{k^ - m') = 9{k'^)5{k'' - m^), (2.104) 

and carry out the resulting integral. Finally, one must sum up the contributions of all cuts. This 
approach has the advantage of casting the lbs of the OT into a form that, for certain simple 

theories such as scalar field theories or QED, makes the equality with the rhs manifest. 

An issue of central importance for what follows is the way that the OT is realized at the level 
of the conventional diagrammatic expansion, or equivalently, at the level of the propagator-, 
vertex-, and box-like amplitudes, Ti, T2, and T3, respectively, introduced in subsection 2.2. 
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Fig. 15. The stronger version of the OT in the case of a scalar theory. 

Specifically, in its general formulation of Eq. (2.102), the OT is a statement at the level of 
entire amplitudes and not of individual Feynman graphs, nor of the corresponding subampli- 
tudes. Thus, the imaginary part of a given diagram appearing on the rhs does not necessarily 
correspond to an easily identifiable diagrammatic (or kinematic) piece on the rhs. For example, 
in QCD the conventional propagator-like pieces of the two sides, i.e., those defined from the 
standard (as opposed to the "pinched") diagrammatic expansion, do not have to coincide in 
general. Of course, there are theories where the OT holds also at the level of individual graphs 
and kinematic subamplitudes. This stronger version of the OT is realized in scalar theories, but 
fails in non-Abelian gauge theories, such as QCD and the electroweak model. A crucial advan- 
tage of the PT is that it permits the realization of the OT at the level of kinematically distinct, 
well-defined subamplitudes, even in the context of non-Abelian gauge-theories; these privileged 
subamplitudes are, of course, none other than the Ti, T27 and T3. 

In order to see a concrete example where the OT holds at the level of individual subampli- 
tudes, let us turn to a scalar, theory, where pinching is impossible (no Wis), and therefore 
the topological structures given by the Feynman graphs cannot be modified. We will consider 
the process 4>ipi)4>{p2) — ^ 4>{Pi)4>{P2)', thus, \i) = |0(pi)0(p2)), and, at lowest order, the only 
intermediate state possible is |j) = |0(A;i)0(A;2)) (see Fig. 15). In such a case, the OT assumes 
its stronger version 

"^miTf] = i 5:(2vr)V^)(P, - P,)MI (2.105) 
^ j 

where i = 1,2,3 denotes, respectively, the propagator-, the vertex-, and box-like parts of either 
side (to recover the full OT, one simply sums both sides over £). 
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The way the are determined is simply through the dependence on the Mandelstam 
variables s, t, and u\ the latter are defined in this case as s = (pi + -p-ij^ = {ki + A;2)^, 
t = {pi — ki)"^ = {p2 — k2)^, and u = {pi — /c2)^ = {p2 — ki)"^. Specifically (suppressing 
the superscript ij), 

111 

+ - ^ + 



T = X' 



s — t — w? u — 



(2.106) 



and so 



Mi = X' 
M3 = A^ 



s — m" 



1 



1 



t — m? u — m? 
1 1 ^2 



s — 



+ 



t — rm? u — rri 



(2.107) 



As we will see later on, this simple identification fails in the case of non-Abelian theories. 

Let us now verify Eq. (2.105) for the propagator- like parts of the amplitude (i = 1) and at the 
lowest non-trivial order in A. We have that 



Ti' = -X^iA{q^,m^) 



g2 _ ^2 _ 2n(g2, m^) 



m 



Mr = X''[D^'\q\m^)]^ 



(2.108) 



with m^) = (g^ — m^) ^ the tree-level scalar propagator and n(g^, m^) its one-loop 

self -energy, given by 



m{q\m^)^^l^ 



Ik (A;^ — m?)[{k + g)^ — m?] 
Then, denoting the two sides of the OT by (Ihs)i and (rhs)i, we have 



(2.109) 



(lhs)i = A2S>m{rf}, 

(rhs)i = ixiA^p(°)(a]2/^^, 



(2.110) 



where the additional combinatorial | factor accounts for having two identical particles in the 
final state. The integral Jpg is the two-body phase-space integral, given by 

Xs " (2^ / "^'^^ / "^'^^ ~ rnl)S+{kl - ml)5^'^\q - ki - k^), (2.111) 
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Fig. 16. The stronger version of the OT in QCD: it holds for the quark loop but fails for the gluon loop. 

where mi and m2 are the masses of the intermediate particles produced (in the case at hand 
mi = m2 = m). To demonstrate the equality (Ihs)i = (rhs)i, use for (rhs)i the standard result 

/ =9{qy[q'-{m, + m2Y]-^^\'^\q',mlml), (2.112) 
Jps Snq'^ 

where A(x, y, z) = (x — y — — Ayz, and for (Ihs)i that 



Q'm{n(g^)} = -^m \ [ dx ln[m^ — — x)]\ 

' \ 1/2/ 2 2 2\ 

2 -\ ' [q ,m ,m ) 



327r q 

\2 ^ 

= - / , (2.113) 

obtained from Eq. (2. 109) after the Feynman parametrization and standard integration over k. It 
is relatively straightforward to show, to lowest order, the validity of (2.105) for i = 2,3, espe- 
cially if the Cutkosky rules are employed to determine the rhs. Notice that, in QCD, the stronger 
version of the OT holds for the quark loop but fails when the virtual particles circulating in the 
loop are gluons (see Fig. 16). 

An additional important ingredient that accompanies the OT is that of analyticity; together 
they provide a powerful framework that restricts severely the allowed structure of Green's func- 
tions. Specifically, Green's functions are considered to be analytic functions of their kinematic 
variables; this property, in turn, relates their real and imaginary parts by the so-called dispersion 
relations. 

In particular, let us recall that if a complex function f{z) is analytic in the interior of and 
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Fig. 17. Contours of complex integration for the dispersion relations 



upon a closed curve, say Q in Fig. 17, and x + ie (with x, e G M and £ > 0) is a point within 
the closed curve C|, we then have the Cauchy's integral form, 

fix + te) = ^.i dz^^^, (2.114) 

where / denotes that the path is singly wound. Using Schwartz's reflection principle, one 
also obtains 

f{x-ie) = -—I dz — ^ — . (2.115) 

27ii Jc\ z — X + ie 

Note that = C^. Sometimes, an analytic function is called holomorphic; both terms are 
equivalent for complex functions. 

Then, let us assume that the analytic function f{z) has the asymptotic behavior, \f{z)\ < 
C /R^, for large radii R with C a real non-negative constant and A; > 0. Taking the limit e — » 0, 
it is easy to evaluate ^ef{x) through 



2^ef{x) = 'lim' 



f{x + ie) + f*{x — ie) 



' lim ' - 

£-0 vr 



dx 



X — X — le 



+ r. 



(2.116) 

Here, ' lim^^o ' nieans that the limit should be taken after the integration has been performed, 
and 



Too = - lim sRe d9f{Re' 



(2.117) 



Because of the assumed asymptotic behavior of f{z) at infinity, the integral over the upper 
infinite semicircle in Fig. 17 can be easily shown to vanish: Too = 0. Then, employing the 
well-known identity for distributions. 



'lim' 

x' — X — ie 



1 



X — X 



+ i7iS{x' — x), 



(2.118) 
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we arrive at the unsubtracted dispersion relation. 



+00 



X 



(2.119) 



where the "P" denotes the principle value of the integral. Following similar arguments, one can 
express the imaginary part of f{x) as an integral over ^ef{x). 

In the previous derivation, the assumption that \f{z)\ approaches zero sufficiently fast at 
infinity has been crucial, since it guarantees that Too 0. However, if this assumption does 
not hold, additional subtractions need be included in order to arrive at a finite expression. For 
instance, for \f{z)\ < CR^ with /c < 1, it is sufficient to carry out a single subtraction at a point 
X — a.lxi this way, one has 



^ef{x) = 3?e/(a) + l^^p 



+00 



TT 



dx' 



{x' — a){x' — x) 



(2.120) 



From Eq. (2.120), it is obvious that ^ef{x) can be obtained from 'ismf{x), up to an unknown, 
real constant 3?e/(a). Usually, the point a is chosen in a way such that 'Ref{a) takes a specific 
value on account of some physical requirement or normalization condition. 

To see how analyticity works in a simple case, let us return to the scalar self -energy n(s) of 
Eq. (2.109). Setting = s, and defining the "velocity" 



P{s, m^) = (1 - 4mVs)^/' = s'^X^/^s, m^ m"), 
a standard integration yields 



(2.121) 



327r2 



--7^ + ln— ^ + 2-/3 g In ^ ' ^ 



(2.122) 



where s should be analytically continued io s + is. In fact, for s > Am? , the logarithmic function 
in Eq. (2.122) assumes the form 



1 +/3(5,m^) 2n 
1 — p{s, m^) 



(2.123) 



Evidently, the absorptive part of n(s) obtained from Eq. (2.122) is equal to the $5mn(s) ap- 
pearing in Eq. (2.113). Furthermore, one can verify the validity of the dispersion relation of 
Eq. (2.120), singly subtracted at s = 0. Since 



n(0,m2) 



A2 



327r2 



2 , 47r/x2 
7e + In 



(2.124) 



the renormalized n(s) is obtained simply as 11^(5, m^) = n(s,m^) — 11(0, m^). Noting that 
9^mn(s, m^) = $jmnR(s, m^) (the divergent parts have to be real in order for the hermiticity 
of the Lagrangian to be preserved), it is elementary to demonstrate that indeed (principle value 
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implied), 

s'{s' - s) 



MRS,m2=- ds'—-^;-^—^. (2.125) 



4m2 

The synergy between unitarity (OT) and analyticity (dispersion relations) constitutes the basis 
of the dynamical framework known from the sixties as "yS-matrix theory" (see, e.g., [71]). In the 
context relevant to our purposes, one may resort to this framework in order to (re)construct dy- 
namically (at least in principle) a given Green's function. A possible procedure one may adopt 
to accomplish this is the following. The Ihs of the OT is an experimentally measurable quantity: 
up to simple kinematic ingredients (flux-factors, etc) it can be identified with a physical cross- 
section. In fact, in the case of scalar theories or QED, the contributions of the individual sub- 
amplitudes to this cross-section may be projected out; for example, in the center-of-mass 
frame the display a different dependence on the scattering angle 9, which, in turn, allows 
their extraction from the entire cross-section. Then, through the Ihs of the OT, the measured 
Aif is identified with the imaginary part of the Green's function under construction, namely 
(up to trivial factors) the T" (for example, the propagator, for i — 1). Having determined the 
^mTl'^ from the OT, the dispersion relation can finally furnish (up to subtractions) the real part 
oiTf. 



2.5.2 The fundamental s-t cancellation 

As already alluded to in the previous subsection, the strong version of the OT, expressed in 
Eq. (2. 105), does not hold in general in the case of non-Abelian theories. This is so because, with 
the exception of certain gauges, the naive (diagrammatic) propagator-, vertex-, and box-like 
subamplitudes of each side are totally different. For example, in the case of the forward QCD 
process q{pi)q{p2) ^'(^1)9(^2) the propagator-like part of the Ihs, computed in the renormal- 
izable gauges, is determined by cutting through one-loop graphs containing ,^-dependent gluon 
propagators and unphysical ghosts (omit quark- loops), while the propagator-like part of the rhs 
contains the polarization tensors corresponding to physical massless particles of spin 1 (two 
physical polarizations). This profound difference complicates the diagrammatic verification of 
the OT, and invalidates, at the same time, its stronger version. 

As we will demonstrate in this subsection, the application of the PT on the rhs (the physical 
side) of the OT is tantamount to the explicit use of an underlying fundamental cancellation be- 
tween s-channel and ^-channel graphs [72,73]. This cancellation is exposed after the judicious 
combination of two fundamental Wis, one operating on the s-channel and one on the t-channel 
amplitude. This cancellation results in a non-trivial reshuffling of terms, which, in turn, allows 
for the definition of kinematically distinct contributions, to be denoted by M^^; interestingly 
enough, they correspond to the imaginary parts of the one-loop PT subamplitudes constructed 
in the previous section. Specifically, the PT subamplitudes satisfy the strongest version of the 
OT, i.e., 

^mff = i Y.{^'kY5^'\P^ - P,)Ml (2.126) 
^ j 

In other words, the strong version of the OT holds iff the identification of the subamplitudes on 
each side occurs after the application of the PT. 
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Fig. 18. Diagrams defining the amplitudes 7^ [graphs (a) and (6)] and 7^ [graph (c)]. Diagram (d) will 
contribute to the amplitude S defined in Eq. (2.138). 

To see all this in detail, we consider the forward scattering process q{pi)q{p2) q{Pi)q{P2), 
and concentrate on the OT to lowest order. Obviously, the intermediate states appearing on the 
rhs may involve quarks or gluons. The quarks can be treated essentially as in QED, and are, in 
that sense, completely straightforward. We will therefore focus on the part of the OT where the 
intermediate states are two gluons; we have that 



1 1 f _ 
'^m{qq\T\qq) = - x - / {qq\T\gg) {gg\T\qq) 

2 2 JPSnn 



(2.127) 



The extra | factor is statistical and arises from the fact that the final on-shell gluons should be 
considered as identical particles in the total rate. 

In Eq. (2.127) we set for the Ihs T = {qq\T\qq) and for the rhs T = {qq\T\gg) and M = 
TT*. Let us now focus on the rhs of Eq. (2.127). Diagrammatically, the tree-level amplitude T 
consists of two distinct parts: t and w-channel graphs that contain an internal quark propagator, 
7^™", as shown in diagrams (a) and (6) of Fig. 18, and an s-channel amplitude, 7^™", given 
in diagram (c) of that same figure. The subscript s and t refers as usual to the corresponding 



Mandelstam variables, i.e., s = q^ = {pi +P2Y = (^1 + ^2)^, andt 
Defining the analogue of Eq. (2.32) for these kinematics, namely 



we have that 
with 



^V"(p2,Pi) = v{p2)igt''-fpu{pi), 



r-i-mn /-i-mn , rrmn 



(pi - kif = {p2 - k2y. 

(2.128) 
(2.129) 



/T- mn 



-igMP2) [t"7.^^°Hpi - ki)t'^i, +t"'l^S^'\pi 



k2hut'' u{p 



(2.130) 



We then have 



M = r™"^^'^ {ki)L''^ (^2) ^J""* 



[Z + Ttr::L^^'ik,)L''^'ik2) [Z* + 7^*]X^ , (2.131) 
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where the polarization tensor L^'^{k) corresponding to a massless spin one particle is given by 



Notice that in accordance with Eq. (2.127), the rhs of Eq. (2.131) is inside the phase space 
integral j IpSgg-> which we will suppress for simplicity. Also, the auxiliary four- vectors are 
unphysical, and any dependence on them must cancel in a physical process. The same holds for 
the parameter 77^, which acts as a gauge-fixing term. 

It is clear now that if we were to apply at this point the same criterion for determining the Aie 
as in the scalar case [see Eqs (2.107)] we would get (we suppress Lorentz and color indices) 



Mi=ZL{k,)L{k2)r:, 

M2 = %L{ki)L{k2)r: + %L{k^)L{k2)r;, 

M3 = %L{k,)L{k2)r;. (2.133) 

However, the A4 1 appearing in the equations above cannot play the role of the subamplitudes 
appearing on the rhs of the strong version of OT, for at least one obvious reason: they depend 
explicitly on the unphysical and 77^. This is the crux of the matter: the cancellation of and 
77^ at the level of the entire M. becomes possible only by combining contributions between the 
s- and the t-channel graphs. It is only after this cancellation has taken place that the criterion of 
Eqs (2.107) may be used to define the Ai]^ that will appear on the rhs of Eq. (2.126). 

We now study the above points concretely. Before turning to the and 77^ cancellations, let us 
demonstrate the cancellation of gfp inside the off-shell tree-level gluon propagator, A^°j(g, ^), 
appearing in the s-channel graph. To that end note that the external quark current is conserved, 
namely q^V^ = 0. In addition, we have that for "on-shell" gluons, i.e., for k'^ = 0, k^L^i,{k) — 
0. By virtue of this last property, we see immediately that if we carry out the PT decomposition 
of Eq. (2.38) to the three-gluon vertex F, the term vanishes after being contracted with the 
polarization vectors, and only the F^ piece of the vertex survives. Then, it is immediate to verify 
that the longitudinal (gfp-dependent) parts of A(°) either vanish because of current conservation, 
or because they trigger the WI 

<f^l^.M -ki, -k2) = g,u{kl - ki), (2.134) 

which vanishes on-shell. This last WI is crucial because, in general, current conservation alone 
is not sufficient to guarantee the gfp-independence of the final answer. Clearly, in the covariant 
gauges the gauge fixing term is proportional to q^q" and therefore current conservation ensures 
that such a term vanishes. However, had we chosen an axial gauge instead, the gluon propagator 
would be of the form 

^(o)(^^~)^ VMl^^ (2.135) 

where n 7^ 7i in general; then only the term 77,^5^ vanishes because of current conservation, 
whereas the term 7i,^g^ can only disappear if Eq. (2.134) holds. Thus, either way, Eq. (2.131) 
finally becomes 

M = \(Tf + %)^:L^>^\k,) L-'(fc2)(r/ + (2.136) 
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where the gfp-independent quantity is given by 



T.Jr" = 5r"*"5'"c?(?')r^M.(?, -fci, -fc2)v;. (2.137) 



We now want to show that the dependence on the unphysical quantities and ry^, coming 
from the polarization vectors, disappears. The exact way this happens is very instructive, and can 
be traced to a very particular cancellation operating between the s- and t- channel components. 
This cancellation, in turn, is crucial for the FT construction (and its all-order generalization, 
see Section 6), because it captures precisely the mechanism that enforces the corresponding 
cancellations inside Feynman diagrams (where the gluons are off-shell). 

To see this s-t cancellation in detail, let us first define the quantities 5"*" and 7?.^" as follows: 



^rnn^^jamn^a^^ (2.138) 

which are related by 

yx^rnn ^ _k^Tl^n ^ ^2^mn (2.139) 

Second, using the conditions kf — k2 — 0, together with current conservation, g^V^ = 0, we 
obtain the elementary Wis 



f^2'^lnu{Q: -kl: -k2)^q'^gan + (^1 " k2)akl^. (2.140) 

Now the crucial point is that the term on the rhs of the above Wis will cancel against the 
d{q^) inside , allowing the communication of this part with the (contracted) i-channel graph. 
Specifically, we will have 



2vi 



fc2%M^"=2A;l^5"*"+7^;r^ 

r.lJ-'rmn qjmn 

^2^r=-^r' (2.141) 

so that, evidently. 



kl[%^ + 'T;]^ = 2fci^5-" (2.142) 

This is the s-t cancellation [72,73]: the term TZ comes with opposite sign, and drops out in the 
sum. In addition, notice also that 
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KK^^Cv = (2.143) 

Using the above results, it is now easy to check that indeed, all dependence on both and 
rf' cancels in Eq. (2.136), as it should, and we are finally left with (omitting the fully contracted 
color and Lorentz indices) 



M = (Tfrf* - 8SS*) + (Tfr; + Tf*Tt) + %%* 



(2.144) 



At this point we can naturally define the genuine propagator-like, vertex-like, and box-like sub- 
amplitudes, as in the scalar case, i.e.. 



Let us now focus on A^i; employing the relation 
and 



we obtain for Mi 

Ml = g'CAV;d{q') [Sq'P^'^iq) + 2{ki - k^fiki - k^f] d{q^)Vt, 
and the propagator-like part of the rhs of the OT reads 

Using the result of Eq. (2. 1 12), together with the additional general formula 



(2.145) 
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(2.147) 

(2.148) 
(2.149) 
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A(g^, m\, ml) 
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qf^qu 



q^ JPS 



we obtain for the case of two massless gluons in the final state 



(2.150) 



ps„„ Stt 



Uki-k.)^iki-k.l^-llq^P,.iq), 



(2.151) 
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and thus (2.149) becomes 

(rhs)i = V^,d{q^)nhg^q^P,M)d{q')K- (2-152) 
On the other hand, for the propagator-like part of the Ihs of the OT we have 

(Ihs)i = Smfi = V;rf(g2)S5mn^'^(g)rf(g2)V^, (2.153) 
Equating (2.152) and (2.153) we finally obtain 

$>mn^,(g) = nhg\^P^,{q). (2.154) 

Let us now write the (dimensionful) n(g^) introduced in Eq. (2.77) as n(g^) = g^n(g^). 
From (2.154) we have that Q^mn(g^) = Tihg"^, with the renormalized 11^^(5^) given by 

nR(?2) = n(0-n(/.^), (2-155) 

and from the corresponding single subtraction dispersion relation 



poo 

^en^iq')^ ds 
Jo 



s — q^ s — jj? 



Q'mn(s) 



TT 



= -6/ In 4- (2-156) 

We emphasize that the above procedure furnishes an alternative way for constructing the gfp- 
independent PT Green's functions at one-loop, for every gauge-fixing scheme. Indeed, in our 
derivation we have solely relied on the rhs of the OT, which we have rearranged in a well- 
defined way, after having explicitly demonstrated its gfp-independence. The proof of the gfp- 
independence of the rhs presented here is, of course, expected on physical grounds, and it only 
relies on the use of Wis, triggered by the longitudinal parts of the tree-level gluon propagators. 
Since the gfp-dependence at the level of the Feynman rules is carried entirely by the longitudinal 
parts of the gluon tree-level propagator, its cancellation at the level of M proceeds exactly 
as described before Eq. (2.137). Obviously, the final step of reconstructing the real part from 
the imaginary by means of a (once subtracted) dispersion relation does not introduce any new 
gauge-dependences . 

In addition, in the context of theories with tree-level (spontaneous) symmetry breaking (such 
as the electroweak theory) the Ihs of the OT contains, in general, would-be Goldstone bosons or 
ghost fields, with gfp-dependent masses. Such contributions manifest themselves as unphysical 
cuts, e.g., at q^ — for a W propagator in the renormalizable gauges, and, eventually, 
as unphysical thresholds, at e.g., s = 4^A^^y. However, unitarity requires that these unphysical 
contributions should vanish, as can be read off from the rhs of Eq. (2.102). As we will see in 
detail in Section 5, this observation is of central importance when devising a gauge-invariant 
resummation formalism for resonant transition amplitudes [23,74-76]. 



50 



3 The background field method and its correspondence with the PT 



As we have seen in the previous section, in the conventional formulation of gauge theories the 
Lagrangian L- consisting of the classical term plus the gauge-fixing and Faddeev-Popov ghost 
terms- is no longer gauge invariant, but rather BRST invariant. As a consequence, off-shell 
Green's functions satisfy complicated STls reflecting BRST invariance. In this context we have 
seen how the PT implements a rearrangement of the perturbative series, that allows the construc- 
tion of effective one-loop Green's functions which, among several other important properties, 
satisfy naive, QED-like Wis. 

It turns out that there exists a formal framework, known as the background field method 
(BFM), which gives rise to Green's functions that satisfy automatically this last property (but 
not all others). 

The BFM was initially introduced at the one-loop level [28,29,31,32,77-83], and was gen- 
eralized soon afterwards to higher orders [33,34,84-86]. In the BFM one arranges things such 
that the explicit gauge invariance present at the level of the classical Lagrangian is retained even 
after the gauge-fixing and ghost terms have been added. Thus, the (formally defined) off-shell 
Green's functions of the BFM obey the naive Wis dictated by gauge invariance, exactly as the 
(diagrammatically defined) PT Green's functions. Notice however two important points: The 
BFM Green's functions (/) depend explicitly on the (quantum) gfp, denoted by ^q, and (//) obey 
the aforementioned Wis for every value of ^q. Thus one encounters a situation very similar to 
that of QED: the photon-electron vertex and the electron self-energy depend explicitly on the 
gfp, and for every value of the gfp they satisfy the text-book Wl of Eq. (2.58). The reason why 
the BFM has become so relevant in the study of the PT was the observation [40,41,60] that for 
a very simple choice of the BFM Green's functions become identical to those of the PT. This 
particular value is the BFG, = 1. 

The purpose of this section is twofold. First, we introduce the BFM quantization, discussing 
its advantages over the conventional quantization formalism. Second, we will establish (at the 
one-loop level) the important correspondence between the PT and BFM Green's functions men- 
tioned above. Since this correspondence will accompany us for the rest of this report, we will 
pay particular attention in explaining the conceptual differences that distinguish the PT from the 
BFM (for a related general discussion see also Section 1, as well as subsection 5.4 for further 
physical arguments sharpening this distinction). 



3. 1 The background field method 

Let us start by considering a theory describing a (scalar) field (p with an associated classical 
action 



The S'-matrix of this theory can be derived from the knowledge of its corresponding Green's 
functions through the LSZ reduction formula (see below). The Green's functions of the theory 
can, in turn, be obtained by taking functional derivatives with respect to a suitable source J of 




(3.1) 



51 



the generating functional 

Z[J] = j [d(t)] e*{^M+^-^>, J-(t> = j d^xJ{x)(t){x). (3.2) 

The functional integral appearing in the equation above is performed over all the possible con- 
figurations of the field 0. The disconnected Green's functions of the theory are then defined 
through the relation 



(O|r(0---</.)|O)= /[ci0](0---0)e'^[^l= Z[j] 



(3.3) 

j=o 



Since the disjoined pieces appearing in the Green's function do not contribute to the S-matrix, it 
is more convenient to work with the connected Green's functions which are generated by taking 
functional derivatives with respect to the source J of the generating functional W[J] defined as 



JW[J] 



^Z[J]. (3.4) 



Finally, yet another simplification can be achieved by expressing connected Green's functions 
in terms of IPI pieces, which are generated by the effective action defined through the Legendre 
transform 

m = W[J]-J-^, (3.5) 

where 

- 5W 

Notice the difference between and 0; since 

we see that corresponds to the vacuum expectation value of the field in the presence of a 
source J. In particular notice that the equation 

5T 

^ = -J^ (3.8) 

corresponds to the quantum mechanical field equation for 0, which replaces the classical field 
equation 

in the quantized theory. 

Thus, the key quantity to calculate in field theories is the effective action (3.5), because, once 
it is known, the ^'-matrix can be constructed through the LSZ reduction formula, i.e., by string- 
ing together trees of IPI Green's functions (thus generating the connected ones), amputating 
external propagators, putting external momenta on-shell, and adding appropriate external wave- 
functions renormalization factors. 

At this stage the BFM can be seen as a convenient way of computing the effective action. Let 
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us begin by defining a new generating functional Z by shifting the argument of the classical 
action appearing in Eq. (3. 1) by an arbitrary background field independent of J: 

Z[J, (^] = y e^l^I-^+c^l+^-A} . (3.10) 

By analogy we can now go on and define W as 

e^^t-^''^] = Z[J,(/?], (3.11) 
and, finally, the corresponding effective action 

f[j,(^] = ty[j,^]- (3.12) 

with 

Therefore the background effective action constructed in Eq. (3.12) is a conventional effective 
action computed in the presence of a background field 93, and, as such, will give rise to IPI 
Green's functions in the presence of this background field cp. 

Let us now look for a connection between the generating functionals Z and Z. Shifting the 
variable of the functional integration in Eq. (3.10) through — > — (/?, we arrive immediately 
at the relation 

Z[J,^] = Z[J]e-^'-^, (3.14) 

and thus we are led to ^ 

W[J,ip] = W[J]- J ■ if. (3.15) 

Differentiating this last equation with respect to J and taking into account the definitions of 
Eqs (3.6) and (3.13) we find 

(t)^4>-ip. (3.16) 
Finally, making use of Eqs (3.5) and (3.12) we find 

r[0,(^] = w[j] -j.{4> + ^) = r[0] = v[4> + ip]. (3.17) 

As a special case of the above equation we can choose = to get 

f[0,<^] = r[(^]. (3.18) 

Notice that the background effective action f [0, has no dependence on 0, so that it can 
only generate IPI vacuum graphs in the presence of the background field Lp\ on the other hand 
Eq. (3.18) tells us that the effective action of the theory can be obtained precisely by summing 
up all these vacuum diagrams. However, unless </? is a very simple background field {e.g., a con- 
stant), the calculation of r[0, </?], treating (p exactly, is not possible. Thus, one needs to resort to a 
perturbative treatment of the background field cp, in which case the background field appearing 
in external lines is arbitrary, and does not need to be specified at all. 

To pursue this latter approach, one starts generating Feynman rules from £[0 + ^9]. From 
this process there will be two type of interaction vertex emerging: (/) those involving only (f> 
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fields, which must be used inside diagrams only, and (ii) those involving and if fields, which 
ought to be used in order to generate external lines. This, in turn, means that in the BFM one 
will calculate the same diagrams needed in the conventional formulation, with the only pro- 
viso that vertices appearing inside loops might have different Feynman rules compared to those 
connecting external legs. 

3.2 Background field gauges 

All the results discussed above for the simplified setting of a scalar field theory have analogs 
in non-Abelian gauge theories, with the obvious complications coming from the fact that, in 
the latter cases, one must choose a gauge fixing term; this, in turn, implies the appearance 
of the corresponding Faddeev-Popov ghost determinant. The generating functional for pure 
gluodynamics (since fermions play no role in the BFM construction they will be neglected in 
what follows) can be written as 

^i{S,[A]+SoAA;Q+J-A}^ J.A^ j d^^xJ^A^ (3.19) 

The gauge invariant and gauge-fixing Lagrangian have been introduced in Section 2 and read 

Si[A] = jd'xCt^-\j d'x F^^Fr, Sgf[A; = ^ / d'x T'^J'^ (3.20) 

with T"" the gauge fixing function; finally, 5JF"/ bQ^ represents the derivative of the gauge fixing 
function with respect to the infinitesimal gauge transformation of the gluon field, see Eq. (2.6), 
with the determinant of this term expressing the result of the integral over the ghost and anti- 
ghost field variables of the Faddeev-Popov Lagrangian term, introduced in Eq. (2.7). 

The background field generating functional can be defined in an way completely analogous 
to the scalar case [see Eq. (3.10)], namely ^ 

Z{J,A\ = J [dApet 

where now JF = J-'{A, A), with 6J-'"'/69^ represents the derivative of the gauge fixing function 
with respect to an infinitesimal gauge transformation 

6 a; = —8,9'^ + r'^e" (a^ + a;) . (3.22) 

At this point, all quantities defined in the scalar case can be also defined here. Moreover, since 
the relation between normal and background quantities can be found, as before, by shifting 



^ From now on we will indicate background fields with a caret. Notice however that we will indicate 
Green's functions containing background fields with a tilde, to distinguish them from the FT ones. 



'[J] = / [dA] 



Det 



i{Si[A+A]+SGF[A;^Q]+J-A} q 2I) 
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the integration variable in the path integral through A — A, one finds in analogy with 
Eq. (3.18), 

f[0,i] = r[]4]|_. (3.23) 

Notice that for arriving at this equation one has to write Z[J,A] in terms of Z[J]; this, as already 
said, can be easily done by shifting the integration variable. Thus, for Eq.(3.23) to be valid, if 
on the Ihs the effective action is calculated using the gauge fixing function J-'{A, A), then on 
the rhs we must use the gauge fixing function JF = JF(A — A, A) (and the gauge fixing param- 
eter ^ = ^q). Then, while it is clear that the BFM will give rise to different Green's functions 
with respect to those appearing in the conventional formalism, the gauge independence of the 
physical observables, together with Eq. (3.23), guarantee that one will finally obtain the same 
S'-matrix. 

The crucial feature that makes the BFM such an advantageous way of quantizing gauge the- 
ories is the following. There exist special choices of the gauge fixing function ^ for which the 
form of the BFM effective action rfO,^] is severely restricted, being a gauge invariant func- 
tional of A, i.e., invariant under the gauge transformations 



^ja^_fabc§bjc_ (3.24) 

Notice that the (infinitesimal) parameter of the gauge transformations above has been denoted 
by 9, because it is different from the one appearing in the gauge transformations of the quan- 
tum field A, shown e.g., in Eq. (3.22). The (covariant) gauge fixing function that enforces the 
background gauge invariance is 



^d^Al + gr'^A^A^^, (3.25) 

where is the covariant background field derivative. 

In order to prove the invariance of the effective action under the transformations (3.24) 
and (3.24), we carry out the following change of variables in the functional integral appear- 
ing in Eq. (3.21) 

A« ^ A'^ ^Al- f^^e^Al = 0''\e)Al, (3.26) 

where 

0''\d) = 5"* - r^^^e^ (3.27) 

is an orthogonal matrix representing a rotation by an infinitesimal amount 9 in the vector space 
spanned by the generators of the SU{N) gauge group. Thus it is clear that this change of 
variables leaves the integral measure invariant. Also, on the one hand, since both Eqs (3.24) 
and (3.26) represent adjoint group rotations, the term J • A is clearly invariant. On the other 
hand, one has that 

J [dA] e^^[^+^l ^ J [dA'] QiS[A'+A+s{A+A)]^ (3 28) 
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with 

5iAl + AD = --^d,e^ + r'^e" {Al + Al) . (3.29) 

The latter represents a gauge transformation (with parameter 9) of the A + A field, so that also 
this part of the generating functional is invariant. 

As far as the gauge fixing term is concerned, one has that it transforms as follows 

^{A + 5 A, A) = ^""{A, A) - r^''d>' (O^A"^ + gf^^O^d^Al + g f"-^" f'^^O'^ AlA^"^ 

= ^"(i, A) + r'"'e^P{A, ^'), (3.30) 

where in the last step the Jacobi identity has been used, and 9"^ terms have been discarded. Thus 
we can write 

^\A + M, A) = Ol^P{A, A), (3.31) 

and therefore since {T"'Y is manifestly invariant under orthogonal rotations, the background 
gauge invariance of the gauge fixing term is evident. Finally for the derivative term bT"" j 69^ 
one has the relation [42] 

-^J^^iA + SA^A^A + SA)) = 0^'''%9)-Lj^''(A,A^(A))0'^\9), (3.32) 
09" 59b 

where 9'^ = 0^''{9)9^, and we have explicitly indicated the dependence of the variation of the 
quantum field A on the background field A and the infinitesimal parameter 9. From the above 
identity follows that the determinant is also invariant, since the determinant of an orthogonal 
matrix is equal to 1. Thus, this concludes our proof of the gauge invariance of the background 
effective action. 

Summarizing, the general idea behind the BFM is to first make a linear decomposition of the 
gauge field appearing in the classical action in terms of a background field. A, and the quantum 
field. A, which is the variable of integration in the path integral. Then, using the Faddeev-Popov 
quantization method, one eliminates the unphysical degrees of freedom of the gauge field by 
breaking the gauge invariance of the classical Lagrangian through a gauge fixing condition, 
which is usually taken to be of covariant form, even if such a choice may not be unique (see the 
next subsection). Most importantly, it is possible to choose a gauge fixing condition that is in- 
variant under the gauge transformations of the background field A, so that the whole Lagrangian 
retains (background) gauge invariance with respect to the latter field, which only appears in ex- 
ternal lines. The gauge symmetry is, however, explicitly broken by the quantum field A, which 
enters only in loops. 

3.2.1 Generalized background gauges 

An interesting question to ask is whether the gauge fixing function of Eq. (3.25) is unique. To 
address this issue, we start by noticing that, in order to get from the conventional gauge 
fixing function d^A"^ to the covariant background equivalent given in Eq. (3.25), it has been 
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sufficient to make the replacement 

^ D;\ (3.33) 

where Df = Df{A) = 8''''d^ + ^/""^A™. On the other hand, Eq. (3.30) tells us that the 
background covariant derivative transforms under the background gauge transformation (3.24) 
as 

Df{A + 5A)Al = OlD';{A)A'^, (3.34) 

which, in turn, ensures that the corresponding Faddeev-Popov determinant transforms as in 
Eq. (3.32). In fact, we see that Eq. (3.34), together with the fact that the gauge fixing Lagrangian 
is given by the group space scalar product of the corresponding function, ensures that JF" leaves 
Z[.J, A] invariant under background field gauge transformations. Thus, using Eq. (3.33), all the 
non-covariant gauge fixing functions introduced in subsection 2. 1 can be converted into back- 
ground gauge fixing functions that preserve the background gauge invariance of the effective 
action. 

3.3 Advantages over the conventional formalism 

3.3.1 Preliminaries: Green 's function and S -matrix calculation in the BFM 

The background gauge invariance of the effective action f[0, A], imposes a drastic restriction 
on the form of the IPI Green's functions generated by taking functional derivative of the back- 
ground effective action with respect to the background fields A. In fact, exactly as happens in 
the Abelian (QED) case, these functions are forced to satisfy naive Wis rather than the usual 
STIs associated with the non-Abelian character of the theory. 

BFM Green's functions are calculated starting from the shifted Lagrangian A], the 
gauge fixing term £q™ = -^T°'T°', and the Faddeev-Popov determinant, which can be written 
in terms of an anti-commuting scalar field c, giving rise to the Faddeev-Popov ghost Lagrangian 

£BFM ^ gn^g^c" + gf'^''{di'^)Alc'' + gf''^\d''^)Alc'' - ^/«'''^cM^(9'*c'^) 

- g^f^'^f'^^AliA'i + ADc". (3.35) 

Notice the appearance of a modified ghost sector: the interactions between ghosts and back- 
ground gluons are very characteristic, consisting of a symmetric Acc ghost vertex and a com- 
pletely new, four particle vertex, AAcc. 

As discussed in the scalar case, vertices appearing inside loops contain only quantum fields 
A, while vertices involving the background field A connect external lines. Notice that all the 
propagators ought to be those of the quantum fields, since gauge invariance is unbroken in the 
background sector, and therefore the A propagator is not defined. The complete set of Feynman 
rules for QCD in the BFM gauge are reported in Appendix B. As a rule of thumb to remem- 
ber what vertices we expect to have different Feynman rules, notice that the BFM covariant 
gauge fixing term is linear in the quantum fields A; therefore, apart from vertices involving 
ghost fields, only vertices containing exactly two quantum fields can differ from the conven- 
tional ones. Thus, for example, the vertex AAAA will have to lowest order the same Feynman 
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a, a 



Fig. 19. Feynman diagrams contributing to the one-loop background gluon self-energy. Gray circles on 
external lines represent background fields. Seagull contribution are not shown since, perturbatively, they 
do not contribute to the self-energy. 

rule as the conventional vertex AAAA. Despite the distinction between background and quan- 
tum fields, calculations in the BFM are, in general, simpler. This is particularly so in the BFG, 
where many vertices simplify considerably (see again Appendix B). 

When calculating ^-matrix elements from the BFM Feynman rules remember that fields in- 
side loops (i.e., fields irrigated by virtual momenta) are always quantum, while those irrigated 
by physical momentum transfers are background. As a result, box diagrams are exactly the 
same as in the conventional case, i.e., all fields are quantum. On the other hand, self-energy and 
vertex diagrams are attached to the on-shell particles by background gluons, having quantum 
gluons and quarks inside their loops. Note also that, eventually, one must choose a gauge for the 
background fields A as well, which is completely unrelated to the gauge used for the quantum 
fields. For example, the propagators inside the loops may be in the BFG, while the background 
propagators in the axial gauge. After the background gauge is fixed, the background field propa- 
gator is well-defined, and one can use it to build up strings of IPI functions, thus generating the 
connected Green's functions. Finally, the S-matrix will be determined from the LSZ reduction 
formula. 



3.3.2 Special transversality properties of the BFM 

To show what are the simplifications that the explicit preservation of gauge invariance implies at 
the practical level, let us consider the calculation of the gluon two-point function. The diagrams 
contributing to the one-loop background gluon self-energy are shown in Fig. 19 (seagull terms 
do not contribute due to the dimensional regularization result k""^ = 0). Choosing the back- 
ground Feynman gauge (the /3 function being, of course, a .^-independent quantity) and using 
the BFM Feynman rules reported in Appendix B one has 




2 Jkk^{k + qY 



■^'^af.uiq, -k - q, k)V^p{q, -k - q, k), 



(b)af3 = -g^CA 



kk^{k + q) 



-{2k + q)^{2k + q)p, 



(3.36) 



Introducing, then, the function 




(3.37) 
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(r being the Euler gamma function) we get ^ 



(a)«^ = 10/(g2,e)g2p,^(g), 



(3.38) 



Notice that each of the contributions above is individually transverse, as a result of background 
gauge invariance. This is to be contrasted with e.g., the result, where 



(bU = -q'Ca l^^^^^Uk + q)p, (3.39) 

and (a) and (b) are the diagrams corresponding to those shown in Fig. 19, when the external 
gluons are quantum gluons. Carrying out the integrals, we obtain 

{b)ai3 = if{q, e) {q'gaiB + '^qaqp) 

Thus, while the sum of the two diagrams results in a transverse one-loop gluon self-energy (as 
it should), the individual diagrams are not transverse. 

At two loops the diagrams to be calculated are shown in Fig. 20. Let us start by noticing 
that out of these diagrams one can form combinations that corresponds to the one-loop dressed 
gluonic and ghost contributions, and two-loop (dressed) gluonic and ghost contributions. Using 
the notation of Fig. 77, one has respectively 



[{d,) + {d,)f^ = (a) + \m + (c)] + {d) + {g) + {h) + \[{q) + (r)], 
[(^3) + {d,)f^ = (e) + (/) + (^) + (j) + {k) + \[{m) + (n) + (o) + (p)], 
m + {d,)f^^\m + {c)\ + {ll 

m + (4) + {d,) + {d,,)f^ = \[{q) + (r)] + {s) + l[(m) + (n) + (o) + (p)], (3.40) 
and focussing on the divergent parts of the diagrams, we obtain [34] 



^ Notice that from this result, and the fact that in the BFM Zg = one immediately obtains that 

3 

= — ^-CA u^yi ■ This has to be contrasted with the conventional formalism (e.g., gauges), where 
in order to get Zg one must calculate the divergent parts of the gauge and ghost self-energies, as well as 
the ghost-gauge vertex [87-89]. 
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(9) ir) {s) 

~(2) 

Fig. 20. The Feynman diagrams contributing to the BFM two-loop gluon self-energy 11^^ . 
[(^3) + = -^ISIt^ fl + 7^ - P^) <l"PM, 



(Any 2e2 V 4 



[(rf,) + (d,) + (d,) + (d,„)Q = --^^ (l + i' - '«) I'P-^^ll (3-tl) 
with p = 7e — In 47r + ln(g^/ /x^). Then, adding up all the contributions, we get 



10 n^r'a 1/1 
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Notice that, as happened in the one-loop case, the contribution of each of the four subgroups is 
individually transverse. This property is certainly not accidental; in fact, as we will see in Sec- 
tion 8, it is valid to all orders. Its validity has been established for the first time in [90], and is a 
direct consequence of the linear Wis satisfied by the (fully-dressed) vertices entering in the SD 
expansion of the background gluon self -energy. As we will explain there in detail, this group- 
ing of diagrams into individually transverse subsets has profound implications, constituting the 
cornerstone of the gauge-invariant truncation scheme implemented by the PT. 



3.4 The pinch technique/background Feynman gauge correspondence 



The key observation [40,41] that immediately suggests a connection between the PT and BFM 
Green's functions is related to the form of the ^Q-dependent tree-level BFM vertex 

Aa{q) Ai^i{ki) Aj,{k2) , denoted by V%,v{q^ ki, ^2) (see the BFM Feynman rules of Appendix B). 
Specifically, using the PT decomposition of Eq. (2.38) for the standard tree-level three-gluon 
vertex Tanuiq, ki, ^2), we find that 



= ^anuiq, ki, k2) - ^r^^^(g, /ci, /cs). (3.43) 

Evidently, at = 1 we have that 

f Sr'H?, fci, k^) ^ Tl^M, ku k2). (3.44) 

Given that, in addition, at = 1 the longitudinal parts of the gluon propagator vanish also, one 
realizes that at this point there is nothing there that could pinch. Thus, ultimately, the BFG is 
singled out because of the total absence, in this particular gauge, of any pinching momenta. 

In what follows we will only prove the PT/BFG correspondence by means of explicit calcu- 
lations at the one-loop level, following the aforementioned original articles. An all-order, more 
profound proof of this correspondence will be postponed until Section 6; there we will show 
that, as a result of the BRST symmetry, the PT/BFG correspondence persists to all orders in 
perturbation theory. Finally, in Section 8, the proof will be generalized to the non-perturbative 
case of the SDEs. 

The case of the gluon self-energy is almost immediate: simply compare the two terms on 
the rhs of Eq. (2.73) with the two terms given in Eqs (3.36). Evidently the PT and BFG gluon 

self-energies are identical at one loop. 

Then, let us consider the case of the three-gluon vertex [41]. The one-loop diagrams contribut- 
ing to the BFM three-gluon vertex (i.e., with three incoming background gluons) are shown in 
Fig. 21 ; there we also fix the conventions for momenta, Lorentz, and color indices, used in what 
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a, a 




(c) id) 

Fig. 21. One-loop diagrams contributing to the three-gluon vertex in the BFM. Diagrams (c) carry a ^ 
symmetry factor. 

follows. From diagram (a) one has 

(3.45) 

For diagram (6), and the one with the ghost charge running in the opposite direction, we have 
instead 

(6) = ig^CAn^ I TaVIulih + h)a{k2 + h)^.{ki + h),. (3.46) 

For diagrams (c), and the two other possible diagrams of the same type, we get (using the BFG 
for the four-gluon vertex with two background legs) 



+ Ag'CAr"^^ {Qauqz, - g,.q:io) I (3.47) 

JkK [K + q^) 

Finally, diagram (d) (and the other two similar diagrams) turns out to be zero at this order, due 
to group-theoretical identities for the structure constants such as 

j!ead ^j!dbx jxce _j_ jdcx j!xbe^ g Z|.§^ 

Adding the contributions found, notice that the sum (a) + (b) coincides with the term Na^j^^ of 
Eq. (2.93), while (c) coincides exactly with -Bq,^i. of Eq. (2.93). Thus the BFM result matches 
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the expression of Eq.(2.92), obtained by the (intrinsic) PT. 

The calculation of the one-loop four-gluon vertex in the BFM Feynman gauge has been car- 
ried out in [41]; again it was found to coincide with the one constructed through the PT algo- 
rithm. 

3.5 The pinch technique/background Feynman gauge correspondence: conceptual issues 

While it is a remarkable and extremely useful fact that the one-loop PT Green's functions can 
be calculated in the BFG, particular care is needed for the correct interpretation of this corre- 
spondence. 

First of all, the PT is a way of enforcing gauge independence (and several other physical 
properties, such as unitarity and analyticity) on off-shell Green's functions, whereas the BFM, 
in a general gauge, is not. This is reflected in the fact that the BFM n-point functions are gauge- 
invariant, in the sense that they satisfy (by construction) QED-like Wis, but are not gauge- 
independent, i.e., they depend explicitly on ^q. For example, the BFM gluon self-energy at one 
loop is given by 

n!t^(?) = + J(^29'Ca{1 - iQ){7 + iQWP'-^q). (3.49) 

Had the BFM n-point functions been ^g-independent, in addition to being gauge-invariant, there 
would be no need for introducing, independently, the PT. 

We emphasize that the objective of the PT construction is not to derive diagrammatically the 
BFG, but rather to exploit the underlying BRST symmetry in order to expose a large number 
of cancellations, and eventually define gauge-independent Green's functions satisfying Abelian 
Wis. Thus, that the PT Green's functions can also be calculated in the BFG always needs a very 
extensive demonstration. Therefore, the correspondence must be verified at the end of the PT 
construction and should not be assumed beforehand. 

Moreover, the ^Q-dependent BFM Green's functions are not physically equivalent. This is 
best seen in theories with spontaneous symmetry breaking: the dependence of the BFM Green's 
functions on gives rise to unphysical thresholds inside these Green's functions for 7^ 1, a 
fact which limits their usefulness for resummation purposes (this point will be studied in detail 
in subsection 5.4). Only the case of the BFG is free from unphysical poles; that is because then 
(and only then) the BFM results collapse to the physical PT Green's functions. 

It is also important to realize that the PT construction goes through unaltered under circum- 
stances where the BFM Feynman rules cannot even be applied. Specifically, if instead of an 
^-matrix element one were to consider a different observable, such as a current correlation 
function or a Wilson loop (as was in fact done by Cornwall in the original formulation [7], and 
more recently in [61]), one could not start out using the background Feynman rules, because all 
fields appearing inside the first non-trivial loop are quantum ones. Instead, by following the PT 
rearrangement inside these physical amplitudes the unique PT answer emerges again. 

Perhaps the most compelling fact that demonstrates that the PT and the BFM are intrinsically 
two completely disparate methods is that one can apply the PT within the BFM. Operationally, 
this is easy to understand: away from — 1 even in the BFM there are longitudinal (pinch- 
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Fig. 22. Relation between the one loop non-Abelian BFM vertex, and the standard non-Abelian graph in 
the gauge (with the substitution ^ ^q), for a general value of the gfp parameter ^q. The difference 
is a pinching contribution. 

ing momenta) that will initiate the pinching procedure. Thus, one starts out with the S-matrix 
written with the BFM Feynman rules using a general ^q, and applies the PT algorithm as in 
any other gauge-fixing scheme; one will recover again the unique PT answer for all Green's 
functions involved (i.e., will get projected dynamically to = 1). 

3.5.1 Pinching within the background field method 

Let us study in some detail how pinching works within the BFM. It is expeditious to organize 
this calculation using as reference point the corresponding one-loop construction presented in 
the the previous section, in the context of the i?^ gauges. The reason is that a great deal of the 
results needed here can be recovered directly from the analysis of the one-loop pinching in sub- 
section 2.3, simply by setting ^ — > ^q. 

To begin with, the box diagrams in the BFM are identical to those of the R^, shown in Fig. 3, 
with the trivial replacement ^ — > ^q- Therefore, their pinching proceeds exactly as described 
in 2.3, and the results are precisely those found in subsection 2.3.1, Eqs (2.44) and (2.45), with 

We then turn to the vertex graphs. The topologies are the same as in the gauges. The 
Abelian graph, together with the external leg corrections are again identical, with the replace- 
ment ^ — > ^Q. The non-Abelian graph of Fig. 4, however, needs particular treatment, because 
the dependent BFM three-gluon vertex does not coincide with the conventional three-gluon 
vertex (of the -R^ gauge). In fact, as we can see from Eq. (3.43), the two vertices differ by an 
amount proportional to . So, we will use Eq. (3.43) inside the non-Abelian graph: the first 
term converts the graph into its conventional counterpart (with ^ ^ for the gluon propa- 
gators in the loop); the second term is purely pinching in nature, and we will track down its 
effect [Note that one could equally well employ (3.43) directly, as was done in [60], but then 
one could not use the results of the R^ so straightforwardly]. 

The term T^^^{q, ki, k2), when multiplied by the two gluons inside the non-Abelian graph, 
leads to the expression 




(3.50) 



which, after pinching, generates propagator- like terms. In particular, the original non-Abelian 
vertex graph, (h)^Q, can be written as (Fig. 22) 
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{bh, = {bh^ + {bf 

Jk 



9af3 



+ A, 



kakf^ 



[91^ t% 



(3.51) 



where (6)^^ denotes the standard non-AbeUan graph in the i?^ gauge when i ^ iq. Then, 
we can convert (6)^^ directly to (6)^^=1, i.e., the PT answer, following exactly the procedure 
described in subsections 2.3.2 and 2.4.1; in this way the total pinching contribution coming 
from the BFM non-Abelian vertex is 



Uah. 

rv rvi, 



k k\k + qf 



(3.52) 



After these observations, it is easy to determine the total propagator-like pinching contribution, 
np^(g, Aq), that should be added to the BFM self-energy n^^(?) (following the universal PT 
rules): one has 



(g, Aq) = KLiQ, Aq) + 2 [niiiq, \q) + n^^f,(g, \q) 



+ 4n"f,(g, Xq) 



Ik k\k + g)2 
= -XTliq, Xq) + 2XQg^CAq^P^^{q) 

where the last step is by virtue of Eq. (2.57). Thus, 



kk^{k + qf' 



(3.53) 



+ 



k k\k + qf 



Using the exact relation 

we finally find that 

^f{q, Aq) = -XQg'CAq' 



1//7,- 



kk^{k + q)^ 



P'^^iq) 



kk\k + q)^' 



(3.54) 



(3.55) 



2-^" '-^'Jkk^k + qY ^^'Jkk\k + qf 

(3.56) 

Note that the result is ultraviolet (UV) finite, as expected. After carrying out the integration, we 
obtain 



nr(g,AQ) 
r(€Q) 



4(47r) 



-.g'CA{l-iQ){l-riQ)q'P''P{q). 



(3.57) 



which, when added to H^^^'' (g) given in Eq. (3.49) will give 11^^^ [q), as announced 
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3.6 Generalized pinch technique 

As we have seen in detail, the PT is an algorithm that gives rise to the same unique Green's 
functions, regardless of the gauge-fixing scheme one starts out from. Thus, irrespective of the 
starting point, the PT projects one dynamically to the BFG. A question one may naturally ask 
at this point is the following: could we devise a PT-like procedure that would project us to some 
other value of the background gfp ^g? Or, going one step further, could one rearrange the Feyn- 
man graphs is such a way as to be projected to the generalized background gauges introduced 
in subsection 3.2.1? As was shown by Pilaftsis [42], such a construction is indeed possible; 
the systematic algorithm that accomplishes this is known as the generalized pinch technique 
(OPT). The OPT essentially modifies the starting point of the PT algorithm, namely Eq. (2.38), 
distributing differently the longitudinal momenta between (the now modified) F^^^ and F^^^ 
type of terms. 

As explained by the author of [42], the OPT represents a fundamental departure from the 
primary aim of the PT, which is to construct gfp-independent off-shell Green's functions. The 
GPT, instead, deals exclusively with gfp-dependent Green's functions, with all the pathologies 
that this dependence entails. Nonetheless, it is certainly useful to have a method that allows us to 
move systematically from one gauge-fixing scheme to another, at the level of individual Green's 
functions. In addition to the possible applications mentioned in [42], we would like to empha- 
size the usefulness of the GPT in truncating gauge-invariantly (i.e., maintaining transversality) 
sets of SDEs written in gauges other than the Feynman gauge (see Section 8). This possibil- 
ity becomes particularly relevant, for example, when one attempts to compare SDE predictions 
with lattice simulations, carried out usually in the Landau gauge. 

So, let us suppose, for starters, that we want to devise an algorithm that will take us from the 
gluon self-energy, calculated at ^ = ^o, to the corresponding BFM self -energy, calculated at 
the same = (for example, say we want to go from the normal Yennie gauge, ^ = 3, to the 
BFM Yennie gauge, now at = 3). 

It is clear that in this case the box diagrams in both schemes are automatically identical. So, 
what one should focus on is the one-loop vertex. What we want to do is get from the conven- 
tional vertex graph (with a normal (^-independent!) three-gluon vertex, and gluon propagators 
written at ^ = ^o) to the corresponding BFM graph (with the -dependent three-gluon vertex, 
and gluon propagators written at = ^o)> and hope that the remainder is a purely propagator- 
like piece. Then, the solution is almost obvious: one must simply use Eq. (3.43), with the term 
proportional to F^ moved to the Ihs, i.e., 

r.^.(g, h, h) = fgj) (g, h, k2) + ^rl^M: h). (3.58) 

so 

In fact, this particular decomposition predates the GPT by two decades; it appears for the first 
time in Eq.(4.4) of [11], and has also been employed by Haeri in [91]. It was essentially mo- 
tivated by the observation that the first term, corresponding to F^ in the usual PT procedure, 
satisfies precisely the correct generalization of the WI given in (2.40), namely 

?"rg) (5, h, h) = i {A[°)^^(^0 - A^^,)Hh)}^^ , (3.59) 
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with the inverse propagator given in Eq. (2.30). This property, in turn, guarantees that the result- 
ing one-loop vertex satisfies the correct Abelian WI (see below). Evidently, Eq. (3.58) reduces 
to the usual PT decomposition of Eq. (2.38) when = 1- 

Now, the first term on the rhs, when inserted into the original non- Abelian graph, gives ex- 
actly the corresponding graph in the BFM (at — ^o); of course, the Abelian graphs and the 
external leg corrections are identical. Thus, one eventually obtains the BFM one-loop gluon- 
quark vertex, Va^^\pi,p2), at = ^q. As is known from the general discussion on the formal 
properties of the BFM Green's function, or as can be demonstrated explicitly (at one-loop) using 
Eq. (3.59), f («o)(pi,p2) satisfies a naive QED-like WI, namely 

(f°nPi,P2) = 9 - E«°)(p2)} , (3.60) 

where T.^^"^ is the GPT quark self-energy coinciding with the usual quark self-energy when 
evaluated in the gauge = Co- 

The final step is to determine the (exclusively propagator-Uke) contributions of the remaining 
term F^, coming from Eq. (3.58). In fact, F^ will trigger first Eq. (3.50), and then pinch, as 
usual. Once the propagator-like contributions have been alloted to H^^^^, the conventional 

one-loop self-energy at ^ = ^q, we will obtain tl.^^p\ namely the BFM one-loop self-energy at 
Cq = ^0, thus concluding the construction. 

The method can be systematically generalized to more complicated situations [42]. For in- 
stance, one may be projected from the gauges to one of the generalized BFM gauges, such 
as the BFM axial gauge; this would lead to a proliferation of pinching momenta. The resulting 
construction is therefore more cumbersome, but remains conceptually rather straightforward. 
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4 The Pinch Technique one-loop construction in the electroweak sector of the Standard 
Model 



In this section we give a general overview of how the PT construction is modified in a case of 
a theory with spontaneous (tree-level) symmetry breaking (Higgs mechanism) [9,92,93], using 
the electroweak sector of the SM as the reference theory. 



4.1 The electroweak lagrangian 



In order to define the relevant quantities and set up the notation used throughout this section, 
we begin by writing the classical (gauge invariant) SM Lagrangian as 

-^SM — -^YM + -^H + -^F- (4. 1) 

The gauge invariant SU (2)vk ® U{\)y Yang-Mills part £ym consists of an isotriplet (with 
a = 1, 2, 3) associated with the weak isospin generators T^, and an isosinglet with weak 
hypercharge 1^ associated to the group factor C/(l)y ; it reads 



'YM ■ 



4 



(4.2) 



The Higgs-boson part £h involves a complex SU {2)w scalar doublet field $ and its complex 
(charge) conjugate $, given by 



0+ 



-r 



(4.3) 



Here a denotes the Pauli matrices, H denotes the physical Higgs field, while (p"^ and x repre- 
sents, respectively, the charged and neutral unphysical degrees of freedom (would-be Goldstone 
bosons) . Then £h takes the form 



with the covariant derivative V,. defined as 



and the Higgs potential as 



(4.4) 



(4.5) 



(4.6) 
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The SM leptons (we neglect the quark sector in what follows) are grouped into left-handed 
doublets 

= PL^i =1' , (4.7) 

which transform under the fundamental representation of SU ® U{1)y, and right-handed 
singlets (which comprise only the charged leptons) 

= Pk^-, = If (4.8) 

transforming with respect to the Abelian subgroup U{\)y only. In the previous formulas, i is the 
generation index, and the chirality projection operators are defined according to 
Pl,r = (1 T 75)/2. In this way the leptonic part of £f reads 

>Cf = E {i^n'-D^^^ + ii^f^^V.i;^ - *f V'f $ + h.c.) , (4.9) 

i 

with G\ the Yukawa coupling. 

The Higgs field H will give mass to all the SM fields, by acquiring a vacuum expectation 
value (vev) v\ in particular, the masses of the gauge fields are generated after absorbing the 
massless would-be Goldstone bosons (jr^ and x- The physical massive gauge-bosons W^, Z 
and the (massless) photon A are then obtained by diagonalizing the mass matrix; they are given 
by 

1 / 




(4.10) 



where 



cos 9yj = — Syj ^ sin 9yj = ^Jl-cl, (4.11) 

9i 



4^ 

with Oy, the weak mixing angle. The resulting gauge-boson masses are 



Mw^-gn,v, Mz^-^d + giv, Ma^O, (4.12) 
which for the weak mixing angle give the relation 

c =^ (413) 

Finally, identifying the photon-electron coupling constant with the usual electrical charge e, we 
find 

9i9w e e 

9i^—, 9w^—- (4.14) 



9i + 9i 



CyQ Sy] 



For quantizing the theory, a gauge fixing term must be added to the classical Lagrangian Cg^. 
To avoid tree-level mixing between gauge and scalar fields, a renormalizable gauge of the 
't Hooft type is most commonly chosen [17]. This latter gauge is specified by introducing a 
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different gauge parameter for each gauge-boson, and is defined through the Unear gauge fixing 
(no sum over the color index a) functions 



(4.15) 



with vi = 0, V2 = V, and the gfp parameters given by = ^2 = ^w, ^^3 = ^4 = ^z- In terms of 
the mass eigenstates these translate into the gauge fixing functions 



finally yielding to the i?^ gauge fixing Lagrangian 



(4.16) 



(4.17) 



The Faddeev-Popov ghost sector corresponding to the above gauge fixing Lagrangian reads 

£fpg = -u^sT^ - vTsT- - u^sT^ - u^sT^, (4.18) 



with s the BRST operator for the SM fields (for the full set of the BRST transformation see e.g., 
[94]). Notice that the ghost Lagrangian contains kinetic terms for the Faddeev-Popov fields, 
allowing one to introduce them as dynamical fields of the theory. 

In the case of the BFM gauge-fixing one replaces the Higgs vev by the background scalar 
field 



0+ 



(4.19) 



and adds to the derivative term the background SU (2)^^ triplet field W^. Thus we get 



(4.20) 



Notice that: {i) the background scalar doublet $ field has the usual non- vanishing vev v, while 
that of the quantum field $ is zero, and {ii) the background field gauge invariance restricts 
the number of quantum gauge parameters to two, one for SU {2)w and one for U{1)y. Setting 
= = ^Q, to avoid tree-level mixing between the photon and the Z boson, we get 
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T ^d^o^Q [{v + H^ ix) (p^-{H^ ix) , 
+ ^Qwiq (xH -Hx- vx) , 



2 2 C'tn 



(0-0+ - 0+0-) 



j^A ^ g^.J^^ ^ .^^^^ (W+W-^ - W+W-'') + ig^s^iq (0-0+ - 0+0-) . (4.21) 



After setting the gauge parameters all equal to ^q, the corresponding gauge-fixing and 
Faddeev-Popov terms are still given by Eqs (4.17) and (4.18). 

Summarizing, the complete electroweak sector of the SM Lagrangian in the i?^/BFM gauges 
is given by 

>CsM = + £f + Cqf + 'Cfpg- (4.22) 

The full set of Feynman rules derived from this Lagrangian can be found in [95], and will be 
used throughout this section. 



4.2 Pinch technique with Higgs mechanism: general considerations 



Before proceeding with the general discussion, we report some useful ingredients. In particular, 
in the gauges the tree-level gauge boson propagators- three massive gauge bosons (W^ and 
Z), and a massless photon (A)- are given by [notice the i factor difference with respect to our 
definitions of Eq. (2.31) and (2.31) in the previous section] 



Ar(?) 



—I 



(1 - t)'fq'' 



di{q') 



q^-Mf 



(4.23) 



where i — W,Z, A, and M\ = 0. In general, the glips ^w, iz, and will be considered to be 
different from one another. The inverse of the gauge boson propagators (4.23), to be denoted by 
is given by 

1 



KM 



q,,qu 



■q,,qu 



(4.24) 



There are three unphysical (would-be) Goldstone bosons associated with the three massive 
gauge boson, to be denoted by 0+ and x- Their tree-level propagators are ^-dependent, and are 
given by 



(4.25) 
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with i = W. Z (of course, there should be no Goldstone boson associated with the photon). In 
addition, the ghost propagators are also given by Di{q), with i = W, Z,A (there is, however, a 
massless ghost associated with the photon). Finally, the bare propagator of the Higgs-boson is 
given by 

^«(«) = ^„ 

For the massive gauge bosons (i — W, Z) the following identities, valid for any value of ^i, 
will be used frequently: 

Ar{q)^Ur{q)-^-^D,{q), (4-27) 

where 

Uri<l)={9''^'-^-^y^ig'), (4.28) 

is the corresponding propagator in the so-called unitary gauge (^i oo). In addition, in order to 
rearrange various expressions appearing in the computations, we will often employ the algebraic 
identity 

1 =^ (1-^-)^^ (4 29) 

Finally, when dealing with the case where the fermions are considered to be massive, we will 
use extensively the identities [93] 



= q^qMq) - A7{q) [{q^ - M^g^ - q^q^] , 
iq^ = q^Di{q)q>' + M^g.Aflg). (4.30) 

Now, the application of the PT in the electroweak sector is significantly more involved than 
in the QCD case; in addition to the general proliferation of graphs intrinsic to the electroweak 
sector, there are three PT-specific reasons that complicate the construction [9,93]. 

/. In addition to the longitudinal momenta coming from the propagators of the gauge bosons 
(proportional to Aj = 1 — ^j) and the PT decomposition of the vertices involving three gauge 
bosons, a new source of pinching momenta appears, originating from graphs having an ex- 
ternal {i.e., carrying the physical momentum q) would-be Goldstone boson. Specifically, in- 
teraction vertices such as Ta„4>±^t, Tz^4,±4>^, r^±^^^, and Ty^,±^^jj also furnish pinching 
momenta, when the gauge boson is inside the loop carrying (virtual) momentum k. Such a 
vertex will then be decomposed as (see Fig. 23) 

rL°n?, k, -q-k) = Tliq, k, -q - k) + Tl{q, k, -q-k), (4.31) 

with 

r^^\q,k,-q-k) = {2q + k)„, 
^l{q,k,-q- k) = 2qc„ 

rl{q,k,-q-k)^k^, (4.32) 
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Fig. 23. The PT decomposition of the generic elementary gauge-boson-scalar vertex ,^^f 
which is the scalar case analogue of (2.38), (2.39) and (2.39). 

//. When the fermions involved (external or inside loops) are massive, the WI of Eq. (2.41) 
receives additional contributions, which correspond precisely to the tree-level coupling of 
the would-be Goldstone bosons to the fermions. To see this concretely, let us consider the 
analogue of the fundamental pinching WI of Eq. (2.41) e.g., in the case where the incoming 
boson is a W . Contracting with the Vy^+-^ vertex (the fermions u and d are isodoublet 

partners), we have (we omit a factor g^j/ \/2) 

I^Pl = PRS,\k + p)- S-\p)Pl + [m,PR - m^Pi]. (4.33) 

The first two terms will pinch and vanish on-shell, respectively, as they did in the case of 
Eq. (2.41); the leftover term in the square bracket corresponds precisely to the coupling cjy'^ud 
(the case involving the T-^-^u identical). A completely analogous WI is obtained when the 
incoming boson is a Z. Again, contraction with the vertex T^jj furnishes a WI completely 
analogous to (4.33), with the additional term proportional to m/75, which corresponds to the 
coupling T^jf. 

Hi. After the various pinch contributions have been identified, particular care is needed when al- 
lotting them among the PT quantities that one is constructing. So, unlike the QCD case where 
all propagator-like pinch contributions were added to the only available self-energy, (in 
order to construct Tiap), in the electroweak case such pinch contributions must, in general, 
be split among various propagators. Thus, in the case of the charged channel, they will be 
shared, in general, between the self-energies Yiw^Wp, Hiy^^, H^vk^, and H.^^. This is equiva- 
lent to saying that, when forming the inverse of the W self-energy, in general the longitudinal 
parts may no longer be discarded from the four-fermion amplitude, since the external current 
is not conserved, up to terms proportional to the fermion masses. As we will see in detail, the 
correct way of treating the longitudinal pieces is provided by the identities (4.30). The neutral 
channel is even more involved; one has to split the propagator-like pinch contributions among 
the self-energies n^^^^, Ua^a^, ^z^a^, ^A^Zfj, ^z^x' ^xZf,' ^xx' ^^d Uhh- 

We emphasize that points (z), (H), and (zzz) above are tightly intertwined. The extra terms appear- 
ing in the WI are precisely needed to cancel the gauge-dependence of the corresponding graph 
where the gauge boson is replaced by its associated Goldstone boson. In addition, as we will 
see later, when the external currents are not conserved, the appearance of the scalar-scalar or 
scalar-gauge-boson self-energies is crucial for enforcing the gfp-independence of the physical 
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amplitude. 

We close this general discussion by briefly presenting an alternative approach to the PT, 
known as the "current algebra formulation of the PT", introduced in [92]. In this approach the 
interaction of gauge bosons with external fermions is expressed in terms of current correlation 
functions, i.e., matrix elements of Fourier transforms of time-ordered products of current op- 
erators. This is particularly economical because these amplitudes automatically include several 
closely related Feynman diagrams. When one of the current operators is contracted with the 
appropriate four-momentum, a WI is triggered. The pinch part is then identified with the con- 
tributions involving the equal-time commutators in the Wis, and therefore involve amplitudes 
where the number of current operators has been reduced by one or more. A basic ingredient in 
this formulation are the following equal-time commutators 



S{xo - yo)[J^{x), J^{y)]^clJt^{x)S\x - y), 
5{xo - yo)[J^{x), J&{y)] = -4{x)S\x - y), 
- yQ)[J^{x), J^(y)] = J!^{x)5^{x - y), 

5(xo-yo)[4(x),J!^'(y)]-0- 



(4.34) 



where J3 = 2( + J^) and V, V' e {A, Z}. To demonstrate the method with an example, 
consider the one-loop vertex F^, where the gauge particles in the loop are l^s, and the incoming 
(iV'i)) and outgoing fermions are massless. It can be written as follows (with ^ = 1): 



= ^ ^nap{q, k, -k-q) j d^x 



Ak-x 



w 



(x)J^(O)] V', 



(4.35) 



When an appropriate momentum, say ka, from the vertex is pushed into the integral over 
dx, it gets transformed into a covariant derivative d/dxa acting on the time ordered product 
(ipf T[J^(x)J^^(0)] ipiY Then, after using current conservation and differentiating the 6- 
function terms, implicit in the definition of the T* product, we end up with the Ihs of Eq. (4.34). 
So, the contribution of each such term is proportional to the matrix element of a single current 
operator, namely (t/^/ | J3 | ijji); this is precisely the pinch part. 



4.3 The case of massless fermions 



We will now study the application of the PT in the case where all fermions involved are mass- 
less. This simplification facilitates the PT procedure considerably, because no scalar particles 
can be attached to the massless fermions. As a result (/) the scalars can appear only inside the 
self-energy graphs, where they obviously cannot pinch; (ii) Eq.(4.33) is practically reduced to 
its QCD equivalent; (///) there are no self-energies with incoming scalars (i.e., no H^y^,^, H^^^, 
11^0, etc). 

Let us now focus, for simplicity, on the the process fi{pi)fi{p2) /2(^i)/2(^2), mediated 
at tree-level by a Z-boson and a photon. At one-loop order, the box and vertex graphs furnish 
propagator-like contributions, every time the WI of Eq.(4.33) is triggered by a pinching mo- 
mentum. Specifically, the term in Eq. (4.33) proportional to the inverse of the internal fermion 
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Fig. 24. The basic pinching and one of the unphysical vertex produced in the process U — > uv with I a 
lepton. 

propagator gives rise to a propagator-like term, whose coupling to the external fermions / and 
/ (with / = /i, /2) is proportional to an effective vertex C^y^jj given by (see also Fig. 24) 

Cw^fl = (y) 7a^L. (4.36) 

Note that this effective vertex is unphysical, in the sense that it does not correspond to any of 
the elementary vertices appearing in the electroweak Lagrangian. However, it can be written as 
a linear combination of the two physical tree-level vertices T^^yj and V z^fj given by 



^A^ff = -WwSwQf'yo 

^z^ff = -^ (r^) laiislQf - TI)Pl + slQfPal (4.37) 



Zcff 

as follows: 



^w^ff - j ^A^ff- - j ^z.ff- (4.38) 

In the above formulas, Q/ is the electric charge of the fermion /, and T/ its z-component 
of the weak isospin. The identity established in Eq. (4.38) above, allows one to combine the 
propagator-like parts with the conventional self-energy graphs by writing 1 = di{q^)d^^{q^). 



4.3. 1 Gauge fixing parameter cancellations 

Next, we will describe how the cancellation of the gfp proceeds at one-loop level for the simple 
case where /i is a lepton, to be denoted by ^, and /2 is a neutrino, denoted by v. Of course, 
based on general field-theoretic principles, one knows in advance that the entire amplitude will 
be gfp-independent. What is important to recognize, however, is that this cancellation goes 
through without having to carry out any of the integrations over virtual loop momenta, exactly 
as happened in the case of QCD. From the practical point of view, the extensive gauge cancel- 
lations that are implemented through the PT finally amount to the statement that one may start 
out in the Feynman gauge, i.e., set directly = ^ and = 1, with no loss of generality. 

Demonstrating the cancellation of is rather easy. First of all, it is straightforward to ver- 
ify that the box diagrams containing two Z-bosons (direct and crossed, see Fig. 25) form a 
^2 -independent subset. The way this works is completely analogous to the QED case, where 
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Fig. 25. The subset of diagrams of the process that depends on the gfp ^z- 

the two boxes contain photons: the ^^-dependence of the direct box cancels exactly against the 
gfp-dependence of the crossed. 

The only other graphs with a dependence are the self-energy graphs shown in Fig. 25; it 
is easy to show by employing Eq. (4.29) that their sum is independent of separately for ZZ 
and AZ. In fact, from the PT point of view it is clear why this must be so: at one-loop there are 
no vertex graphs containing Z, x, or H, that could possibly furnish pinch contributions which 
might mix with (and cancel against) the self-energy graphs. Therefore, the ^z dependent con- 
tributions are isolated in the self-energy, and must cancel completely, since the S-matrix is gfp 
independent. 

Proving the cancellation of ^vi^ is significantly more involved. In what follows we set \w = 
1 — ^w, and suppress a factor gl, jj.. We also define 



/3 = 



{e - iwMl){e - M^)[(A; + qf - M^] 

- iwMl)\(k + qf - iwMl,\{k^ - Ml)\{k + qf - M^] 



-1 



(4.39) 



Note that terms proportional to q^ or qy may be dropped directly, because the external currents 
are conserved (massless fermions). 

To get a feel of how the PT organizes the various gauge-dependent terms, consider the box 
graphs shown in Fig. 26. We have: 



(a) — (a)^,^=i + Vvi/a££ {\%/Iikakj3 — 2Xwh9ai3^ "^w^h 
where the vertices V are defined according to 



(4.40) 
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Fig. 26. The box and vertex diagrams that depends on the gfp 



^w^ff-tJfCw^ffUf, 



V = A,Z. 



(4.41) 



The first term on the rhs of (4.40) is the "pure" box, i.e., the part that does not contain any 
propagator-like structures, whereas the second term is the propagator-like contribution that must 
be combined with the conventional propagator graphs of Fig. 27. To accomplish this, we employ 
Eq. (4.38), in order to write the unphysical vertices V^/£l and Vwi/p in terms of the physical ones, 
^Aeh ^zih ^nd Vzup- Specifically, using that in our case T_f = — | and T!: 



we have 



(4.42) 



The equations above determine, unambiguously, the parts that must be appended to TizcZfj and 
I^AaZp self-energies. To make this separation manifest, one must take the extra step of writing 
dz{(f)d'^^{(f) = dA{(f)d']^{q^) = 1, in order to force the external tree-level propagators to 
appear explicitly [see Fig. 28]. Thus, from the propagator-like part of the box we finally obtain 
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Fig. 27. The self-energy diagrams that depends on the gfp ^^y- 



(4.43) 



A similar procedure must be followed for the vertex graphs shown in Fig. 26. In doing so, 
recall that there is a relative minus sign between the ZW'^W^ and AW'^W~ vertices, namely 

^A,,Wf,wM^ ki,k2) = ^gwSw^a^lu{q,kl,k2),v/hi\e^z^w^w.{q, ^1,^2) = -WwCw^ af^M, ^1,^2)- 
Then, all propagator-like terms identified from the boxes and the vertex-graphs must be added 
to the conventional self-energy diagrams, given in Fig. 27. At this point, it would be a matter of 
straightforward algebra to verify that all ,^vk -dependent terms cancel. Of course, this cancellation 
proceeds completely independently for the ZZ and AZ contributions. To make the cancellation 
explicit {i.e., identify exactly the parts of the conventional self-energy diagrams that will cancel 
against those coming from the boxes and the vertex-graphs) we can repeat what we did in the 
case of QCD. Thus, employing the Wis of Eqs (2.37) triggered by the action of the longitudinal 
parts of the internal W propagators on the three-boson vertices we can rearrange diagram (j), 
exposing a large part of the underlying gfp-cancellation. For the rest of the diagrams in Fig. 27 
one must instead use the identity of Eq. (4.29). Note that the inclusion of the tadpole graphs. 
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Fig. 28. The procedure needed for splitting the propagator-like pieces coming from the WW box among 
the different AZ and ZZ self-energies. 



namely (r), (s), and (t), is crucial for the final cancellation of the gfp-dependent contributions 
that do not depend on g^. 



4.3.2 Final rearrangement and connection with the background Feynman gauge 

Exactly as happened in the QCD case, the gfp-cancellations described in the previous subsection 
amount effectively to choosing the Feynman gauge, E,w = 1 (the self-energy diagrams of Fig. 25 
are also in = 1 and we will suppress them in what follows). The next step is to consider the 
action of the remaining pinching momenta stemming from the three-gauge-boson vertices inside 
the non-Abelian diagrams (o), (p), and (g), exposed after employing the PT decomposition of 
Eqs (2.38) and (2.39). The propagator-like contributions that will emerge from the action of 
must be then reassigned to the conventional self-energy graphs, thus giving rise to the one-loop 
PT self-energies, in this case Tlz^Zg and YLA^Z/j- The part of the vertex graph containing the F^, 
together with the Abelian graph which in the Feynman gauge remains unchanged, constitute the 
one-loop PT vertices Auu, Zuu, and Zii, to be denoted by Taup, ^ Zud, and T zu, respectively. 
Let us see this in detail. Setting 

Iww{.(l) = I , — \2 DTT' (4.44) 

Jk {k^ - M^)[{k + qY - M^\ 

we obtain from the non-Abelian vertex graphs (now in the Feynman gauge): 
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(c)^^=i = {cf + 2Vzc.udz{q^) - Ml)lww{q)ga0\ dz{q^)Vz0up, 

((i)^j^=i = ((i)^ - 2V^c«-(iA(g^) SniCyjq'^IwwgaB c?z(g^)V^/3^p, 
+ 2Vzceedz{q^) - Ml)Iww{q)gap] dz{q^)Vz0,9- 



(4.45) 



The one-loop PT vertices TAyy, ^zup, and T^u, are given by 



(e) + {bf = VAc^udAiq^) f A'-w, 
if) + icf = Vz^udziq')fz<^.,, 

(h) + {df = fz^udziq^) Vza^p, (4.46) 

whereas the PT self -energies tlzcZ^ and fi-ZcZp are simply the sum of all propagator-like con- 
tributions, namely 



nz^zM=^'^tzt\l) + ^glcl{q^ - Ml)g^plww{q). 

fl^„z,(g) =nl-=^\g) - 2gls^c^{2q^ - Ml)g^plww{q). (4.47) 

It is now relatively straightforward to prove that the ^^y-independent PT self-energies con- 
structed in Eqs (4.47) coincide with their BFM counterparts computed at — 1, i.e.. 



TLz^z,{q)=ti^:z~^\q). 

n^„z,(g) = nl%'^(g). (4.48) 

To see this explicitly, we will start from the rhs of (4.47) and reorganize, appropriately, the 
individual Feynman diagrams contributing to the ZZ and AZ self-energies. Specifically, we 
will cast all diagrams in Fig. 27, computed at = 1> into the form of the corresponding 
diagrams in the BFM at = 1, plus the leftover contributions. 

Let us then start with diagrams (j)zcZ^ and (j)^^^^. and employ Eq. (2.71), together with 
Eqs (2.72), to write them in the form 



2 „2 
w 



2qH, 



WW 



Skakfj - k'^ga/3 



{j)A^Z3 = O)a„Z0 + 2glsy,c^ 



2q^L 



^^^^"^ + L - Ml,)[{k + qf -M^]y 
^ Jk {k^ - M^)[{k + qY - 



WW 



(4.49) 



Notice that the terms {j)zaZp and {j)AaZp on the rhs come from the r^F^ part, while the 
remainders come from the expressions given in Eqs (2.72), when the terms proportional to 
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Qa and are set equal to zero (due to current conservation). 
For the remaining diagrams, simple algebra yields: 



ik)z^z, + {l)z^z, = {k)z^z, + {T)z^z, + 2glcl{2Ml - M^)Iwwiq)9af3, 



{m)z^za + {n)z^za = {rriz^za + {n)z^Za + S^^^c: 



2 2 I ^''a^i'j 



i-W 



{p)z^zp = {p)z^zp + {u)z„zp - 2glcl -grzj^^ ^"^-^^^ 



and 



{k)A^Z0 + {1)ac,Z0 = -2glsyjC^{Ml - M^)Iww{q)gai3, 

2 f kakfj 



{m)A^Zp + {n)A„Z0 = {d)A„Z0 + (e)^^^;, - 6^^s^c^ / 



4 (A;2-M2.)p + g)2-M2,] 

Then, adding by parts all the terms above, we obtain 



n&;'^ = nS/^ - ^glcW - Ml)g^p iww{q), 

^tzt^ = ^A^zt^ + 2gls^U2q' - Ml)g^p I^wiq)- (4.52) 

Substituting Eqs (4.52) into the rhs of Eqs (4.47) we obtain immediately Eqs (4.48), as an- 
nounced. In particular, notice that: (/) in the BFM there is no AW^cl)'^ interaction, and therefore 
graphs (k) and (l) are absent in IIacZ^, and (//) diagram (u), corresponding to the characteristic 
BFM four-field coupling VVuu, has been generated dynamically from the simple rearrange- 
ment of terms. 

With a small extra effort we can now obtain the closed expressions for the flzcZ^ and Ha^z^ 
in terms of the Passarino-Veltman functions [96]. We will only focus on the parts of the self- 
energies originating from Feynman graphs containing W propagators, together with the associ- 
ated Goldstone boson and ghosts. The contributions coming form the rest of the diagrams (e.g., 
containing loops with fermions, or Z- and if -bosons) are common to the conventional and PT 

self-energies, i.e., Il^{P = fl^P '^zP — "^zP^ ^^'^ ^'^^ report them here. Therefore 

the only Passarino-Veltman function that will appear is BQ^q^, M'^^, M^^). 

To that end, one may use the closed expressions for n^_^~ and H^^^^^ given in [97], and 
add to them the pinch terms given in Eqs (4.47). Equivalently, one may employ the correspon- 

~ =1) 

dence established in Eqs (4.48), and calculate directly the graphs contributing to ^a'Izh ^"^^ 
~ (f '5 =1) 

^A^Zp using the Feynman rules of [95]. Opting for the former procedure, and concentrating 
on the part proportional to g^p (which we factor out), from [97] we have that 
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n 



AZ 



a 



9ci + -]q' + {12ci + 4)M, 



Bo{q',M^,M^) 



(124 - 2)M^So(0, M^, M^) + -g2 ^ , 



n 



(WW)( 2 

zz 



a 



1 



18ct + 2ci--)q' + (244 + 164 - 10)M, 



X 



^w=i 47r 65^4 

X Boiq^ M^, M^) - (244 - 84 + 2)M^So(0, M^, M^) 

' 1)0^ ^ . (4.53) 



1 



+ 3(44 



Adding to the above expressions the pinch terms given in Eqs (4.47), and using the identity 
iSo(g^, M^, M^) = 167r^ we finally obtain 



f.{WW) 



a 



1 



47r 3si„c^ 



I [(^214 + ^) 9' + (124 - 2)M^] 5o(g^ M^, M, 



/-2 ^ 



- (124 - 2)M^So(0, M^, M^) + -q^ 



n 



(WW) 



a 



1 



(424 + 24 + (244 - 84 - 10)M^ 

2 ji/r2 



47r644.-. 

X So(g^ M^, M^) - (244 - 84 + 2)M^So(0, M^, M^) 



X 



+ ^(44-1)?^} 



(4.54) 



It is easy to establish from the closed expressions reported in [97] that n^2^(0) = and 

^Az (0) = 0. On the other hand, from Eqs (4.53) we see that nj^^^ (0) ^ 0, while fiS^^ (0) = 
0. Evidently, as a result of the PT rearrangement, bosonic and fermionic radiative corrections 
are treated on the same footing. As we will see in the next section, this last property is of great 
importance for phenomenological applications, such as the self-consistent generalization of the 
universal part of the p-parameter, the unambiguous definition of the physical charge radius of 
the neutrinos, and the gauge-invariant formalism for treating resonant transition amplitudes. 



4.3.3 A very special case: the unitary gauge 

In the previous subsections we have applied the PT in the framework of the linear renormal- 
izable gauges, and we have obtained .^-independent one-loop self-energies for the gauge 
bosons. What would happen, however, if one were to work directly in the unitary gauge? The 
unitary gauge is reached after gauging away the would-be Goldstone bosons, through an ap- 
propriate field redefinition (which, at the same time, corresponds to a gauge transformation) 
(f){x) — > (t)'{x) — (t){x) exp (— where C,{x) denotes, generically, the Goldstone fields. 
Note that the unitary gauge is defined completely independently of the i?^ gauges; of course, 
operationally, it is identical to the ^w^^z cxd limit of the latter. In particular, in the unitary 
gauge the W and Z propagators are given by (4.28), where i = W,Z. 
Given that the contributions of unphysical scalars and ghosts cancel in this gauge, the unitar- 
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ity of the theory becomes manifest [and hence its name]. In the language employed in subsection 
2.5, "manifest unitarity" means that, in the unitary gauge, the OT (a direct consequence of uni- 
tarity) holds in its strong version. The most immediate way to realize this is by noticing that the 
unitary gauge propagators, (4.28), and the expression for the sum over the polarization vectors 
of a massive spin one vector boson [see (4.60) in the following subsection] are practically iden- 
tical. 

Since the early days of spontaneously broken non-Abelian gauge theories, the unitary gauge 
has been known to give rise to non-renormalizable Green's functions, in the sense that their di- 
vergent parts cannot be removed by the usual mass and field-renormalization counter-terms. It 
is easy to deduce from the tree-level expressions of the gauge-boson propagators why this hap- 
pens: the longitudinal contribution in (4.28) is divided by a squared mass instead of a squared 
momentum, i.e. q^q'' / Mf instead of q^(f jq^, and therefore, UJj^^{q) ~ 1 as g — ^ oo. As a con- 
sequence, when U'^^y{q) is inserted inside quantum loops (and q is the virtual momentum that is 
being integrated over), it gives rise to highly divergent integrals. If dimensional regularization is 
applied, this hard short-distance behavior manifests itself in the occurrence of divergences pro- 
portional to high powers of q^. Thus, at one loop, the divergent part of the W or Z self -energies 
proportional to g^j,^, has the general form 



n^V(?') = -(ci?' + c^q" + + C4) , (4.55) 



where the coefficients q, of appropriate dimensionality, depend on the gauge coupling and com- 
binations of and M|. The important point is that, whereas the last two terms on the rhs 
of (4.55) can be absorbed into mass and wave-function renormalization as usual, the first two 
cannot be absorbed into a redefinition of the parameters in the original Lagrangian, because 
they are proportional to q^ and q^. 

As was shown in a series of papers [98-100], when one puts together the individual Green's 
functions to form S'-matrix elements, an extensive cancellation of all non-renormalizable di- 
vergent terms takes place, and the resulting ^-matrix element can be rendered finite through 
the usual mass and gauge coupling renormalization. Actually, in retrospect, this cancellation 
is nothing but another manifestation of the PT (of course, the papers mentioned above predate 
the PT). Even though this situation may be considered acceptable from the practical point of 
view, in the sense that S'-matrix elements may be still computed consistently, the inability to de- 
fine renormalizable Green's functions has always been a theoretical shortcoming of the unitary 
gauge. 

The actual demonstration of how to construct renormalizable Green's functions at one-loop 
starting from the unitary gauge was given in [101]. The methodology is identical to that used in 
the context of the i?^ gauges: the propagator-like parts of vertices and boxes are identified and 
subsequently redistributed among the various gauge-boson self-energies. Evidently, the pinch 
contributions contain, themselves, divergent terms proportional to q^ and g^, which, when added 
to the analogous contributions contained in the conventional propagators, cancel exactly. After 
this cancellation, the remaining terms reorganize themselves in such a way as give rise exactly 
to the unique PT gauge boson self -energies, viz. Eqs (4.53). 
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4.3.4 Pinch technique absorptive construction in the electroweak sector 

We will now study exactly how the PT subamplitudes of the electroweak theory satisfy the 
OT [72,73]. The upshot of this section is that the conclusions drawn from the corresponding 
QCD analysis, in particular the s-t cancellations and the validity of the strong OT version for 
the PT Green's functions, persist in the case of tree-level symmetry breaking. The richness of 
the electroweak spectrum and the complexity of the corresponding Feynman rules make the 
actual demonstrations slightly more cumbersome, but the underlying philosophy of the con- 
struction is very similar to that of QCD. 

We consider the forward process /(pi)/(p2) — /(pi)/(P2) and study both sides of the OT 
to lowest order. The PT rearrangement of the one-loop amplitude of this process proceeds as 
described in the previous section, giving rise to one-loop PT Green's functions, such as the PT 
self-energies nz„z^(g), flAc.Zfsiq), f^Ac^A^iq), the PT vertices Ta^up, ^z^^ff, ^z^i^p, and the PT 
boxes. From them the corresponding subamplitudes may be straightforwardly constructed; their 
imaginary parts will determine the propagator-, vertex-, and box-like parts of the rhs of the OT, 
to be denoted by (rhs)i, i = 1, 2, 3 as usual. 

Let us now focus on the Ihs of the OT. Evidently, there are several intermediate states \j) 
that may appear; specifically, depending on the available center-of-mass energy, all fermionic 
pairs (quarks and leptons) \fifi) (with i the flavor index), together with the bosonic channels 
and \ZH), may enter in principle. Notice, however, that the energy thresholds for the 
appearance of all these intermediate states are different, being given by Sth = (mi + 7722)^; for 
instance, the intermediate state will appear on the rhs of the OT when s > AM"^, 

while the \ZH) channel opens up when s > {Mz + MhY- This clear kinematic separation of 
the various possible channels indicates that the pertinent PT cancellations {i.e., the s-t cancel- 
lation) take place independently within each intermediate state; indeed, there is no way that the 
I VT+VT^) and \ZH) can talk to each other (unless Mh = 2Mw — Mz, which is experimentally 
excluded). Therefore, on the rhs of the OT we will keep only the contribution of the S'-matrix 
element {ff\T\W+W-), i.e., 

^m{ff\T\ff)ww= \l {ff\T\W+W-){W+W-\T\ffY. (4.56) 

Notice that, unlike Eq. (2.127), now there is no additional statistical factor, since the two (pos- 
itively and negatively charged) VF's are distinguishable particles. The two-body phase space 
integral is given by Eq. (2. 1 1 1) with mi — m2 — Mw As in the QCD case, in what follows we 
set T = UmfDww, r = {ff\T\W+W-), and M = \T\\ 

Let us now focus on the rhs of (4.56), considering the process f{pi)f{p2) ^W~^{ki)W~ {k2), 
with q = pi + P2 = ki + k2, and s = q'^ = {pi + ^2)^ = (^i + ^"2)^ > 4:My^. In this case, we 
have that T^" is given by two s-channel graphs, one mediated by a photon and the other by a 
Z-boson, to be denoted by T^'^ and respectively, and one i-channel graph, to be denoted 
by i.e., (see also Fig. 29) 

T^^ = TJ^^ + T^^l + T^, (4.57) 

where 
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Fig. 29. The two s-channel and one t-channel graphs contributing to the tiee-level process 

f{pi)f{p2)^W+{h)W~{k2). 



■'■s,A 



2 ^j{P2)i'Pl 



(4.58) 



Note that we have already used current conservation to eliminate the (gfp-dependent) longitu- 
dinal parts of the tree-level photon and Z-boson propagators. Then, 



M = [Z^A + Z^z + %r L^,'{h)L,,,{k2) \Z\ + Vz + V 



(4.59) 



where now the polarization tensor L^^ik) corresponds to a massive gauge boson (and thus with 
three polarization states), i.e.. 



A=l 



kp^ky 
Mi;- 



(4.60) 



On shell (/c^ = M^) we have that k^L^y{k) = 0. Therefore, as in the QCD case, when the 
two non-Abelian vertices are decomposed as in Eq. (2.38), the parts vanish, and only the 
parts contribute in the s-channel graphs; we denote them by T^^'^ and T^^'", respectively. 

Let us then study what happens when T^^ is contracted by a longitudinal momentum, k^ 
or coming from the polarization tensors. The Wis of Eqs (2.37) will operate at the two 
s-channel graphs, whereas that of Eq. (4.33) at the t-channel graph (Fig. 30), yielding 



■ —SwVAi^ff + <S'^, 

■ Cw^Z'^ff + ^Zj 



V 



(4.61) 



with 



<Sa = -^A-^ffdA{q^)9wSn,{ki - k2)ak2, 

<Sz = Vzcffdz{q^)gwCw {ki - k2)ak2 - M^g^ 



(4.62) 
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Fig. 30. The fundamental s-t cancellation in the SM case. 

Adding by parts both sides of Eqs (4.61) we see that a major cancellation takes place: the pieces 
containing the vertices V^^ff and Vz^fJ cancel against V^rufJ by virtue of Eq. (4.42), and one 
is left on the rhs with purely s-channel contribution, namely 



(4.63) 



An exactly analogous cancellation takes place when one contracts with kl^. Of course, Eq. (4.63) 
is nothing more than the manifestation of the s-t cancellation already encountered in QCD, in a 
slightly more involved context. 

It is important to recognize [20] that the cancellation described above goes through, even 
when the initial fermions are right-handedly polarized, regardless of the fact that, in that par- 
ticular case, there is no t-channel graph, since the fermions do not couple to the W (Fig. 31). 
What happens, then, is that the elementary vertices given in Eqs (4.37), together with the corre- 
sponding Va^jj and Vz^fj are appropriately modified. Specifically, 



and 



ZafRfn 



'-V 



AafRfn' 



Clearly, in that case, from Eqs (4.42) it follows immediately that 



V, 



0, 



(4.64) 
(4.65) 

(4.66) 



so that Eq. (4.63) is still satisfied. Let us now simplify the algebra, by choosing the initial 
fermions to be neutrinos, i.e., let us consider the process vu — > W^W~ . This choice eliminates 
all terms mediated by a photon, and one has 



(4.67) 
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Fig. 31. The fundamental cancellation in the case of right-handed fermions; due to the absence of the 
i-channel graph, it is implemented through the two remaining s-channel graphs. 

Then, Eqs (4.61) simplify to 



with 



(4.68) 



<Sz = Vz-uydz{q^) gtuCuj [ih - A;2)„/c2 - M^g"^ 



(4.69) 



In addition, 



■-Vz'^uvdz{q^)g 



Ml + \mI 



{ki - k2)a- 



(4.70) 



Now we will isolate from (4.67) the part that is purely s-channel (or, equivalently, purely 
propagator-like), to be denoted by A^i. It is composed by the sum of the following terms 



-Ml = ■ T; 



p Sz -SI Sz-S*z ^ {k2 ■ Sz) ■ {k2 ■ S*z 



Ml 



Ml 



+ 



Ml 



(4.71) 



Using (2.146), (4.69), (4.69) and (4.70), we find 



-Ml = Vz'^.Mq'')K^pdziq')V, 



ZPv 



(4.72) 
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with 



al3 



9l 



(4.73) 



Thus, the propagator-like part of the rhs of the OT becomes 

1 



(rhs)i = - / Ml. 

Now, from Eq. (2.150), we have that X{q^, M^, M^) = q^{q^ - 4M^), and therefore 



(4.74) 



L (ki - k2)^{ki - k^)^ = -W - ^Ml,)g^p f + . • . , (4.75) 
where the ellipses stand for terms proportional to qaqp- Then, using the elementary result 

Stt^ / = ^mB^{q\ M^, M^), (4.76) 

Eq. (4.74) becomes 



with 

K- 



a 1 
47r 6s?„c?„ 



(rhs)i = Vz'-updziq )Kdz{q )Vz^vv, 



A2ci + 2cl-^)q' + (24ct - 8c^ - 10)M^ 



(4.77) 



QmBo{q^M^,M^). 



(4.78) 

Let us now compare Eq. (4.74) with the propagator-like part of the Ihs of the OT, given by 



(Ihs)i = Vz^updziq') [SmngS^^^g)] dz{q')Vz„up. 
The equality between Eq. (4.79) and (4.77) requires that 



(4.79) 



(WW) 

zz 



a 



An 6slcl 
x^mBo{q^Ml,M^). 



424 + 24 - ^ ) g2 + (244 - §4 - 



X 



(4.80) 



Taking the imaginary part of ll^'^^ given in Eq. (4.54) we see that Eq. (4.80) is indeed fulfilled. 

At this point one could go one step further, and employ a twice subtracted dispersion relation, 
in order to reconstruct from (4. 80) the real part of the H^^'^^ (q) . The end result of this procedure 
will coincide with the corresponding expression obtained from Eq. (4.54) after renormalization. 
(for a detailed derivation, see [73]). 

Finally, let us return to the non-renormalizability of the unitary gauges, now seen from the 
absorptive point of view. As mentioned in the previous subsection, in the unitary gauge the 
strong version of the OT is satisfied; to make contact with this section, what this means is that the 
OT is satisfied diagram-by-diagram, without having to resort explicitly to the s-t cancellation. 
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For example, the imaginary part of the conventional self -energy YT^z {^) the unitary gauge 
is 

amnS^)(s) ^{s- Mzf I TrL,,,{h)L,,,{h)Tf''' . (4.81) 

What is the price one pays for not implementing the s — t cancellation? Simply, the con- 
ventional subamplitudes, such as the one given above, contain terms that grow as or as 
[see, e.g., [102,73]]; indeed, the s-t cancellation eliminates precisely terms of this type. 
Consequently, if one were to substitute the S^mll^^^ \s) obtained from the rhs of (4.81) 
into a twice subtracted dispersion relation -the maximum number of subtractions allowed by 
renormalizability- one would encounter UV divergent real parts proportional to or as q^. Of 
course, these are precisely the non-renormalizable terms encountered in (4.55), now obtained 
not from a direct one-loop calculation but rather from the combined use of unitarity and analyt- 
icity (and with a hard UV cutoff instead of 1/ e). 



4.3.5 Background field method away from = 1: physical versus unphysical thresholds 

As we have seen in the previous section, from the fact that the BFM Green's functions satisfy 
the same QED-like Wis for every value of the quantum gfp one should not conclude that the 
PT Green's functions, reproduced from the BFM at = 1, are simply one among an infinity of 
physically equivalent choices, parametrized by ^q. This interpretation is not correct: the BFM 
Green's functions obtained away from = 1 are not physically equivalent to the privileged 
case of — 1. 

In addition to the reasons outlined in Section 3, when dealing with the SM the following 
crucial observation clarifies the above point beyond any doubt: for ^ I the imaginary parts 
of the BFM electroweak self-energies include terms with unphysical thresholds [73,72]. For 
example, for the one-loop contributions of the W and its associated would-be Goldstone boson 
and ghost to ^zz^\^Qj one obtains 

^mUf/'\s, Cq) = ^mUf,^\s) + (^^) ^^'^'^ + + ^^^'^ ^^^^ ' 

^ (4.82) 

with 



W^{s)^f^{s)e{s-4M^), 
Ws{s, Cq) = Ms, ^q)X'%, Ml, iQMl)e{s - M^(l + Jigf), 



(4.83) 



and 



h{s) = (8M^ + s) (m| + s) + AMI (4M^ + 3M| + 2s) , 
f2{s, Cq) = fi{s) - 4 (Cq - 1) Ml {ami + M| + , 

h{s, Cq) = -2 [SMl + s - 2 (Cq - 1) + (Cq - 1)' Mis-'] [mI + s) . (4.84) 
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Fig. 32. The process eu^ eVe at tree level in the SM. 

These gauge-dependent unphysical thresholds (see the arguments of the 9 functions) are arti- 
facts of the BFM gauge fixing procedure, and exactly cancel in the calculation of any physical 
process against unphysical contributions from the imaginary parts of the one-loop vertices and 
boxes. After these cancellations have been implemented one is left just with the contribution 
proportional to the tree level cross section for the on-shell physical process z/z/ W^W~, 
given in Eq. (4.80), with thresholds only at = 4M^. In fact, by obtaining in the previ- 
ous subsection the full -related contribution to the PT self-energy, namely n^^(s), directly 
from the on-shell physical process W^W^ , we have shown explicitly that, in the BFM 

at = 1, the thresholds that occur at = 4M^ are due solely to the physical W^W^ pair. 

We therefore conclude that the particular value = 1 in the BFM is distinguished on phys- 
ical grounds from all other values of ^q. In the next section we will further elaborate on this 
point, by exposing various pathologies resulting in from the Dyson summation of self-energies 
with unphysical thresholds. 



4.4 PTwith massive fermions: an explicit example 



In this section, we discuss the technical subtleties encountered in the application of the PT 
when the fermions are massive. Consider the elastic process {ri)ue{pi) — ^ ^ {P2)i^e{r2), and 
concentrate on the charged channel which, at tree-level, is shown in Fig. 32. The momentum 
transfer q is defined as q = pi — p2 = r2 — Vi. We will consider the electrons to be massive, 
with a mass mg, while the neutrinos will be treated for simplicity as if they were massless. 
The tree-level propagators of the W and the corresponding Goldstone boson are those given in 
Eq. (4.23) and Eq. (4.25) (for i = W); the index 'W will be suppressed in what follows. The 
elementary vertices describing the coupling of the charged bosons with the external fermions 
are r„ = = T^--^^, T+ = T^+p^^, and r_ = T^-^^^, and are given by 

r„ = ^7«P., r.(-) = -^^P^(.). (4.85) 

We also define the corresponding vertices sandwiched between the external spinors, i.e., 

r? = M,,(r2) r"Me(ri), = Ue{p2) r"M,,(pi), 

Ti=u^^{r2)T+Ueiri), = Mefe) r_ (4.86) 
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Note that both and contain a Pl, whereas Fi and F2 a Pr and a Pl, respectively. The sub- 
scripts (1,2) are related to the electric charge carried by the entering into the corresponding 
tree-level vertices by setting H — > 1, > 2. The following elementary identities 

ir,,2 = Mwq''^f3a{q)ri^ + ?'^(g)ri,2, (4.87) 

valid for every (which will be indicated simply as { in what follows), will be frequently used 
[in deriving (4.87) we have used Eq. (4.30)]. 

We will start by considering the S'-matrix at tree-level (Fig. 32), to be denoted by Tq, given 
by 

To = F? A^fsiq) rf + Fi D(q) F2 . (4.88) 

Of course, Tq must be ^-independent, and it is easy to demonstrate that this is indeed so. 
There are three, algebraically equivalent but physically rather distinct, ways of writing the ^- 
independent expression for Tq. 

/. Using Eqs (4.29) and (4.87) we can see immediately that all dependence on ^ cancels, and 
one can cast Tq in terms of A|^^(q') and D^^^{q) as follows 

To = F?Ai=i(g)Ff + ^^D^=\q)^,. (4.89) 

The physical amplitude is the sum a massive gauge boson and a massive (would-be) Gold- 
stone boson. The fact that the Goldstone boson is massive is, of course, a consequence of the 
gauge-fixing used, namely the i?^ -gauges. 

a. Using Eqs (4.27) and (4.87), it is elementary to verify that Tq can also be written as 

To = r^Uo.piq)rl (4.90) 

Thus, even though one works in the gauge, making no assumption on the value of ^ (in 
particular, not taking the limit ^ 00) one is led effectively to the unitary gauge, with no 
(unphysical) would-be Golstone bosons present. 

The third way of writing Tq is slightly more subtle, as far as its physical interpretation is 
concerned. It is well-known (but often underemphasized) that the so-called "spontaneous 
symmetry breaking" is not actually "breaking" the local gauge symmetry, but simply real- 
izing it in a different way. Specifically, the Wis or STIs of the theory, which encompass the 
gauge symmetry at the level of Green's functions, maintain their form, at the expense of intro- 
ducing massless longitudinal poles. The role of these massless poles is obscured by the fact 
that, through the process of gauge fixing, they can be changed to poles of arbitrary mass (as 
explained above). These massless poles do not appear in the S'-matrix, to the extent that they 
are absorbed by gauge bosons. However, simple algebra can recast the tree-level amplitude 
into a form where the presence of the massless poles becomes manifest. Using the algebraic 
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Fig. 33. The subset of box and vertex diagrams containing a W gauge boson and a Higgs field H. 
identity 



J- = l + ^^ (491) 



we can write Uap{q) as 



= Pc.Mdw{q') + (4.92) 



where we have used the transverse projector Pa/siq) defined in Eq. (2.26). Then Eq. (4.90) 
can be rewritten as 

To = T'^PMdw{q')r^2 + Ti^ra. (4.93) 

As we will see later on, thanks to the PT, the ways of writing the S'-matrix given in Eqs (4.90) 
and (4.93) go through at one-loop, and eventually at all orders. 



4.4.1 Gauge fixing parameter cancellations 

Let us now turn to the one-loop PT construction. The main motivation is to construct via the 
PT the gfp-independent self-energies HwcWp, ^Wa<i>^ ^<t>Wi3, and H^^, to be denoted by Uap, 
Qa, 0/3, and fi, respectively, as well as gfp-independent Wfif2 and 0/1/2 vertices, which we 
denote by Fq, and T±, respectively. 

We will show the PT construction for a characteristic subset of diagrams contributing to the 
amplitude e^(ri)z/e(pi) e~ {P2)^e{'r2)- Specifically, we will consider the subset of all Feyn- 
man graphs that contain, inside the loop, a W- and a iJ -propagator. The relevant vertex and box 
diagrams are shown in Fig. 33 and the self-energy diagrams in Fig. 34 . It is relatively easy to 
understand why this subset must be gfp-independent by itself: The dependence on the Higgs 
mass forces the gfp-cancellation to take place within this subset (as we will see, up to seaguU- 
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Fig. 34. The self-energy diagrams containing a WH or (pH loop. The various SM self-energies are given 

lir, (.)+o-)=Gr-) (^)+(o=G(^ 



by the diagrams' combinations {g) + (h) = (i) + (j) = {k) + (/) = bL^^^ and, finally, 



(m) + (n) = 

like terms). From the absorptive point of view, the graphs we consider display a threshold {i.e., 
they develop imaginary parts if cut) at > {Mw + MhY', therefore they should form a gfp- 
independent subset, since they cannot communicate with the rest (this absorptive argument does 
not apply to seagulls and tadpoles, since they do not have imaginary parts, but the PT construc- 
tion takes care of them as well). In what follows, we will use the sub- or super-script "WH'' for 
the aforementioned subset; for example, denotes the subset of graphs contributing to the 

WW self-energy that contain, in their loop, aW or (p propagator and a Higgs-boson propagator 
(see Fig. 34). 

We will introduce the following ingredients appearing in the intermediate steps of our demon- 
stration: 



/. The coupling of the Higgs boson to the electrons Th = T Hee is given by 

.gw me 



and we have that 



Th = -^ 



2 M, 



w 



1 



(4.94) 



(4.95) 



a. We set 



Avh{<1. k) = \ik' - M^)(P - eM^) ({k + q) 



Ml 



(4.96) 
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and define the propagator-like structures 



Jk 



Jk 



(4.97) 



the vertex-like structures 

LwHiq,Pi) = (1 - 09w I [r^/^f Hpi + ^)r-] Airniq, k), 
LwH{q,r2) = (1 - 0^-/jr+5f (r2 + fc)r^] 
N^H{q,Pi) = (1 - 09n. I [^HSi'\p, + ^)r_] k'^Al^iq, k), 
and, finally, the box-like structure 

RwH{q,Pi,r2) = {l-09w [ [r^-Sf (pi + A;)r_l fr+^f (ra + A;)r^^ 

Jk -' '- 



(4.98) 



AO 



wniq-: k)- 

(4.99) 



Then, we start with the vertex diagrams (a) and (c) in Fig. 33 and we let the ^-dependent 
longitudinal parts appearing in the tree-level W trigger the WI of Eq. (4.33). Now that the 
electrons are considered to be massive, the term on the rhs in the square brackets of Eq. (4.33) 
is turned on; as a result, and for the first time until now, the outcome of the pinching action is not 
only propagator-like contributions: in addition, we obtain a vertex-like contribution, precisely 
due to the additional term in Eq. (4.33) proportional to the electron mass. As we will see, this 
vertex-like term will mix with the graphs (6) and (d), and will combine to form a ^-independent 
vertex-like structure. 

Specifically, we have (suppressing a common factor r^Ay^^l?) in front) 



{aT - {a)U + [i^MwJ^Hiq)] (^r2) - iMlN^^{q,p^), 
{br = (&)^=i + '-q''M^LwH{q,Pi) + zM^iV^^(g,pi), 



(4.100) 



We next turn to graphs (c) and (d). As far as diagram (c) is concerned, one of the longitudinal 
momenta coming from the M^-propagator will pinch as before; however, in addition, we will use 
the identity {2q + k) ■ k — [{k + qY — Mfj] -\- Mjj — q^, triggered when the second longitudi- 
nal momentum is contracted with the F^vk// vertex. The first term in this identity will cancel the 
Mif-dependent part appearing in (g, A;), thus generating a term that is independent of Mh- 
These terms cancel against other similar terms, coming from the Af //-independent Feynman 
graphs that are not considered, and will be discarded. Therefore, keeping only M// -dependent 
terms, we have [suppressing a common factor ViD{q) in front] 
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(c) = (c)^=i + - Ml)FwH{q)] (^r^) + '-{q' - Ml)MwLwH{q,Pi), 

(d) = + '-MlMwLwH{q,Pi). (4.101) 
Finally, following a similar methodology for the boxes (e) and (/), we have 



1 

+ 2 



(e) = (e)^=i + (iFi) \^FwH{,q)^ {1^2) - RwH{q,Pi, 

TiMwLwH{q,Pi) + '['2MwLwH{q,r2) , 
if) = (/)^=i + RwH{q,Pi, r2). (4.102) 

It is now straightforward to verify that: 

/. the vertex-like N^jj in (a)" and (b)", and the box-like Rwh in (e) and (/) cancel directly; 

//. the vertex-like terms proportional to L^h in (6)", (c), (d) and (e) cancel (after restoring the 
suppressed factors in front) by evoking the identity of Eq (4.87); 

the term proportional to L^h will cancel, in exactly the same way described above, against 
the contributions coming from the mirror vertex graphs, not shown. 

Thus one is left only with ^-dependent propagator-like pieces, contained in the curly brackets 
in Eqs (4.100), (4.101) and (4.102), together with the contributions coming from the mirror 
vertex graphs; the latter are identical to those already identified, up to trivial adjustments. All 
aforementioned terms will cancel exactly against the ^-dependent parts of the conventional self- 
energy graphs, shown in Fig. 34. 

Let us now turn to this remaining cancellation. Separating out the contributions at ^ = 1 from 
the rest, we have for the self-energy graphs of Fig. 34 

- \q"q^M^FwH{q) - [gV^^(g) + / J^^(g)] , 

+ (^•)« ^ (i)«^^ + _ ]^q^MwJ^H{q) - -^q'-MwMlFwHiq), 

{kf + {If = {k)l^, + (Of=i - Iq'M^J^M - -/MwMlFwH{q), 

im) + (n) = (m)^=i + (n)^=i + -^q\q^ - 2Ml)FwH{q). (4.103) 

Using again the identity of Eq. (4.87) one may separate, unambiguously, the ^-dependent prop- 
agator like pieces from Eqs (4.100), (4.101) and (4.102) into WW, Wet), (t)W, and 00 structures, 
and add them to the corresponding contributions in the equation above. It is then straightforward 
to verify that a complete cancellation of all {-dependent terms takes place; in fact, the terms pro- 
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portional to Fwh and cancel separately. Even though we have restricted ourselves to the 
subset of Feynman diagrams that depend explicitly on M^, the methodology presented goes 
through, unchanged, also for the remaining graphs. We emphasize again that, as in all previous 
examples, the conceptual and technical advantage of this demonstration lies precisely in the fact 
that all cancellations take place systematically, by identifying the appropriate kinematic struc- 
tures, with no need to carry out any integrations. 

Notice, finally, the following important point: all aforementioned cancellations take place in- 
side the loops, without touching the ^-dependence of the (external) bare propagators attached to 
the external fermions; indeed, all we have used, in addition to pinching, is the algebraic identity 
of Eq (4.87), which is valid for every ^. As we will see shortly, after the completion of the PT 
procedure at one-loop, the requirement that this residual ^-dependence also cancels imposes 
Abelian-like Wis on the PT Green's functions. 



4.4.2 Final rearrangement and comparison with the background Feynman gauge 

Let us now turn again to the subset of graphs considered above. As we have demonstrated, in- 
side the loops all propagators have been dynamically reduced to the Feynman gauge, ^ = 1. At 
this point the genuine box contributions have been isolated; thus, the WH-part of the one-loop 
PT box is given simply by (e)^=i + {f)(=i- 

To get the corresponding part of the one-loop PT vertices and self-energies, an additional step 
is required: we must extract from the vertex graphs in the Feynman gauge possible propagator- 
like pieces generated by the momentum-dependent vertices. For the case at hand, the only graph 
that can furnish such a contribution is (c); the propagator-like piece is generated when the longi- 
tudinal momentum /c^, coming from the elementary vertex T^^h oc (2g + A;)^ in (c) is allowed 
to pinch, according to our earlier general discussion [subsection 4.2 point (z)] (Of course, had 
we considered the entire set of vertex diagrams then the three-boson vertices Tzww and Taww 
should also undergo the standard PT splitting). 

Then, separate (c)^=i into the purely vertex-like part, denoted by (c)^^i, and the propagator- 
like part, (c)|!,i, 

(c)^=i = {c)}^, + (c)|li (4.104) 

with 



[rnSi'^Pi + k)T_] dw{k^)AH{k + q) 



and 



IwH{q) = I dw{k^)AH{k + q) = [ 

Jk Jk 



(4.105) 



(4.106) 



Ik {k-'-M^)[{k + qy-M]jy 
Then, the WH-parts of the one-loop ^w-eu^ ^<t>-eu^ PT vertices, to be denoted by r^^^) 
and f respectively, are given schematically by 



96 



f™ = (c)^=i + (d)^=i. (4.107) 



Finally, to obtain the corresponding parts of the one-loop PT self-energies, to be denoted by 
n^^^ §2^^), ef'"\ and we must use Eq. (4.87) in order to distribute among the 

different self-energies the contributions coming from (c)|li and its mirror graph. Evidently, 

these terms will not contribute anything to fL^^^\ and therefore fl^^^^ will be identical to the 
conventional one-loop H^'J^^ (of course, the non l^if -parts will differ). Then, we will have 



= (m)«=^ + {n)^=' + fq'lwH{q). (4.108) 

It is a relatively straightforward exercise to verify that the parts of the PT Green's functions 
constructed above coincide with the corresponding quantities calculated in the BFG; of course, 
this coincidence holds for the entire Green's functions, and it is not restricted to the l^if -parts 
analyzed here. 

In the case of r|J^^^ given in (4.107), the coincidence with the BFG is obvious; the external 
W's may be converted into W's for free, since the corresponding (lowest-order) vertices are 
identical in the and the BFM gauges. The case of f is more interesting; the coincidence 
with the BFG takes place because of the extraction of the propagator-like piece {c)f=i from 
(c)^=i, as described in Eq. (4.104) and (4.105). Specifically, the purely vertex-like piece (c)|^i 
in Eq. (4.105) consists of two parts, the first one corresponds to graph (c) computed in the BFG 
[indeed, the factor {2q^) is proportional to the bare BFM vertex F^^^^], while the second part, 
when added to {d)^=i, furnishes the graph (d) computed in the BFG, given that the BFM vertex 
Fj^^^ and the vertex T^^h are related by F^^^ = T^^h + igw^QMw/2. 

Turning to the self-energies of Eq. (4.108), H^'^^^ coincides with the corresponding BFM 
quantity, for the same reason as in the case of the r'^^^) vertex: the elementary vertices appear- 
ing in (g) and (h) coincide in both gauge-fixing schemes, R^ and BFM. As for O^^^^, the term 
{gw/^)^whvH{q)q/3 accounts precisely for the difference between F^^^ and T^^h. Finally, the 

case of Q^'^^) is slightly more involved: to demonstrate the equality one must write the {2q+ky 
appearing in (m) in the form 

(2g + k)^ = + 2[{k + qf - M|] - (A;^ - M^) + (2M|, - M^) . (4.109) 

Then for the terms on the rhs we have that the first is added to {gl^ /2)q^IwH and furnishes graph 
(m) in the BFG; the second combines with other Mj^ -independent parts (note that in the BFM 
we have also the coupling ^2+2- ±-t ~Cq/2; the third cancels with the {g^/2)q'^IwH', the 
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Fig. 35. The (one-loop) ^-independent PT self-energies (gray blobs); the tree-level propagators are still 
^-dependent. By requiring that any gfp-dependence coming from these tree-level propagators must can- 
cel, imposes a set of non-tiivial Wis on the one-loop PT self-energies (and vertices). 



third converts the seagull graph containing a Higgs-boson propagator (not shown) to the same 
graph in the BFM, given that r^+^_^^ = T^+^-hh — ^5'^^q/2; finally, the last term converts 
(n) into its BFM counterpart. 



4.4.3 Deriving Ward identities from the gfp-independence of the S -matrix. 

In the previous subsections we showed explicitly how the application of the PT gives rise 
to gfp-independent self energies, vertices, and boxes. As already emphasized there, the gfp- 
cancellation proceeded without reference to the tree-level propagators connecting the one-loop 
graphs to the external fermions. Any gfp-dependence coming from these tree-level propagators 
[see Eqs (4.23) and (4.25)] must also cancel, in order to obtain fully gfp-independent subampli- 
tudes Ti and T2 (T3 being box-like does not have external propagators and is already fully gfp- 
independent). It turns out that, quite remarkably, the requirement of this final gfp-cancellation 
imposes a set of non-trivial Wis on the one-loop PT self-energies and vertices [9,93]. These Wis 
are identical to those obtained some years later within the BFM [95], but are derived through a 
procedure that has no apparent connection with the BFM; all that one evokes really is the full 
gfp-independence of the S-matrix. Actually, this ^-matrix derivation could be considered as an 
all-order proof of the above Wis, assuming that the various Green's functions [the gray blobs in 
Fig. 35)] can be made gfp-independent to all orders. 

Let us see how the Wis for the self-energies are derived from the gfp-independence of Ti . 
Neglecting tadpole contributions from the external fermions, we have that Ti is given by 



-Fr^A^„(g)e"(g)D(g)r2 + riD(g)e^(g)A^,(g)r^, (4.110) 
or, after using Eq. (4.27), 
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w 



Q^{q)D{q)V^ 

T''^ + V,D{q)Q{q)D{q)T2. 



w 



(4.111) 



This way of writing Ti has the advantage of isolating all residual ^-dependence inside the prop- 
agators D{q). Demanding that Ti should be ^-independent, we obtain as a condition for the 
cancellation of the terms quadratic in 



/?"na/3(g) - 2MH.g"e„(g) + M^n(g) = 0, 

while for the cancellation of the linear terms we must have 

q'^fiaM - MwQpiq) = 0. 
From Eqs (4.1 12) and (4.1 13) it follows that 

q^q'^Uo^piq) = M^Qiq), 
and 

q'^e^iq) ^ Mwfi{q). (4.115) 

Eqs (4.112) and (4.115) are the announced Wis. Applying an identical procedure for T2 one 
obtains the corresponding Wl relating the one-loop PT vertices and r±. 
Finally, the gfp-independent Ti is given by 



(4.112) 



(4.113) 



(4.114) 



f^^^^,U,^{q)U^^{q)Uf,,{q)^^,. 



(4.116) 



Notice that Eq. (4. 1 16) is the one-loop generalization of Eq. (4.90). 

We can now use the Wis derived above in order to reformulate the S'-matrix in a very partic- 
ular way; specifically, we will show that the higher-order physical amplitude given above may 
be cast in the tree-level form of Eq. (4.93). Such a reformulation gives rise to a new transverse 
gfp-independent W self-energy 11^^ with a gfp-independent longitudinal part, exactly as in 
Eq. (4.93). To be sure, the cost of such a reformulation is the appearance of massless Goldstone 
poles in our expressions. However, since both the old and the new quantities originate from the 
same unique -S-matrix, all poles introduced by this reformulation will cancel against each other, 
because the S'-matrix contains no massless poles to begin with. 



To see how this works out, write 6^ in the form 



from (4.1 15) follows that 



(4.117) 



(4.118) 
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Then, we can define n^^(gf) in terms of U.°'^{q) and Q{q) as follows: 

f^aM) = - ^MwOiq) (4.119) 

Evidently 11^^(5) is transverse, e.g., g"n^^(g) = g^n^^(g) = 0. Moreover, using Eqs (4.113) 
and (4.118), 

= Pa,{qW''i<l)PM- (4.120) 
We may now re-express Ti of (4.1 16) in terms of fl^^ and using (4.92) and (4.87) we have 

fi = ryw{q'')flUq)dwiq^)rl + ^^^fl{q)^^2. (4.121) 

Eq. (4.121) is the generalization of Eq. (4.93): Ti is the sum of two self-energies, one cor- 
responding to a transverse massive vector field and one to a massless Goldstone boson. It is 
interesting to notice that the above rearrangements have removed the mixing terms 9^ and 6^ 
between W and 0, thus leading to the generalization of the well known tree-level property of 
the gauges to higher orders. It is important to emphasize again that the massless poles in the 
above expressions would not have appeared had we not insisted on the transversality of the W 
self-energy (or the vertex); notice in particular that they are not related to any particular gauge 
choice, such as the Landau gauge (^ = 0). A completely analogous procedure may be followed 
for the one-loop (and beyond) vertex [9], yielding the corresponding Abelian-like WI; as in 
the case of te self-energy studied above, the WI of the vertex is realized by means of massless 
Goldstone bosons. 

The rearrangement of the S-matrix carried out above, in additional to the conceptual trans- 
parency that it provides, brings about considerable calculational simplifications, since it orga- 
nizes the transverse and longitudinal pieces in individually gauge-invariant blocks. As was first 
recognized in [103], this is particularly economical if one is only interested in gauge-invariant 
longitudinal contributions, e.g., in the context of resonantly enhanced CP violation. 
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5 Applications - 1 



In this section we will present a variety of phenomenological applications of the PT. Specifically, 
we will focus on the following representative topics: 

i. The field-theoretic construction and the observable nature of the PT effective charges, as well 
as the conceptual and practical advantages of the physical renormalization schemes, which 
use these effective charges, over the unphysical schemes, such as the popular MS. 

a. The definition and measurement of gauge-invariant off-shell form-factors, with particular 
emphasis on the neutrino charge radius. 

The gauge-invariant definition of basic electroweak parameters, such as the S,T, and U, and 
the universal part of the p parameter. 

iv. The gauge-invariant resummation formalism for resonant transition amplitudes. 
5.1 Non-Abelian effective charges 

The possibility of extending the concept of an effective charge [104] from QED to non-Abelian 

gauge theories is of fundamental interest for at least three reasons. First, in QCD, the exis- 
tence of an effective charge analogous to that of QED is explicitly assumed in renormalon 
studies [105-107]. However, in the absence of a concrete guiding principle (such as the PT), 
the diagrammatic identification of the subset of (conformally-variant) corrections that should be 
resummed is rather obscure. Second, in theories involving unstable particles (e.g., in the elec- 
troweak SM) the Dyson summation of (appropriately defined) self-energies is needed, in order 
to regulate the kinematic singularities of the corresponding tree-level propagators in the vicinity 
of resonances [108-111]. Third, in theories involving disparate energy scales (e.g., grand uni- 
fied theories) the extraction of accurate low-energy predictions requires an exact treatment of 
threshold effects due to heavy particles [112-114]. The construction of effective charges, valid 
for all momenta q"^ and not just the asymptotic regime governed by the /9-functions, constitutes 
the natural way to account for such threshold effects. In all cases, the fundamental problem 
is the gfp-dependence of the conventionally defined gauge boson self-energies. The PT cures 
this problem and leads to the definition of physical effective charges, both in QCD and the 
electroweak sector of the SM. 

5.1.1 QED effective charge: the prototype 

The quantity that serves as the field-theoretic prototype for guiding our analysis is the effective 
charge of QED. In the rest of this section, a '0' super or subscript will indicate (bare) unrenor- 
malized quantities. 

In QED consider the unrenormalized photon self-energy n^'^(g) = P'^'^{q)Ilo{q'^), where 
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no(g^) has dimensions of mass squared, and is gfp-independent to all orders in perturbation 
theory. One usually sets n(g^) = g^n(g^), where the dimensionless quantity n(g^) is referred 
to as the "vacuum polarization". Carrying out the standard Dyson summation, we obtain the 
dressed photon propagator between conserved external currents. 



/S.'^^{q^) is renormalized multiplicatively according to /^^^{q^) — ZA^'^^{q^), where Za is the 

1 /2 

wave-function renormalization of the photon (^40 = Zjl A). Imposing the on-shell renormal- 
ization condition for the photon we obtain 

i + n(0 = z^[i + no(0], (5.2) 

where Za = 1- no(0), and U{q^) = no(g2) - no(0); clearly n(0) = 0. 

The renormalization procedure introduces, in addition, the standard relations between renor- 
malized and unrenormalized electric charge, 

e = Z-^e° = Z/Zy^Zf ^e°, (5.3) 

where is the charge renormalization constant, Zf the wave-function renormalization constant 
of the fermion, and Zi the vertex renormalization. 

The Abelian symmetry of the theory gives rise to the well-known WI [given also in (2.58)] 

q''Tl{p,p + q) = S^\p + g) - S^\p), (5.4) 

where F^^ and So{k) are the unrenormalized one-loop photon-electron vertex and electron prop- 
agator, respectively. The requirement that the renormalized vertex = ZiF^ and the renor- 
malized self-energy S = ZJ^Sq should satisfy the same WI imposes the equality 

Zi = Zf, (5.5) 

from which it immediately follows that 

Ze = Z^'/l (5.6) 



Given these relations between the renormalization constants, we can now form the following 
renormalization group (RG) invariant combination: 

From R^y{q^), after pulling out a the trivial kinematic factor one may define the QED 

effective charge aesiq"^), namely 
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where a is the fine- structure constant. 
The QED effective charge of (5.8) has the following crucial properties: 



/. It is gfp-independent, to all orders in perturbation theory. 
//. It is RG-invariant by virtue of the WI of 5.4 and the resulting relation (5.6). 

Hi. Given that 11(0) = 0, at low energies the effective charge matches the fine structure constant: 

aeif(O) = a = 1/137.036 - ••. 

iv. For asymptotically large values of q'^, i.e., for :$> mj, where m/ denotes the masses of 
the fermions contributing to the vacuum polarization loop (/ = e, fx, r,...), a{q'^) matches the 
running coupling a{q'^) defined from the RG: at the one-loop level. 



1 - {a(5i/2'K) log(57m^) 



where Pi = ^nj is the coefficient of the QED /3 function for Uf fermion species. 

V. The effective charge has a non-trivial dependence on the masses m,f, which allows its re- 
construction from physical amplitudes by resorting to the OT and analyticity, i.e., dispersion 
relations. Specifically, given a particular contribution to the spectral function $jmn(s), the 
corresponding contribution to n(g^) can be reconstructed via a once-subtracted dispersion 
relation (see, e.g. [115]). For example, for the one-loop contribution of the fermion /, choos- 
ing the on-shell renormalization scheme. 



.2^_ 1 2 r ^„^^n^/-(^) 



n;/(g^) = -q' ^ ds / ■ (5.10) 

TT JAmj S{S — q^) 



For / 7^ e, Qmllff{s) is measured directly in the tree-level cross-section for e'^e" — > f'^f~, 
see Fig. 36. For / = e, it is necessary to isolate the self-energy-like component of the tree- 
level Bhabha cross-section, see Fig. 37. This is indeed possible because the self-energy-, 
vertex- and box-like components of the Bhabha differential cross-section are linearly inde- 
pendent functions of cos 9; they may therefore be projected out by convoluting the differential 
cross-section with appropriately chosen polynomials in cos 9. 

Thus, in QED, knowledge of the spectral function ^mn.ff{s), determined from the tree-level 

e^e~ f^f^ cross sections, together with a single low energy measurement of the fine struc- 
ture constant a. (obtained e.g., from the Josephson effect and the quantized Hall effect, or from 
the anomalous magnetic moment of the electron [1 16]), enables the construction of the one-loop 
effective charge aesiq"^) for all g^. 
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Fig. 36. The OT relation between the imaginary part of the muon contribution to n(s) and the tree-level 
cross section a{e'^e^ fJ-^fJ- ) in QED. 

5.1.2 QCD effective charge 

In non-Abelian gauge theories the crucial equality Zi = Zj does not hold in general. Fur- 
thermore, in contrast to the photon case, the gluon vacuum polarization depends on the gfp, 
already at one-loop order. These facts make the non-Abelian generalization of the QED concept 
of the effective charge non-trivial. The possibility of defining an effective charge for QCD in 
the framework of the PT was established first by Cornwall [7], and was further investigated in a 
series of papers [12,23,74,72,117,118]. 

As we have shown in detail in Section 2 the PT rearrangement of physical amplitudes gives 
rise to a gfp-independent effective gluon self-energy, restoring, at the same time, the equalities 

Z, = Zf, Z,^ = Z2'^\ (5.11) 

where gs is the QCD coupling. Then, using the additional fact that the PT self-energy is process- 
independent [63] and can be Dyson-resummed to all orders [23,74,72,12], the construction of 
the universal RG-invariant combination and the corresponding QCD effective charge is imme- 
diate. We have 

R'o'iq') = ^-jfKM = ^KM = R'^iQ')- (5.12) 
and after pulling out a 1/g^ factor we arrive at the QCD effective charge. 



««,eff(g^) = —^7^7, (5-13) 

1 + n(g^) 



where as = gl/An. 



Let us now turn to properties (///)-(v) of the QED effective charge, and see how they are mod- 
ified due to the fact that the low-energy sector of QCD is strongly coupled and must be treated 
non-perturbatively. 

Evidently point {Hi) must be replaced by a measurement where perturbation theory holds, 
such as the a{Mz). Point {iv) remains true; actually, due to asymptotic freedom, the high en- 
ergy limit is where the QCD charge is completely unambiguous. Finally, point (v) is trickier: 
clearly, the absorptive analysis of Section 2 demonstrates that, perturbatively, the imaginary 
part of n(s) may be identified with a well-defined part of the qq gg tree-level cross-section. 
These parts may be, in principle, extracted out of the full differential cross-section through 
the convolution with an appropriately constructed function of the scattering angle [see subsec- 
tion 5.1.4 on the electroweak effective charges], and then be fed into the dispersion relation 
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Fig. 37. The OT relation between the imaginary parts of the electron contribution to the one-loop 
vacuum polarization, vertex and box diagrams and the components of the tree-level cross section 
cj(e+e~ e+e") in QED 



(2.120) to furnish n(q^). The problem is that, in QCD, such a procedure is not feasible, even 
at the level of a thought-experiment, because in the limit of low s QCD is strongly coupled, and 
non-perturbative effects become significant. 

An additional important point related to the non-perturbative nature of QCD is the following. 
As has been argued long ago by Cornwall [7], and has been corroborated by a large number of 
lattice simulations and SDE studies, the gluons generate dynamically an effective mass, which 
cures the Landau singularity and makes the gluon propagator finite in the infrared [we will re- 
visit this issue in much more detail in Section 9]. In such a case, it would of course be wrong to 
define the effective charge as in Eq. (5.13), i.e., by forcing out a factor of 1/g^ from Eq. (5.12). 
Such a procedure would furnish a completely unphysical strong QCD coupling, namely one 
that would vanish in the deep infrared(!) where QCD is supposed to be strongly coupled. The 
correct treatment (see again Section 9) yields, instead, an effective coupling that in the deep 
infrared "freezes" at a finite value, in complete agreement with a plethora of phenomenological 
and theoretical works. 
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5.1.3 Effective mixing (Weinberg) angle 



We now turn to the electroweak sector of the SM, and consider the subset of neutral gauge 
boson self-energies, li^^{q), and Il^^{q), together with the mixed self-energies li^^{q) and 

n^j^(gf). Let us now see how the above self-energies organize themselves into RG-invariant 
combinations. We will assume that we are working between massless fermions (conserved cur- 
rents) and we will therefore retain only the parts of the self-energies proportional to gfj,^. The 
general framework presented in this subsection has been established in [95] and [75]; here we 
will adopt the notation and philosophy of the latter article. 

We begin by listing the relations between the bare and renormalized parameters for the neutral 
part of the electroweak sector. For the masses we have 



[M, 



Mi + 5Mi 



(5.14) 



The wave-function renormalizations for the neutral sector are defined as 




^ZZ ^ZA 




\ 



UZaz 1 + \5Zaa 




(5.15) 



In addition, the coupling renormalization constants are defined by 



eo = Z^e = {1 + SZe)e, 



9l 



Zg^Qw — (1 + ^Zgw)9wi C° — Zc^Cw, 



(5.16) 



with 



1 + 



Ml. , 



1/2 



1 + 



5Ml 



-1/2 



If we expand Z^^ perturbatively, we have that Zc^ = 1 + MSc^/c^) -I- ■ ■ ■ , with 



(5.17) 



5cl 



5M^ 



(5.18) 



which is the usual one-loop result. 

Imposing the requirement that the PT Green's functions should respect the same WI's before 
and after renormalization we arrive at the following relations: 



Zaa — Z^ , Zzz 



z — z'^ 



(5.19) 



or, equivalently, at the level of the counter-terms 



5Zzz = -2(5 - 



/->2 — c2 / r„2 



SZaz^"^- 



SZ 



ZA ■ 



0. 



(5.20) 
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The corresponding propagators relevant for the neutral sector may be obtained by inverting 
the matrix L, whose entries are the PT self -energies, i.e.. 



\ 



Casting the inverse in the form 



flAziq') q'-Ml + Uzziq') 



--1 



AAAiq^) ^Az{q' 
[AAz{q^) Azz{q^) 



one finds that 



(5.21) 



(5.22) 



AAA{q^ 
Azziq') 
AAz{q') 



-[q'-Ml + Uzziq')] 



^\ziq') - [q' -M'z + ^zziqmq' + ^AAiq')] ' 

2^_ -[q' + fiAA{q')] 

f^lziq') - [q' -M'z + Uzziqmq' + f^AAiq')] ' 
-nAzjq') 

niz(9') - [q' - M| + Uzziqmq' + f^AAiq')] ■ 

The above expressions at one-loop reduce to 



(5.23) 



AAA{q') = 
Azziq') 



q-' + UAAiq') 
1 

q^-Ml + nzz{q^y 



AAziq') 



2, UAziq') 



q\q^-Miy 



(5.24) 



The standard re-diagonalization procedure of the neutral sector [119-121] may then be fol- 
lowed, for the PT self-energies; it will finally amount to introducing the effective (running) weak 
mixing angle. In particular, after the PT rearrangement, the propagator- like partV fji of the neu- 
tral current amplitude for the interaction between fermions with charges Q, Q' and isospins T/, 
T/ , is given in terms of the inverse of the matrix L by the expression 



-1 



MslQ,-T[P,) 
eQf,^f\sl{q')Qf-TiP,])L~^' 



eQf,^f[slQf-TfPi^ 



eQf 

.-[si{q')Qf'-TfPL 



9v 



(5.25) 



107 



where 



^zz{q^) 



\ 



(5.26) 



The rhs of this equation, where the neutral current interaction between the fermions has been 
written in diagonal {i.e.. Bom-like) form, defines the diagonal propagator functions A^^ and 
Kzz and the effective weak mixing angle 



si{<f) - {sir 



1- % 



si) g2 + n%(g2) 



1- — 



(5.27) 



It is easy to show that, by virtue of the special relations of Eq. (5.19), s^(g^) is an RG-invariant 
quantity. 

Using the fact that n^z(O) = 0, we may write I\.Az{q^) = q'^^Az{q'^)', then, Eq. (5.19) yields 



- 2, I 1\ I 

Swiq ) = 



1- 



nAziq' 



1 - 



Sw/ 1 + 11 AAiq^ 



aes{q )'nAz{q ) 



(5.28) 



where in the last step we used Eq. (5.8). At one-loop level, s^(?^) reduces to 



sliq') = s 



1 - ( - ) n^ziq') 



(5.29) 



Notice that in the case where the fermion /' is a neutrino (/' = u, with Q^, — and — 1/2), 
Eq. (5.25) assumes the form 



/ 



eQf,'-^\-sliq^)Qf-TfpA]L-^^ 







(5.30) 



Evidently, sl{q^) constitutes a universal modification to the effective vertex of the charged 
fermion. 



5.1.4 Electroweak effective charges 

The analogue of Eq. (5.8) may be defined for the Z- and -boson propagators. In particular, the 
bare and renormalized PT resummed Z-boson propagators, A^'^ Q(g) and A^'^(g) respectively, 
satisfy the following relation 

A^r(?) = ^zzAr^(?)- ^ ^ (5.31) 

In what follows we only consider the cofactors of g^", i.e., A^^^(q') = A|^(g)(?^^ and 
^z'ziq) = ^zz{q)g^'^, since the longitudinal parts vanish when contracted with the conserved 
external currents of massless fermions. The standard renormalization procedure is to define the 
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wave function renormalization, Zzz, by means of the transverse part of the resummed Z-boson 
propagator: 

Z^zb' - {M%f + nL(g')] = - M| + n^^(g2). (5.32) 

It is then straightforward to verify that the universal RG-invariant quantity for the Z boson, 
which constitutes a common part of all neutral current processes, is given by (we omit a factor 

A completely analogous analysis holds also for the I^ww{(^) propagator; in this case the cor- 
responding RG-invariant combination is 




(5.34) 



If one retains only the real parts in the above equation, one may define from Ri (g^) (i = W, Z) 
a dimensionless quantity, corresponding to an effective charge by casting 3?en(g^) in the form 
^eflii{q'^) = ^eUiiiM^) + {q^ - MD^eUu^Ml) and then pulling out a common factor 
(g^ - Mf). In that case, 

= i-W^Z (5.35) 

q^ — Mf 

with 



/ 2\ '^w 

C(w esiq ) = — , 



1 + ^eUzziq^ 

where 



^ ^ .^W,Z. (5.37) 



g2 - Mf 

and ayj = 5'^/47r and q;^ = q;«,/c^. Notice, however, that, whereas Eqs (5.33) and (5.34) remain 
valid in the presence of imaginary parts (i.e., when nn(g^) develops physical thresholds) the 
above separation into a dimensionful and a dimensionless part is ambiguous and should be 
avoided [76] . 



5.1.5 Electroweak effective charges and their relation to physical cross-sections 

Let us now turn to the relation of the RG-invariant and universal quantity Rz{q^) to physical 
cross-sections, and the procedure that would allow, at least in principle, its extraction from 
experiment [73]. In general, the renormalization of fizz requires two subtractions, for mass 
and field renormalization. If we denote the subtraction point by sq, then the twice-subtracted 
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Fig. 38. The OT relation between the imaginary parts of the subset of the 14^-related one-loop corrections 
to e+e~ —>■ e^e" and the tree-level process e+e" — > W^W~ . 

dispersion relation corresponding to the W^W" contributions reads 

(g^) = -(g^ - .0)^ / , ds ^'\^ . (5.38) 

The property that is instrumental for the observability of R^^^\q^) is that, in contrast to the 
conventional gauge-dependent self-energies, the absorptive parts of the PT self-energies ap- 
pearing on the rhs of Eq. (5.38) are directly related to components of the physical cross-section 
e^e~ — > W^W^ which are experimentally observable (see Fig. 38). Indeed, as we have already 
seen in Section 4, the characteristic s-t cancellation, triggered by the longitudinal momenta of 
the on-shell polarization tensors, rearranges the tree-level cross-section e"'"e~ — > W^W^ into 
subamplitudes, which, through the use of the OT, can be connected unambiguously with the 
absorptive parts of the one-loop PT Green's functions. 

To simplify the algebra without compromising the principle, let us consider the limit of 
e'^e~ — > W^W~ when the electroweak mixing angle vanishes, = 0. In this limit all photon 
related contributions are switched off , and the two massive gauge bosons become degenerate 
{Mz = Mw = M). Let us denote by 9 the center-of-mass scattering angle, and set x = cos 9, 
j3 = Jl — s, and z = {1 + /5^)/2/5. Then, it is relatively straightforward to show that the 



differential tree-level cross-section for e+e W^W can be cast in the form [73] 




647r (s - M2)2 



9{s-AM^)J2Ms)Fi{s,x) (5.39) 
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where 



Fr{s,x) = {z-xf Ms) = ^ {(3' -12), 



32 

c 

32' 



F2{s,x) = {z-x){l-x^) ^3(5) 
F4{s,x) = {z - x){l - f3x) A4{s) 



(3 fs-M' 



2' 



2 \ s 

2 fs-M'^^ 



F,{s,x)^l-x' A,{s) = -i-^\ . (5.40) 

Let us emphasize an important point: for s — > 00, the Ai{s) reported above go asymptotically 
to constant values. This good high-energy behavior is to be contrasted with that of the con- 
ventional subamplitudes, corresponding to the Ai{s), obtained in [102] (no s-t cancellation 
explicitly carried out): they grow rapidly as functions of s, violating individually unitarity (see 
also comments at the end of subsection 4.3.4). Notice also that the five polynomials Fj(s, x), 
i = 1, 2 ... 5 are linearly independent, and also that the coefficients Ai{s) and ^2(5) contribute 
only to the self-energy-like component of the cross-section, being related to 9m W^^^s) by 

Qmn%^\s)l^^^ = ^Ps (a,{s) + i^(s)) . (5.41) 

To project out the functions Ai{s), we construct a further set of five polynomials Fi{s,x) 
satisfying the orthogonality conditions 



1 

dx Fi{s,x)Fj{s,x) = Sij. (5.42) 



The explicit expressions for the -Fi(s, x) can be found in [73]. The coefficient functions Ai{s) 
may then be projected out from the observable formed by taking the product of the differential 
cross section with the kinematic factor {z — x)^: 

Thus, it is is possible to extract '^m H^z^ '(s)|s„=o directly from da{e^e^ W^W^) / dx\s^.=o. 
The general case with 7^ requires, in addition, the observation of spin density matri- 
ces [122]; though technically more involved, the procedure is, in principle, the same. 

Finally notice the following: 

/. In order to use the dispersion relation of (5.38) to compute Il^^y^ ^(g^) , one needs to inte- 
grate the spectral density H^'^^ (s) over a large number of values of s. This, in turn. 
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means that one needs experimental data for the process e^e~ — > VF"*"!^" for a variety of 
center-of-mass energies s, and for each value of s one must repeat the procedure described 
above. Regardless of whatever practical difficulties this might entail, it does not constitute a 
problem of principle. 

//. The experimental extraction of the contributions fi^zz^ i'f) is conceptually far more straight- 
forward, given that it involves the entire cross-section of the process e+e~ — > ZH (known as 
"Bjorken process" or "Higgsstrahlung"); specifically, we have that 



5.1.6 The effective charge of the Higgs boson 

As has been shown in [75], there is a universal RG-invariant quantity related to the Higgs boson 
that leads to the novel concept of the "Higgs boson effective charge". Specifically, after applying 
the PT algorithm, the linearity of the WI satisfied by the PT Green's functions provides us with 
the following relations 

Zw = Zh^Z^ = Z^ = Zw{l + 5M^/M^), (5.45) 

where Z^ and Zh are the wave-function renormalizations of the W and H fields, respectively, 
Zg^ is the coupling renormalization. The renormalization of the bare resummed Higgs-boson 
propagator ^%{s) proceeds, then, as follows: 

^h{s) = [s - {Mlf + n$,^(s)]-^ ^Zh[s-MI + nHH{s)]-^ = Zh^"{s), (5.46) 

with (M^)^ = Mfj+SMfj. The renormalized Higgs-boson mass may be defined as the real 
part of the complex pole position of A^(s). Employing the relations of Eq. (5.45), together with 
the relation between (M^)^ and given in (5.14), we observe that the universal (process- 
independent) quantity 

RVs) = ^yl^nis) = -^Ms) = Rh{s) (5.47) 

constitutes, in fact, a RG-invariant. Interestingly enough, R^{s) provides a natural extension 
of the notion of the QED effective charge for the SM Higgs boson: H couples universally to 
matter with an effective "charge" inversely proportional to its vev. 



5.1.7 Physical renormalization schemes vs MS 

It is well-known, but often overlooked, that the widely used (unphysical) renormalization 
schemes, such as MS and DR, are plagued with persistent threshold and matching errors. The 
origin of these errors can be understood by noting that the aforementioned unphysical schemes 
implicitly integrate out all masses heavier than the physical energy scale until they are crossed. 
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and then they turn them back on abraptly, by means of a step function. Integrating out heavy 
fields, however, is only valid for energies well below their masses. This procedure is conceptu- 
ally problematic, since it does not correctly incorporate the finite probability that the uncertainty 
principle gives for a particle to be pair produced below threshold [16]. In addition, complicated 
matching conditions must be applied when crossing thresholds to maintain consistency for such 
desert scenarios. In principle, these schemes are only valid for theories where all particles have 
zero or infinite mass, or if one knows the full field content of the underlying physical theory. 

Instead, in the physical renormalization scheme defined with the PT, gauge couplings are 
defined directly in terms of physical observables, namely the effective charges. The latter run 
smoothly over space-like momenta and have non-analytic behavior only at the expected physical 
thresholds for time-like momenta; as a result, the thresholds associated with heavy particles are 
treated with their correct analytic dependence. In particular, particles will contribute to physical 
predictions even at energies below their threshold [16]. 

Historically, the gauge-invariant parametrization of physics offered by the PT has been first 
systematized by Hagiwara, Haidt, Kim, and Matsumoto [123], and has led to an alternative 
framework for confronting the precision electroweak data with the theoretical predictions. This 
approach resorts to the PT in order to separate the one-loop corrections into gfp-independent 
universal (process-independent) and process- specific pieces; the former are parametrized using 
the PT effective charges, Q;eff(9^)> ^l^i'f )^ ct«),eff(?^)> and Q;^,eff(5^), defined earlier. There is a 
total of nine electroweak parameters that must be determined in this approach: the eight uni- 
versal parameters Mw, Mz, aefr(O), s^(0), Q!^,efr(0), a^^esiO), sKM^)^ a^,eff(M|), and one 
process-dependent parameter 5b{M'^), related to the form-factor of the ZhibL vertex. 

The authors of [123] explain in detail the advantage of their approach over the MS scheme. 
In particular they emphasize that the non-decoupling nature of the MS forces one to adopt an 
effective field theory approach, where the heavy particles are integrated out of the action. The 
couplings of the effective theories are then related to each other by matching conditions ensur- 
ing that all effective theories give identical results at zero momentum transfer, since the effects 
of heavy particles in the effective light field theory must be proportional to g^/M^, where M is 
the heavy mass scale. This procedure, however, is not only impractical in the presence of many 
quark and lepton mass scales, but it introduces errors due to the mistreatment of the threshold 
effects. In addition, the direct use of the MS couplings leads to expressions where the masses 
used for the light quarks are affected by sizable non-perturbative QCD effects. 

The relevance of the effective charges in the quantitative study of threshold corrections due to 
heavy particles in Grand Unified Theories (GUTs) was already recognized in [123], but it was 
not until a decade later when this was actually accomplished by Binger and Brodsky [16]. As 
was shown by these authors, the effective charges defined with the PT furnish a conceptually 
superior and calculationally more accurate framework for studying the important issue of gauge 
coupling unification. The main advantage of the effective charge formalism is that it provides 
a template for calculating all mass threshold effects for any given grand unified theory; such 
threshold corrections may be instrumental in making the measured values of the gauge cou- 
plings consistent with unification. 

The analysis presented in [16] in the context of a toy model makes a most compelling case in 
favor of the physical renormalization schemes; here we reproduce it practically unchanged (up 
to minor notational modifications). 

Consider QED with three fermions e, ji, and r, and focus on the process e~iJ,~^e~iJ,~. The 
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corresponding amplitude can be written as a dressed skeleton expansion, i.e., the dressed tree- 
level graph plus the dressed box diagram plus the dressed double box, etc. It is easy to see 
(e.g., , by carrying out the standard Dyson summation) that the tree-level diagram, dressed to 
all orders in perturbation theory, is equal to the tree-level diagram with one modification: the 
QED coupling (fine structure constant) a is replaced by the effective charge cteff (g^) given in 



Let us now consider two rather disparate scales, denoted by (for "high") and qi (for "low"). 
From measurements of the cross-section, one can actually extract the the value of the effective 
charge at these two scales, aesiql) «eff(?^)- Let us suppose for a moment that the electron 
charge is not known, and we are trying to test the predictions of QED. The way to proceed is to 
use one measurement, say at the low scale qi, as an input to determine e. Once e is known the 
prediction at the high scale qh is well defined, and represents a test of the theory. More directly, 
we could just write aes{ql) in terms of acsiqj), which would lead us to the same prediction. 

Since the cross-section (7e-^-^e-/i-(9^) is proportional to alg{q'^), we are clearly relating 
one observable to another. Such a scheme is referred to as an effective charge scheme, since a 
given observable, here just ae-ij,--^e-ij,-{Qh) (or aes{ql)), is expressed in terms of an effective 
charge, acs{qj), defined from a measurement of the cross-section at the scale qe. One could 
equally well express any observable in terms of this effective charge. Note that this approach 
to renormalization works for arbitrary scales, even if the low scale lies below some threshold, 
say Qe < uIt-, while Qh > m-,-. Thus, the decoupling and the smooth (not through a 9 function!) 
"turning on" of the r is manifest, due to the intrinsic analyticity and unitarity properties of the 
vacuum polarization (see subsection 2.5.1). 

Let us now consider the results obtained by using the conventional implementation of MS. In 
this case one begins by calculating the cross-section at qe, using the rules of MS, which stipulate 
that only the electrons and muons are allowed to propagate in loops, since qe < rrir. Comparing 
the observed cross section to this result will fix the value of the MS coupling for two flavors, 
a2{qe)- To predict the result of the same experiment at scale qh > rrir, we need to evolve 62 to 
the r threshold using the two-flavor (3 function, match with a three-flavor coupling, ^3, through 
the relation a2{mT-) = a2,{mT-), and then evolve Q;3(mT-) to qh using the three-flavor j3 function. 
We will now have a prediction for (7e-^-_^e-^- {q\) oc Q;^(g^). 

Now, one might expect, from the general principle of RG-invariance of physical predictions, 
that this result should be the same as the prediction derived using the physical effective charge 
scheme above. However, there is a discrepancy arising from the incorrect treatment of the 
threshold effects in the MS. One finds that the ratio of the cross section derived using MS 
with the cross section derived using effective charges, to first order in perturbation theory, is 
given by [16] 



Eq. (5.8). 




(5.48) 



with 




[/3tanh-i(/5-^) - 1](3 - Z^^) + 2, 



(5.49) 
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where /3 = + 4mV9^. Since L^(0) = 5/3, there is no discrepancy when the low reference 
scale qi is much lower than the r mass threshold. This reflects the important fact that unphysical 
schemes, such as MS, are formally consistent only in desert regions where particle masses can 
be neglected. Notice that in this example there is an error only for qi < rrir. However, in the 
more general case of multiple flavor thresholds, as well as in the analysis of grand unification, 
there are errors from both high and low scales. 

An important difference between the physical effective charges and the unphysical MS, inti- 
mately related to the analyticity properties built into the former, is the distinction between time- 
like and space-like momenta. As emphasized in [16], in conventional approaches the thresholds 
are treated using a step function approximation [9 functions], and hence, the running is always 
logarithmic. The analytic continuation from space-like to time-like momenta is trivial, yielding 
in imaginary terms on the time-like side; thus, the real parts of such couplings are the same 
[modulo three loop («vr)^ corrections]. In contrast, the PT charges on time-like and space-like 
sides have considerable differences at one-loop. Specifically, the relevant quantities to consider 
are functions such as the L^{q/m) defined above. The analytic continuation to time-like mo- 
menta below threshold, < q'^ — —Q'^ < 4m^, is obtained by replacing 



— — A-TYl — 

P^iP, where ^-1, and tanh'^p-'^)^ - itan-^p-'^). (5.50) 



Above threshold, q'^ > Arm?, one should replace 



tanh-^(/3-^)^tanh-^(/3) + i-, where /3 = Wl ^- (5.51) 

I \ q 

From these results, it is clear that significant differences will arise between the space-like and 
time-like couplings evaluated at scale M|, mainly due to the boson threshold asymmetry. 

In [16] the effective charges acii{q^), as,es{q^), and the effective mixing angle [defined 
in (5.8), (5.13), and (5.29), respectively], were used to define new effective charges, cfi(g^), 
d2{q^), and d2,{q^), which correspond to the standard combinations of gauge couplings used to 
study gauge-coupling unification. Specifically, 

"^'^^ ^ " UJ 1 - g2 (g2) «2(? ) = Oi^{q ) = a.,efr(g )■ (5.52) 

The above couplings were used to obtain novel heavy and light threshold corrections, and the 
resulting impact on the unification predictions for a general GUT model were studied. Notice 
that even in the absence of new physics {i.e., using only the known SM spectrum) there are 
appreciable numerical discrepancies between the values of of the conventional and PT couplings 
at Mz (see Table I in [16]). Given that these values are used as initial conditions for the evolution 
of the couplings to the GUT scale, these differences alone may affect the unification properties 
of the couplings {i.e., even if no additional threshold effects due to new particles are considered). 
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5.2 Gauge-independent off-shell form-factors: general considerations 

It is well-known that renormalizability and gauge-invariance severely restricts the type of inter- 
action vertices that can appear at the level of the fundamental Lagrangian. Thus, the tensorial 
possibilities allowed by Lorentz invariance are drastically reduced down to relatively simple 
tree-level vertices. Beyond tree-level, the tensorial structures that have been so excluded appear 
due to quantum corrections, i.e., they are generated from loops. This fact is not in contradiction 
with renormalizability and gauge-invariance, provided that the tensorial structures generated, 
not present at the level of the original Lagrangian, are UV finite, i.e., no counterterms need be 
introduced to the fundamental Lagrangian proportional to the forbidden structures. 

In order to fix the ideas, let us consider a concrete, text-book example. In standard QED 
the tree-level photon-electron vertex is simply proportional to 7^, while kinematically one may 
have, in addition, (for massive on-shell electrons, using the Gordon decomposition) a term pro- 
portional to a^i^q'^, that would correspond to a non-renormalizable interaction. Of course, the 
one-loop photon-electron vertex generates such a term; specifically, one has 



where the scalar cofactors multiplying the two tensorial structures are the corresponding form- 
factors; they are, in general, non-trivial functions of the photon momentum transfer (the photon 
"off-shellness"). Fi{q^) is the electric form-factor, whereas -^2(5'^) is the magnetic form-factor. 
Fi{q^) is UV divergent, and becomes finite after carrying out the standard vertex renormaliza- 
tion. On the other hand, -^2(9^) comes out UV finite, as it should, given that there is no term 
proportional to a^^q^ (in configuration space) in the original Lagrangian, where a potential UV 
divergence could be absorbed. Of course, in the limit of — » the magnetic form-factor ^2(5^) 
reduces to the famous Schwinger anomaly [124] (see, e.g., [47]). 

At the level of an Abelian theory, such as QED, the above discussion exhausts more or less the 
theoretical complications associated with the calculation of off-shell form-factors. However, in 
non-Abelian theories, such as the electroweak sector of the SM, there is an additional important 
complication: The off-shell form-factors obtained from the conventional one-loop vertex (and 
beyond) depend explicitly on the gfp. This dependence disappears when going to the on-shell 
limit of the incoming gauge boson {q^ — > for a photon, q^ — > M| for a Z boson, etc) but 
is present for any other value of q^. This fact becomes phenomenologically relevant, because 
one often wants to study the various form-factors of particles that are produced in high-energy 
collisions, where the gauge boson mediating the interaction is far off-shell. In the case of e"'"e~ 
annihilation into heavy fermions, the value of q^ must be above the heavy fermion threshold. 
For example, top quarks may be pair-produced through the reaction e+e~ — > tt, with center-of- 
mass energy s — q^ > Ami. to their large masses, the produced top quarks are expected to 
decay weakly {tt — > hW^hW~, with subsequent leptonic decays of the W), before hadroniza- 
tion takes place; therefore electroweak properties of the top can be studied in detail, and QCD 
corrections can be reliably evaluated in the context of perturbation theory, when the energy of 
the collider is well above the threshold for tt production. The problem is that, in such a case, 
the intermediate photon and Z are far off-shell, and therefore, the form-factors , appearing 




(5.53) 
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Fig. 39. The conventional one-loop vertex (a) and the vertex-like piece extracted from the box for ^ / 1 
in the standard decompositions 

rr (g^) = i,Fnq\ + '-^F^i^'^ + 7.75F3^(g^ + ^75^/ (g^ , (5.54) 

depend explicitly on ^, which stands collectively for ^w, ^z, ^a, and V = A, Z. 

The situation described above is rather general and affects most form-factors; very often 
the residual gauge-dependences have serious physical consequences. For example, the form- 
factors display unphysical thresholds, bad high-energy behavior, and sometimes they are UV 
and infrared (IR) divergent. The way out is to use the PT construction, and extract the physi- 
cal, gauge-independent form-factors from the corresponding off-shell one-loop PT vertex (and 
beyond). Applying the PT to the case of the form-factors amounts to saying that one has to 
identify vertex-like contributions (with the appropriate tensorial structure corresponding to the 
form-factor considered) contained in box diagrams, as shown in Fig. 39. The latter, when added 
to the usual vertex graphs, render all form-factors ^-independent and well-behaved in all re- 
spects. 

In what follows, we will present certain characteristic examples, in order for the reader to 
appreciate the nature of the pathologies encountered in the conventional formulation, and see 
how the PT resolves all of them at once. 



5.2.1 Anomalous gauge boson couplings 

A significant amount of research activity has been devoted to the study of the three-boson ver- 
tices AW^W^ and ZW^W^, with the neutral gauge bosons ojf-shell and the W pair on-shell, 
or off-shell and subsequently decaying to on-shell particles. Historically, the main motivation 
for exploring their properties was the fact that they were going to be tested at LEP2 by di- 
rect VT-pair production, proceeding through the process e+e~ W^W~; their experimental 
scrutiny could provide invaluable information on non-Abelian nature of the electroweak sector 
of the SM. Particularly appealing in this quest has been the possibility of measuring anomalous 
gauge boson couplings, i.e., the appearance of contributions to AW^W~ and ZW^W~ not 
encoded in the fundamental Lagrangian of the SM. Such contributions may originate from two 
sources: (z) from radiative corrections within the SM, and/or (zz) from physics beyond the SM. 
Therefore the first theoretical task one is faced with is to carry out the necessary calculations 
for completing part (z). 

The most general parametrization of the trilinear gauge boson vertex for on-shell Ws and 
off-shell V = A, Z is given by (see Fig. 40) 
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q = 2Q 

= A-Q 



Fig. 40. The kinematics of the trilinear gauge boson vertex VW'^W (all momenta incoming) 



+ 4^ - iQ'gapA, ]} + ■■■, (5.55) 



with gA = gwSw, gz = gwCu), and the ellipses denote omission of C, P, or T violating terms. 
The four-momenta Q and A are related to the incoming momenta q, pi and p2 of the gauge 
bosons V, W^^and respectively, by g = 2Q, pi = A — Q and p2 = —A — Q [125]. The 
ojf-shell form-factors Akv and AQy, also defined as Any = + Ay — 1, and AQy = — 2Ay, 
are compatible with C, P, and T invariance, and are related to the magnetic dipole moment 
and the electric quadrupole moment Q\Y,hy the following expressions: 



= ^Tll-(2 + Aft;^), Qw = -^{1 + ^'^a + AQa). (5.56) 

ZMw My^ 



In the context of the SM their canonical, tree-level values are / = 1 and Any = AQv = 0. 
To determine the radiative corrections to these quantities one must cast the resulting one-loop 
expressions in the form 

r)L/3 = -igv[aigaf3^f, + aXigai^Qp - gpi^Qo) + oiA^QaQj^, (5.57) 

where a]^, a^, and are complicated functions of the momentum transfer Q^, and the masses 
of the particles appearing in the loops. It then follows that A^y and AQy are given by 

1 

A«:y = -{a\ - 2a\ - Q'a^), AQy = -^a^ . (5.58) 



Calculating the one-loop expressions for AKy and AQy is a non-trivial task, both from the 
technical and the conceptual point of view. Let us focus, for concreteness, on the case V = A.lf 
one calculates just the Feynman diagrams contributing to the AW^W~ vertex and then extracts 
from them the contributions to Aka and AQa, one arrives at expressions that are plagued with 
several pathologies, gfp-dependence being one of them. Indeed, even if the two Ws are consid- 
ered to be on-shell (pi = p\ = M^) since the incoming photon is not, there is no a priori reason 
why a gfp-independent answer should emerge. Indeed, in the context of the renormalizable 
gauges the final answer depends on the choice of the gfp ^, which enters into the one-loop 
calculations through the gauge-boson propagators ( W , Z,A, and unphysical "would-be" Gold- 
stone bosons). In addition, as shown by an explicit calculation performed in the Feynman gauge 
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Fig. 41. Two of the graphs contributing pinching parts to the gauge independent VW^W vertex. 

= 1), the answer for An a is infrared divergent and violates perturbative unitarity, e.g., it 
grows monotonically for Q"^ oo [126]. 

All the above pathologies may be circumvented if one uses the PT definition of the relevant 
(off-shell) gauge boson vertices [18]. The application of the PT identifies vertex-like contribu- 
tions from the box graphs, as shown in Fig. 41, which are subsequently distributed, in a unique 
way, among the various form-factors. The final outcome is that one arrives at new expressions, 
to be denoted by Aka and AQa, which are gauge fixing parameter (Q independent, ultraviolet 
and infrared finite, and monotonically decreasing for large momentum transfers Q^. 

Using "hats" to denote the gfp-independent one-loop contributions, we have 



Aka = Ak^X + ^^^A, 

AQA = AQ^i='^ + AQ^, (5.59) 

where AQ^"^'* and AQa~^^ are the contributions of the usual vertex diagrams in the Feynman 
gauge [126], whereas AQ^ and AQa are the analogous contributions from the pinch parts. A 
straightforward calculation yields 

= -^i:-td- t dt (5.60) 



where 



and 



i^,., I (5.6.) 



AQ^ = 0. (5.62) 
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Notice an important point: Ak^ contains an infrared divergent term, stemming from the double 
integral shown above, when V = A. This term cancels exactly against a similar infrared diver- 
gent piece contained in Ak^^~^\ thus rendering Aka infrared finite. After the infrared pieces 
have been canceled, one notices that the remaining contribution of Ak^ decreases monotoni- 
cally as Q'^ — > ±00; due to the difference in relative signs, this contribution cancels asymptot- 
ically against the monotonically increasing contribution from Ak,^^~^\ Thus, by including the 
pinch parts the unitarity of Aka is restored and Aka — > for large values of Q^. 



5.2.2 Neutrino charge radius 

The neutrino electromagnetic form-factor and the neutrino charge radius (NCR) have consti- 
tuted an important theoretical puzzle for over three decades. Since the dawn of the SM it was 
pointed out that radiative corrections will induce an effective one-loop A*(g^)z/i/ vertex, to be 
denoted by F^^^^, with A*{q'^) an off-shell photon. Such a vertex would, in turn, give rise to 
a small but non-vanishing NCR. Traditionally (and, of course, non-relativistically and rather 
heuristically) the NCR has been interpreted as a measure of the "size" of the neutrino Ui when 
probed electromagnetically, owing to its classical definition (in the static limit) as the second 
moment of the spatial neutrino charge density p^{r),i.e.. 



y'drrV(r). (5.63) 



From the quantum field theory point of view, the NCR is defined as follows. If we write F^^p 
in the form 

where Fj:,(q'^) is the (dimensionless) Dirac electromagnetic form-factor, then the NCR is given 



. 2 • (5.65) 

Gauge invariance (if not compromised) requires that, in the limit q"^ — > 0, F^iq^) must be pro- 
portional to g^, i.e., that it can be cast in the form Foiq"^) = q^F{q^), with the dimensionful 
form-factor F{q^) being regular as q^ ^ 0. As a result, the contained in Foiq"^) cancels 
against the {1/q'^) coming from the propagator of the off-shell photon, and one effectively ob- 
tains a contact interaction between the neutrino and the sources of the (background) photon, as 
one would expect from classical considerations. 

Even though in the SM the one-loop computation of the entire S'-matrix element describing 
the electron-neutrino scattering, shown in Fig. 42, is conceptually straightforward, the identifi- 
cation of a subamplitude, which would serve as the effective Tai,p has been faced with serious 
complications, associated with the simultaneous reconciliation of crucial requirements such as 
gauge-invariance, finiteness, and target-independence. Specifically, various attempts to define 
the value of the NCR within the SM from the one-loop F^^p vertex calculated in the renormal- 
izable (R^) gauges reveal that the corresponding electromagnetic form-factor depends explicitly 
on the gauge-fixing parameter ^ in a prohibiting way. In particular, even though in the static limit 
of zero momentum transfer, q'^ — > 0, the Dirac form-factor becomes independent of ^, its first 



120 



-'AZ 



A 



(a) 



(c) 



id) 




Fig. 42. The electroweak diagrams contributing to the entire election-neutrino scattering process at 
one-loop. The last diagram (and all of its dressing) is absent when the neutrino species is muonic. 

derivative with respect to g^, which corresponds to the definition of the NCR, continues to de- 
pend on it. Similar (and sometimes worse) problems occur in the context of other gauges (e.g., 
unitary gauge). These complications have obscured the entire concept of an NCR, and have 
casted serious doubts on whether it can be regarded as a genuine physical observable. 



5.2.3 The physical NCR 



Of course, if a quantity is gauge-dependent it is not physical. But the fact that the off-shell 
vertex is gauge-dependent only means that it just does not serve as a physical definition of the 
NCR. It does not mean that an effective NCR cannot be encountered which satisfies all neces- 
sary physical properties, gauge-independence being one of them. Indeed, several authors have 
attempted to find a modified vertex-like amplitude, that would lead to a consistent definition 
of the electromagnetic NCR (see [20,21,127] for an extended list of references). The common 
underlying idea in all these works is to rearrange, somehow, the Feynman graphs contributing to 
the scattering amplitude of neutrinos with charged particles, in an attempt to find a vertex-like 
combination that would satisfy all desirable properties. What makes this exercise so difficult 
is that, in addition to gauge-independence, a multitude of other crucial physical requirements 
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need to be satisfied as well. For example, one should not enforce gauge-independence at the 
expense of introducing target-dependence. Therefore, a definite guiding-principle is needed, al- 
lowing for the construction of physical subamplitudes with definite kinematic structure (i.e., 
self-energies, vertices, boxes). 

The guiding-principle in question has been provided by the PT. As was shown for the first 
time in [9], the rearrangement of the physical amplitude f^^u — > f^u, where are the target 
fermions, into PT self-energies, vertices, and boxes conclusively settles the issue: the proper 
PT vertex with an off-shell photon and two on-shell neutrinos (see Fig. 43), denoted by T^^.p., 
furnishes unambiguously and uniquely the physical NCR. As we know from the general dis- 
cussion of the previous section, F^^^.p. coincides with the BFM vertex involving an off-shell 
background photon and two on-shell neutrinos, calculated by putting the quantum 1^ -bosons 
inside the loops in the Feynman gauge (the BFG). 

Several years after its original resolution within the PT [9], the NCR issue was revisited in 
[20]. There, in addition to an exhaustive demonstration of the various gauge cancellations, two 
important conceptual points have been conclusively settled: 

/. As already explained in [9], the box diagrams furnish gauge-dependent (propagator-like) 
contributions that are crucial for the gauge-cancellations, but once these contributions have 
been identified and extracted, the remaining "pure" box cannot form part of the NCR, be- 
cause it would introduce process-dependence (due to its non-trivial dependence on the target- 
fermion masses, for one thing). The most convincing way to understand why the pure box 
could not possibly enter into the NCR definition is to consider the case of right-handedly 
polarized target fermions, which do not couple to the Ws: in that case, the box diagram is 
not even there! (the gauge-cancellations proceed now differently, since the coupling of the Z 
boson to the target fermions is also modified) [20]. 

//. The mixing self-energy TiAz{'f') should not be included in the definition of the NCR ei- 
ther. The reason is more subtle (and had not been recognized in [9]): fl-Aziff ) is not an 
RG-invariant quantity; adding it to the finite contribution coming from the proper vertex 
would convert the resulting NCR to a //-dependent, and therefore unphysical quantity. In- 
stead, n^^(g^) must be combined with the appropriate Z-mediated tree-level contributions 
(which evidently do not enter into the definition of the NCR) in order to form, with them, 
the RG-invariant combination s^(g^) of Eq.(5.29), whereas the ultraviolet- finite NCR will be 
determined from the proper vertex only. 

Writing V^AviU, = I'^Fiil'^ht^i^ - Ts), the physical NCR is then defined as (r^J = 6Fj(0), and 
the explicit calculation yields 

/ 2 \ Gf 

where i = e, fi, r, denotes the mass of the charged isodoublet partner of the neutrino un- 
der consideration, and is the Fermi constant. Note that the logarithmic term on the rhs of 
Eq. (5.66) originates from the Abelian graph, and is not affected by the PT procedure, i.e., it 
is, from the beginning, gauge-independent. This term may be obtained directly if one considers 



3 - 2 log 



(5.66) 
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Fig. 43. The PT vertex with an off-shell gauge-boson {A,Z) and two on-shell fermions {v, e) 

the problem from an effective field theory point of view, in the limit of a very heavy VT-boson. 

The observable nature of the NCR was established in [21], by demonstrating that, at least in 
principle, the probe-independent NCR may be extracted from a judicious combination of scat- 
tering experiments involving neutrinos and anti-neutrinos. 

Consider, in fact, the elastic processes / ( A;i ) z/ (pi ) ^ / ( ^2 ) (P2 ) and / ( fci ) (pi ) ^ / ( /i;2 ) z/ (p2 ) , 
where / denotes an electrically charged fermion belonging to a different isodoublet than the 
neutrino u, in order to eliminate the diagrams mediated by a charged -boson. The Mandel- 
stam variables are defined as s = {ki + pif = {k2 + ^2)^, t = <f = [pi — P2Y = {ki — ^2)^, 
u = {ki — P2Y = {k2 — Pi)"^, and s + t + u = 0. In what follows, we will restrict ourselves 
to the limit t = — > of the above amplitudes, assuming that all external (on-shell) fermions 
are massless. As a result of this special kinematic situation we have the following relations: 
pI = pI = kl = k"^ = pi- P2 = ki- k2 = and pi ■ ki = pi ■ k2 = P2 ■ ki = p2 ■ k2 = s/2. In the 
center-of-mass system, we have that t = —2E^El(l — x) < 0, where Ei, and E^ are the ener- 
gies of the neutrino before and after the scattering, respectively, and x = cos 9 cm, where 9cm is 
the scattering angle. Clearly, the condition t = corresponds to the exactly forward amplitude, 
with 9cm = 0, X = I. 

At tree-level the amplitude fu fu is mediated by an off-shell Z-boson. At one-loop, 
the relevant contributions are determined through the PT rearrangement of the amplitude, giv- 
ing rise to gauge-independent subamplitudes. In particular, n^'^(g^) obtained is transverse, for 
both the fermionic and the bosonic contributions, i.e., E^'^(g^) = {q^g'^" — g'^g^)n^^(g^), and 
we only keep the g^^'' part of n^'^(g^). The one-loop vertex r^^p(g,pi,p2)> with F = f or 
F = u, satisfies a QED-like WI, relating it to the one-loop inverse fermion propagators T^p, i.e., 
(liJ^%fp{.q,Pi,P2) = - Sf(P2)- In the limit of 0, f^^^ ~ q^Yici + C275); since 

it is multiplied by a massive Z boson propagator (g^ — Af^)^^, its contribution to the amplitude 
vanishes when ^ 0. This is to be contrasted with the F^^^^p., which is accompanied by a 
photon-propagator, thus giving rise to a contact interaction between the target-fermion 
and the neutrino, described by the NCR. 

In order to experimentally isolate from the amplitude the contribution due to the NCR, we first 
eliminate the box-contributions. The basic observation is that the tree-level amplitudes M.^^), 
as well as the part of the one-loop amplitude Mi^f^ consisting of the propagator and vertex 
corrections (namely the "Born-improved" amplitude), are proportional to 



[uf{k2h^{vf + af-f5)uf{ki)][v{pi)-ff,PLv{p2)], (5.67) 
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and therefore transform differently than the boxes under the replacement i/ — > P, since [128] 

u{P2)1hPlu{pi) -v{pi)^,j,Plv{p2) = -u{p2)'^^Pru{pi). (5.68) 

Thus, under the above transformation, M.^^j + -M^^^ reverse sign once, whereas the box contri- 
butions reverse sign twice. These distinct transformation properties allow for the isolation of the 
box contributions when the forward differential cross-sections {dai,f / dx)x=i and {dai^f /dx)x=i 
are appropriately combined. In particular, the combination 



''''f=~d^ 



± 



dx 



(5.69) 

x=l 



either does not contain boxes (when choosing the plus sign), or precisely isolates the contribu- 
tion of the boxes (when choosing the minus sign). 

Finally, a detailed analysis shows that in the kinematic limit considered, the Bremsstrahlung 
contribution vanishes, due to a completely destructive interference between the two relevant di- 
agrams corresponding to the processes fAiy{iy) fi^{^) and fviv) — > /Az/(z/). The absence 
of such corrections is consistent with the fact that there are no infrared divergent contributions 
from the (vanishing) vertex T^^ff' ^'^ canceled against. 

a^f receives contributions from the tree-level exchange of a Z-boson, the one-loop contri- 
butions from the ultraviolet divergent quantities T^zzi^) and n^^(O), and the (finite) NCR, 
coming from the proper vertex f'^.p.. The first three contributions are universal (i.e., common 
to all neutrino species) whereas that of the proper vertex F^^^.p. is flavor-dependent. After orga- 
nizing the one-loop corrections of cr^^^ in terms of the RG-invariant quantities Rz and s^(g^), 
one may fix z/ = u^, and then consider three different choices for /: (i) right-handed electrons, 
Cr, (ii) left-handed electrons, ex,, and (Hi) neutrinos, z/j other than i/^, i.e., i = e,T. Thus, we 
arrive at the system 



srf(O), 

STiR'iO) - 4(0)) + A(l - 24) (rl) , (5.70) 

where A = {2^/2/3)saGF■ Now ^^(0), 4(0)' ^^'^ (^^m) treated as three unknown quan- 
tities, to be determined from the above algebraic equations. Substituting s7rR'^{0) '^t^.vi i'^to 
the equations above, we arrive at a system which is linear in the unknown quantity {^'1,^)^ ^^'^ 
quadratic in s^(0). The corresponding solutions are given by 
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(7+ (7+ - (7+ 



(5.71) 
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where the discriminant Q is given by 

= (1 - 24) f ^ - U) + (5.72) 

and must satisfy > 0. The actual sign in front of O may be chosen by requiring that it cor- 
rectly accounts for the sign of the shift of 4(0) with respect to predicted by the theory [123]. 

To extract the experimental values of the quantities -R^(O), 4(0)' ^^^^ (^^m)' ^"^^ must sub- 
stitute in the above equations the experimentally measured values for the differential cross- 
sections (J+g^, (jj^g^, and (J+^.. Thus, one would have to carry out three different pairs of 
experiments. 



5.2.4 Neutrino-Nuclear coherent scattering and the NCR 

The above analysis establishes the observable nature of the NCR in terms of Gedanken-type 
of experiments. In practice, however, one needs to resort to a more feasible procedure, even at 
the expense of using as an input the theoretical SM values for certain parts of the process {e.g., 
boxes). 

One such proposal aims to extract the value of the NCR from the coherent scattering of a 
neutrino against a heavy nucleus [129]. The notion of coherent nuclear scattering is well-known 
from electron scattering. In the neutrino case it was developed in connection with the discovery 
of weak neutral currents, with a component proportional to the number operator [130]. 

When a projectile {e.g., a neutrino) scatters elastically from a composite system {e.g., a nu- 
cleus), the amplitude F(p',p) for scattering from an incoming momentum p to an outgoing 
momentum p' is given as the sum of the contributions from each constituent, 

nP^P) = E/.(P^P)e*''•''^ (5.73) 

where q = p' — p is the momentum transfer and the individual amplitudes /j(p', p) are added 
with a relative phase-factor, determined by the corresponding wave function. The differential 
cross-section is then 



= |F(p',p)|2 = Y: |/,(p',p)P + E/^(p'>P)/i(p'>P)e^'*-^"^"''^^- (5-V4) 



In principle, due to the presence of the phase factors, major cancellations may take place among 
the A{A — 1) terms in the second (non-diagonal) sum. This happens for qR 1, where R is 
the size of the composite system, and the scattering would be incoherent. On the contrary, under 
the condition that qR <^ 1, then all phase factors may be approximated by unity, and the terms 
in (5.74) add coherently. If there were only one type of constituent, i.e., /j(p', p) = /(p', p) 
for all j, then (5.74) would reduce to 

%-A^\f(p',p)\' (5.75) 
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Evidently, in that case, the coherent scattering cross-section would be enhanced by a factor of 
compared to that of a single constituent. In the realistic case of a nucleus with Z protons 
and N neutrons, and assuming zero nuclear spin, the corresponding differential cross-section 
reads [130] 



da G 



2 

F 77.2/ 



dn 4(27r)^ 



£;'(l + cos^) {l-Asi)Z-N , (5.76) 



2 



where is the sine of the weak mixing angle, dQ — (i0rf(cos 9), and 9 is the scattering angle. 

In such an experiment the relevant quantity to measure is the kinetic energy distribution of 
the recoiling nucleus, which, in turn, may be directly related to the shift in the value of 
produced by the NCR. Specifically, the UV-finite contribution from the NCR may be absorbed 
into an additional (flavor-dependent!) shift of s^{q^). In fact, a detailed analysis based on the 
methodology developed in [123], reveals that, in the kinematic range of interest, the numerical 
impact of Rz{q^) and s^,(q'^) is negligible, i.e., these quantities do not run appreciably. Instead, 
the contribution from the NCR amounts to a correction of few percent to s^, given by an ex- 
pression of the form — > {l — (j'vij) [^^9]. The contributions of the boxes are of 
the order g^/M'^, and they may have to be subtracted out "by hand". This type of experiment 
has been proposed in order to observe the coherent elastic neutrino-nuclear scattering for the 
first time, and it could also furnish the first terrestrial measurement of the NCR. 

Finally, it is interesting to mention that if one were to consider the differences in the cross- 
sections between two different neutrino species scattering coherently off the same nucleus, as 
proposed by Sehgal long ago [131], one would eliminate all unwanted contributions, such as 
boxes, thus measuring the difference between the two corresponding charge radii. Such a differ- 
ence would contribute to a difference for the neutrino index of refraction in nuclear matter [132]. 



5. 3 Gauge- independent definition of electroweak parameters 



The PT offers the possibility to define a set of electroweak parameters that are completely 
gauge-independent. This is useful because one usually tends to place bounds on new physics 
by comparing with the most sensitive electroweak parameters. Clearly, gauge artifacts may give 
misleading information on the viability and relevance of possible extensions of the SM. 



5.3.1 The S, T, and U parameters 

One of the most frequently used parametrizations of the leading contributions of electroweak 
radiative corrections is in terms of the S, T, and U parameters [47]. The expressions for these 
parameters are suitable combinations of self-energies (usually referred to also as "oblique cor- 
rections"); in terms of the conventional SM self -energies they are given by 
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(5.77) 



where IIvkvi^, ^zz, ^az, and Il^yi are the cofactors of g^'^ in the WW, ZZ, AZ, and AA self- 
energies, respectively. The MS values = ^^(M^), = sin^ Ow{Mz) are usually employed, 
since they are considered well suited to describe physics at the Mz scale. 

The main practical function of these parameters is to furnish constraints for models of new 
physics; this is done by computing the contributions of the new physics to these parameters, 
and then comparing them against the SM values. However, a serious problem arises already 
at the level of the SM, i.e., before any new physics has been put in: the above expressions for 
the S, T, and U are not gfp-independent. Specifically, as was shown by Degrassi, Kniehl, and 
Sirlin [133], they become infested with gauge-dependencies as soon as the one-loop SM bosonic 
contributions are taken into account. In addition, these quantities are, in general, ultraviolet 
divergent, unless one happens to work within a very special class of gauges, namely those 
satisfying the relation 

= c'^z + s'^U (5.78) 



The above shortcomings may be circumvented automatically if one defines the S, T, and U pa- 
rameters through the corresponding gfp-independent PT self-energies, i.e., simply by replacing, 
in Eqs (5.77), all lis by the corresponding lis. If one restricts oneself only to the contributions 
within the SM (no new physics) one obtains the following relation between the conventional 
and gfp-independent (hatted) quantities (note that the SM tadpoles cancel exactly) 



aSsM^aSsM + ^e^c^[Iww{Ml) - Iww{^)], 

af SM = aTsM + 4^'[c' W(0) + s^Iaw{0) - lww{0)], 

aUsM^aUsM + 16e' {c' [lww{0) - lzw{0)] + s^[Iww{Ml) - W(0)]} , (5.79) 
where 

'-■^^'^ = ' L [k^-Mmk+<if-Mj] ■ ^^-^'^ 

Note that, since IIaz(O) = 0, we have that 

^ n^^(o) n^^(o). 
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thus, dTsM serves as the gfp-independent definition of the universal part of the p parameter at 
one loop (see next topic). 

It goes without saying that the additional contributions to the S, T, and U parameters from 
new physics must also be cast in a PT form (unless they involve only fermion loops). Thus, 
contributions to the self -energies from new gauge bosons (such as, e.g. , the Kaluza-Klein modes 
in models with universal extra dimensions [134-136]) must undergo the PT rearrangement, and 
be written in the form IInp; for some recent applications of this methodology in various SM 
extensions, see, e.g., [137-142]. 



5.3.2 The universal part of the p parameter beyond one loop 

The p parameter [143] is defined as the ratio of the relative strength between neutral and charged 
current interactions, at low momentum transfer, namely 

_ G^c(O) _ 1 

' - G^) - T^P ^^-^'^ 

where G^c and Gcc are the corresponding full amplitudes, with all Feynman diagrams in- 
cluded. The p parameter displays a strong dependence on mt and affects most electroweak 
parameters such as Ar, Mw, and sin^ 9es{Mz). The p parameter defined above as the ratio of 
two amplitudes is a gauge independent and finite quantity. In addition, it is manifestly process 
dependent, since its value depends on the quantum numbers of the external particles chosen. 
To fully determine the value of p for a given neutral and charged process, one must compute 
the complete set of Feynman diagrams (self-energy, vertex, and box graphs) to a given order in 
perturbation theory. However, traditionally one focuses instead on the quantity Aun , defined in 
terms of the subset of Feynman diagrams containing only the gauge-boson self-energies, i.e., 

"^"■^ - Ml ■ ^^-^^^ 

The quantity Aun is meant to capture the "universal" (i.e., process-independent) part of p, 
since, by definition, it does not depend on the details of the process. According to the stan- 
dard lore [144-147], Aun contains the dominant contributions to p. 

From Eq. (5.77) we see that, at one-loop, Aun = aTsu- Given the discussion of the previous 
subsection, the problematic nature of this identification, as well as its one-loop remedy, should 
be clear by now. Specifically, the leading one-loop rrit contributions (of order G^mf) to Aun are 
trivially gauge-independent (since the gfp does not appear in the fermion loop), and UV finite. 
On the other hand, the one-loop bosonic contributions (subleading in , of order g^m^ ) to 
Aun are gauge-dependent and, except when formulated within a restricted class of gauges given 
in Eq. (5.78), UV divergent. The remedy is, of course, to use, instead, the definition appearing 
on the rhs of Eq. (5.81). 

As one may imagine, things do not get any better at two-loops. Thus, if one attempts to use 
Eq. (5.83) at two loops (a dubious proposition, given that it does not even work at one loop) 
one encounters more problems (compounded by the book-keeping complications typical of the 
two loops) [148,149]. In particular, the leading two-loop contributions (of order Gf^m^) to Aun 
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are also gauge-independent and UV finite, exactly as their one-loop counterparts. On the other 
hand, subleading two-loop rrit contributions (of order G'jj^mfM'^) are ^-dependent in the context 
of the gauges. In addition, even when computed in the Feynman gauge (^w = iz = 1)> 
which satisfies the (one-loop) relation of (5.78), the answer turns out to be UV divergent. 

In order to understand the origin of the problems associated with the subleading contribu- 
tions, one should first establish the mechanism that enforces the good behavior of the lead- 
ing contributions- in particular their UV finiteness [150]. If we denote the leading (fermionic) 
contributions (both at one and two loops) to the WW and ZZ self-energies by n|^^(^(g) and 
Ii^zz^{q), respectively (the label ^ stands for "leading"), and use the important fact that 

nJko) = 0, (5.84) 
(valid for fermionic contributions only!) we can write for A^^j| 

ng.V(o) ngko) ..... 
- ~Ml mT- ^^-^^^ 

The finiteness of A^^j| may be established as follows. The WW and ZZ self-energies appear- 
ing in this problem, denoted by ^ii{q) (i — W, Z) may be written in the form 

nr(g) = Uu{q')g,u + Illi{q')q>^q^, (5.86) 

and the dimensionality of Ilii{q'^) will be saturated either by or by the masses appearing in 
the theory, the latter being all proportional to the value v of the vev. Thus, we have 

n,,(g2) = v^Uuiiq'') + q^ll2ii{q^): (5-87) 

and therefore 

W,{0)=v^UuriO). (5.88) 

Then it is elementary to establish that 



Uu(0)^^,{q,q.U'-{q')} 



(5.89) 

g2=0 



Next, combine this last result with the Wis (valid only for the fermionic loops, and, in particular, 
the leading contributions containing top-quark loops) 



q,q.IiT{Q) = MMl{q% 



(5.90) 



where and are the leading contributions of the 00 and xx self -energies, respectively. 



XX 



We may then write of Eq. (5.85) as 



AS=;4{n2tf)-nS(«- 



dq 



(5.91) 
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The final ingredient that enforces the finiteness of is the equality of the divergent parts 



of n^^l(g^) and U.^l{q'^), reflected in the corresponding equality 



= 4S' (5.92) 



between the wave-function renormalization constants. 

Notice, however, that the crucial relations (5.84), (5.91), and (5.92) are not longer valid when 
one includes the bosonic (subleading) parts of U.'^^r{q) and Ti^zzi^) framework of the 
gauges. Consequently, since the mechanism enforcing the finiteness does not operate any more, 
the resulting expressions do not have to be UV finite, and indeed, as an explicit calculation 
showed, they are not. 

The easy way out of these complications would be to abandon the notion of a "universal" 
part of p, and adopt the conservative point of view that the entire process must be considered 
in order to restore the finiteness and gauge-independence of the final answer. In that case, one 
would introduce vertex and box corrections, which would render the result gauge-independent 
and finite, at the expense of making it process-dependent, and therefore non-universal. 

Of course, as the reader must have realized by now, this unpleasant trade-off between gauge- 
independence and process-independence is completely artificial, and can be easily avoided by 
defining beyond one loop in terms of the physical PT self -energies, namely [150] 



A nw(o) nzz(o) 

i.e., use exactly the same definition [viz- (5.81)] as at one loop! Indeed, all PT self-energies are 
gauge-independent, and due to the Abelian Wis they satisfy, for both fermionic and bosonic 
contributions, all aforementioned conditions enforcing the finiteness of A^^^, and in particular 
(5.84), (5.91), and (5.92) are valid both for leading and subleading contributions. Evidently, the 
PT restores the mechanism for the cancellation of the UV divergences, and guarantees at the 
same time the gauge- and process-independence of the final answer. 

Thus the Aun defined in (5.93) in terms of the PT self-energies constitutes the natural exten- 
sion of the universal part of the p-parameter, that can accommodate consistently both leading 
and subleading contributions, at one and two loops. Aun is endowed with three crucial prop- 
erties; it is {i) independent of the gfp, (//) UV finite, and (///) process-independent (universal). 
In addition to the above important conceptual advantages, the calculation of Aun is facilitated 
enormously from the fact that no vertex or box diagrams need to be calculated, since the terms 
that restore the good properties are all propagator-like. Therefore, the answer can be expressed 
in a closed analytic form up to two loops. The actual calculation of the two-loop subleading 



corrections of order G^m^Mf was carried out in the typical limit of s^, = 0, where Mz = M] 



w 



(custodial symmetry restored). It turned out that their relative size is about 25% with respect to 
the leading ones [150]; this result is in complete agreement with naive expectations, given that 
the expansion parameter employed is M^r /ml ^ 1/4. 
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5.4 Self-consistent resummation formalism for resonant transition amplitudes 

The physics of unstable particles and the computation of resonant transition amplitudes has 
attracted significant attention in recent years, because it is both phenomenologically relevant 
and theoretically challenging. The practical interest in the problem is related to the resonant 
production of various particles in all sorts of accelerators, most notably LEPI and LEP2 in the 
past, the TEVATRON at present, and, of course, the LHC in the very near future. From the 
theoretical point of view, the issue comes up every time fundamental resonances, i.e., unstable 
particles that appear as basic degrees of freedom in the original Lagrangian of the theory (as 
opposed to composite bound-states), can be produced resonantly. The presence of such funda- 
mental resonances makes it impossible to compute physical amplitudes for arbitrary values of 
the kinematic parameters, unless a resummation has taken place first. Simply stated, perturba- 
tion theory breaks down in the vicinity of resonances, and information about the dynamics to 
"all orders" needs be encoded already at the level of Bom amplitudes. The difficulty arises from 
the fact that in the context of non-Abelian gauge theories the standard Breit-Wigner resumma- 
tion used for regulating physical amplitudes near resonances is at odds with gauge invariance, 
unitarity, and the equivalence theorem [151-153]. Consequently, the resulting Bom-improved 
amplitudes, in general, fail to capture faithfully the underlying dynamics. 

Whereas the need for a resummed propagator is evident when dealing with unstable particles 
within the framework of the S'-matrix perturbation theory, its incorporation to the amplitude of a 
resonant process is non-trivial. When this incorporation is done naively {e.g., by simply replac- 
ing the bare propagators of a tree-level amplitude by resummed propagators) one is often unable 
to satisfy basic field theoretical requirements, such as the gfp-independence of the resulting S'- 
matrix element, the U{l)em symmetry, high-energy unitarity, and the OT. This fact is perhaps 
not so surprising, since the naive resummation of the self-energy graphs takes into account 
higher order corrections, for only certain parts of the tree-level amplitude. Indeed, resumming 
the conventional two-point function of a gauge boson in order to constmct a Breit-Wigner type 
of propagator does not include properly cracial contributions originating from box and vertex 
diagrams. Even though the amplitude possesses all the desired properties, this unequal treatment 
of its parts distorts subtle cancellations, resulting in numerous pathologies, that are artifacts of 
the resummations method used. It is therefore important to devise a self-consistent calculational 
scheme, which manifestly preserves the aforementioned field theoretical properties, intrinsic to 
every S'-matrix element. In what follows we will briefly review how this is accomplished using 
the FT; the presentation is almost exclusively based on a series of articles written on the subject 
by A. Pilaftsis and one of the authors [23,72,74-76]. 



5. 4. 1 The Breit- Wigner Ansatz and the Dyson summation 

The mathematical expressions for computing transition amplitudes are ill-defined in the vicinity 

of resonances, because the tree-level propagator of the particle mediating the interaction {i.e., 
A = (s — M^)^^), becomes singular as the center-of-mass energy approaches the mass of the 
resonance, i.e., as \/i ~ M. The standard way for regulating this physical kinematic singu- 
larity is to use a Breit-Wigner type of propagator; thus, near the resonance, one carries out the 
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substitution 



1 



1 



(5.94) 



where T is the width of the unstable (resonating) particle. The presence of the iMT in the 
denominator prevents the amplitude from being divergent, even at the physical resonance, i.e., 
when s — M^. 

This physically motivated Breit-Wigner Ansatz may seem unjustified at first, considering 
the fact that the width of the particle is a parameter that does not appear in the fundamental 
Lagrangian density defining the theory; indeed, such a term would violate immediately the 
hermiticity of C, thus producing all sorts of complications. The actual field-theoretic mechanism 
that justifies a replacement similar to that of (5.94) is the Dyson resummation of the self-energy 
n(s) of the unstable particle. This bubble resummation amounts to the rigorous substitution 



The running width of the particle is then defined as Mr{s) — ^mll{s), whereas the usual (on- 
shell) width is simply its value at s = M^; thus, (5.94) is a special case of (5.95). 

It is relatively easy to realize now that the Breit-Wigner procedure, as described above, is 
tantamount to a reorganization of the perturbative series. Indeed, resumming the self-energy 
n(s) amounts to removing a particular piece from each order of the perturbative expansion, 
since, from all the Feynman graphs contributing to a given order n we only pick the part that 
contains the corresponding string of self-energy bubbles n(s), and then take n — > oo. Notice, 
however, that the off-shell Green's functions contributing to a physical quantity, at any finite 
order of the conventional perturbative expansion, participate in a subtle cancellation, which 
eliminates all unphysical terms. Therefore, the act of resummation, which treats unequally the 
various Green's functions, is in general liable to distort these cancellations. To put it differently, 
if n(s) contains unphysical contributions (which would eventually cancel against other terms 
within a given order), resumming it naively would mean that these unphysical contributions 
have also undergone infinite summation (they now appear in the denominator of the propagator 
A(s)). In order to remove them, one would have to add the remaining perturbative pieces to an 
infinite order, clearly an impossible task, since the latter (boxes and vertices) do not constitute a 
resumable set. Thus, if the resumed n(s) happened to contain such unphysical terms, one would 
finally arrive at predictions for the physical amplitude close to the resonance which would be 
plagued with unphysical artifacts. It turns out that, while in scalar field theories n(s) does not 
contain such unphysical contributions, this ceases to be true in the case of non-Abelian gauge 
theories. The crucial novelty introduced by the PT is that the resummation of the (physical) 
self-energy graphs must take place only after the amplitude of interest has been cast via the 
PT algorithm into manifestly physical subamplitudes, with distinct kinematic properties, order 
by order in perturbation theory. Put in the language employed earlier, the PT ensures that all 
unphysical contributions contained inside 11 (s) have been identified and properly discarded, 
before n(s) undergoes resummation. 
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s - M2 + n(s) ■ 



(5.95) 
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Fig. 44. The amplitude for the process // ZZ. The s-channel graph (a) may become resonant, and 
must be regulated by appropriate resummation of the Higgs propagator and dressing of the HZZ vertex 

5.4.2 The non-Abelian setting 

We now turn to the case of a non-Abelian gauge theory, such as the electroweak sector of the 
SM. As has been discussed extensively in the relevant literature, the physical requirements that 
must be encoded into a properly regulated resonant amplitude are the following [23,72,74-76]: 

/. The resonant amplitude must be gfp-independent. 

a. Unitarity (OT) and analyticity (dispersion relations) must hold. 

Hi. The position of the pole must be unchanged. 

iv. The external gauge-invariance must remain intact. 

V. The equivalence theorem must be satisfied. 

vi. The resonant amplitude must be invariant under the renormalization group. 

vii. The amplitude must display good asymptotic (high-energy) behavior. 

Note that if all incoming and outgoing particles are fermions then points {iv) and (v) do not 
enter into the discussion. 

In order to fully appreciate the subtle interplay between all these issues, let us consider a 
concrete example that has sufficient structure for all the above points to make their appearance. 
Specifically, we study the process f{pi)f{p2) — > Z{ki)Z{k2), shown in Fig. 44, and s = 
{pi + P2y = {ki + is the cm. energy squared. The tree-level amplitude of this process is 
the sum of an s- and a t- channel contribution, denoted by Tg and %, respectively, given by 



rr = T^hzz^h{s) v{p2)THffMp,), 



u{pi), 



(5.96) 
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where 



r^zz = ^9.^9''': r^ff- = -ig.^: ^fj = -^^Tm (5.97) 

are the tree-level HZZ, Hff and Z// couplings, respectively. 

Obviously the s-channel contribution is mediated by the Higgs boson of mass Mh and be- 
comes resonant if the kinematics are such that \/s lies in the vicinity of Mh', in that case the 
resonant amplitude must be properly regulated, as explained earlier. As we will see in detail 
in what follows, the minimal way for accomplishing this is by: (i) Dyson-resumming the one- 
loop PT self-energy of the (resonating) Higgs boson, and (ii) by appropriately "dressing" the 
tree-level vertex F^^^^, i.e., by replacing in the amplitude the vertex F^^^ by the one-loop PT 
vertex F'^hzz- 

i. gfp-independence 

Let us first see what happens if one attempts to regulate the resonant amplitude by means 
of the conventional one-loop Higgs self -energy in the gauges. A straightforward calculation 
yields (tadpole and seagull terms omitted) [75,76]: 



+ 
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W 



s + ?,M^]Bo{s,M^,Mlr) 



(5.98) 



We see that for 7^ 1 the term growing as survives and is proportional to the differ- 
ence -Bo(s, M^, M^) — Bo{s, ^w^wi iw^w)- fiiiite value of this term vanishes 
for sufficiently large s, i.e., s ^ and s S> ^wM^. Therefore, the quantity in Eq. (5.98) 
displays good high energy behavior in compliance with high energy unitarity. Notice, however, 
that the onset of this good behavior depends crucially on the choice of Since is a free 
parameter, and may be chosen to be arbitrarily large, but finite, the restoration of unitarity may 
be arbitrarily delayed as well. This fact poses no problem as long as one is restricted to the com- 
putation of physical amplitudes at a finite order in perturbation theory. However, if the above 
self-energy were to be resummed in order to regulate resonant transition amplitudes, it would 
lead to an artificial delay of unitarity restoration, which becomes numerically significant for 
large values of {vk- In addition, a serious pathology occurs for any value of 1' namely 
the appearance of unphysical thresholds [23,74,72]. Such thresholds may be particularly mis- 
leading if ^vt^ is chosen in the vicinity of unity, giving rise to distortions in the lineshape of the 
unstable particle. 

How does the situation change if instead we compute the corresponding part of the Higgs- 
boson self-energy in the BFM, for an arbitrary value of ^q? Denoting it by n(^^y)(s, ^q), and 
using the appropriate set of Feynman rules [95], we obtain 
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^iQ{s - M'h)Bo{s,CqM^,CqM^), 



(5.99) 



or simply 



do. 



Wj 



(5.100) 



Evidently, away from = 1, Tl^^^\s, ^g) displays the same unphysical characteristics men- 
tioned above for H^]^^ (s, ^w) ! Therefore, when it comes to the study of resonant amplitudes, 
calculating in the BFM for general is as pathological as calculating in the conventional i?^ 

gauges. 

To solve these problems one has to simply follow the PT procedure, within either gauge- 
fixing scheme, or BFM, identify the corresponding Higgs-boson related pinch parts from 
the vertex and box diagrams, and add them to (5.98) or (5.99). Then a unique answer emerges, 
the PT one-loop Higgs boson self-energy, given by fl.HH{q^), 
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So(s,M^,M^). (5.101) 



Setting = 1 in the expression of Eq. (5.99), we recover the full PT answer of Eq. (5.101), as 
expected. Clearly, Ii^T^^'^{s) has none of the pathologies observed above. 

At this point one may wonder why not use simply the expression for TIhh{s,^w) at 
— 1> given that it too becomes free of the aforementioned problems. The answer is that if 
the external particles are gauge bosons then the vertices connecting them with the resonating 
Higgs boson will not satisfy an Abelian Wl, but rather an STl, and this, in turn, will make it 
impossible to satisfy the external gauge invariance [see also subsection (/v)]. 

Exactly the same arguments presented above hold for the part of the Higgs self-energy con- 
taining the Z-bosons, together with the associated would-be Golstone bosons and ghosts. The 
corresponding one-loop PT result reads 
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(5.102) 



a. Running width and the optical theorem. 

When the kinematic singularity of the resonant amplitude is regulated through the resum- 
mation of the self-energy of the resonating particle, then, in the Breit-Wigner language, one 
obtains automatically a running (s-dependent) width. The main reason why a s-dependent in- 
stead of a constant width must be used comes from the OT. To appreciate this in a simpler 
context, we consider a toy model [22], with interaction Lagrangian Cint — and assume 
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amT,es(s) = , ^ ' ,,2 - (5-105) 



that M$ > 2M^, so that the decay of $ into a pair of 0s is kinematically allowed. For concrete- 
ness, let us consider the reaction 00 — $*(s) ^ 00 at c.m.s. energies s ~ Af|. There are three 
relevant graphs, one resonant s-channel graph, and two non-resonant t and u graphs. We next 
focus on the resonant channel, Tres(s), and carry out the Dyson summation of the (irreducible) 
self -energy, to be denoted by n(s), obtaining for the transition amplitude 

For the case at hand the OT states that 

'^mT^s) = ^ I {dPS)^^ \T,{s)\^ ; (5.104) 

on the other hand, the Ihs of Eq. (5.104) is given simply by the imaginary part of Eq. (5.103), 
namely 

[s - Ml + ^en{s)f + [^mn{s)\' 
Eq. (5.104) is consistent with Eq. (5.105) in a perturbative sense; if one is suffuciently away 
from the resonance, such that the perturbative expansion makes sense, then Eq. (5.105) ex- 
panded to first order reproduces Eq. (5.104). Notice, however, that this becomes possible only 
when the resummation involves an s-dependent two-point function and width for the unstable 
scalar If a constant width for $ had been considered instead, unitarity would have been vio- 
lated, i.e., Eq. (5.105) would not go over to Eq. (5.104), when s ^ M|. 

It is therefore evident that the regulator of a resummed propagator in a scalar theory should 
be s-dependent. Needless to say, a similar situation occurs if one attempts to use a constant pole 
expansion in the context of a gauge field theory; indeed, it would be unrealistic to expect that 
one could consistently describe gauge theories using a resummation procedure that is defective 
even for scalar theories. The reorganization of the perturbative expansion implemented by the 
PT and, in particular the resummation of the PT self-energies, strictly enforces the required uni- 
tarity relations. The reason for this is that the PT self-energies satisfy the OT individually, as 
explained in Sections 2 and 4. 

To verify that 11^^ y-^) has indeed this property, in complete analogy to the methodology 
developed in sections I and III, we must turn to the tree-level version of the process shown in 
Fig. 44, [no dressing for graph (a)], and study the quantity 

M - [Tr + rn L,,{h)u,{h) [Tr + rrr, (5.106) 

where the s-channel contribution comes from graph (a) and the t-channel from graphs (b) and 
(c). Ln^(k) is the usual polarization tensor introduced in Eq. (4.60). Then we must use the 
longitudinal momenta coming from L^p{ki) and L^,„{k2) to extract from the effectively 
s-dependent, Higgs-boson mediated, part, to be denoted by (see Fig. 45) Specifically, 

h^Tr = Tf^- = -^^fc)r«//«0>0 + • ■ ■ . (5.107) 

where the ellipses denote genuine t-channel (not Higgs-boson related) contributions. Then, one 
must append the piece TfTf* to the "naive" Higgs-dependent part T^^" L^j,p{ki)Ly„{k2)TP" . 
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Fig. 45. The Higgs-boson related contribution extracted from the boxes through pinching; to get it we 
must contract with both momenta. 

Integrating the expression obtained in Eq. (5.107) over the two-body phase space of two Z 
bosons we finally arrive at the imaginary part of Eq. (5.102), which is the announced result. A 
completely analogous procedure must be applied to the process /(pi)/(p2) W^{k\)W~ {k-i), 
in order to verify that the n^^^(s) of Eq. (5.101) has the same property. 



Position of the pole 



Since the position of the pole is the only gauge-invariant quantity that one can extract from 
conventional self-energies, any acceptable resummation procedure should give rise to effective 
self-energies that do not shift the position of the pole. This requirement is rather stringent and 
constrains significantly any alternative resummation procedure. It is a non-trivial exercise to 
demonstrate that, indeed, the PT self-energies do not shift the position of the pole. The easi- 
est way to see that at one-loop is by noticing that the pinch terms are always proportional to 
(g^ — M^), and therefore vanish at the pole. The all-order demonstration becomes far more 
involved, and relies on a careful construction, where the contributions coming from the IPR 
diagrams must be properly taken into account. 

Let us mention in passing that an early attempt towards a self-consistent resummation scheme 
has been based on the observation that the position of the complex pole is a gauge independent 
quantity [154-157,109,110]. Exploiting this fundamental property of the ^-matrix, a pertur- 
bative approach in terms of three gauge invariant quantities has been proposed: the constant 
complex pole position of the resonant amplitude, the residue of the pole, and a s-dependent 
non-resonant background term. Even though this approach, which finally boils down to a Lau- 
rent series expansion of the resonant transition element [155-157], furnishes a gauge invariant 
result, it clashes with point (//) above: the use of a constant instead of a running width leads 
to the violation of the OT. The perturbative treatment of these three gfp-independent quanti- 
ties [158] introduces unavoidably residual space-like threshold terms, which become more ap- 
parent in CP- violating scenarios of new-physics [108]. In fact, the precise g^-dependent shape 
of a resonance [109,110] is reproduced, to a given loop order, by considering quantum correc- 
tions to the three gfp-independent quantities mentioned above [155-158], while the space-like 
threshold contributions, even though shifted to higher orders, do not disappear completely. 



iv. External gauge-invariance 



As is well-known already from the studies of QED, gauge-invariance imposes Wis on physi- 
cal amplitudes. Let us consider a physical (on-shell) amplitude with n incoming photons 
A^'{ki), i = 1, . . . , n [n must be even, otherwise the amplitude vanishes by Furry's theorem]. 
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(a) (6) (c) 

Fig. 46. The process 76" ^ ^^v^Vf. appropriately dressed. 

Denoting the amplitude by T^i^^a ..Mi...Mn(^i5 ^2, ■ ■ ■ , . . . , kn,p), where p stands collectively 
for the momenta of the incoming fermions, gauge invariance imposes the relation 

K'Tf,^^^2■■■^H■■■^^n{h, k2, . . . ,ki, . . . , kn,p) = 0, (5.108) 

for every i. This result is valid to all orders in perturbation theory as well as non-perturbatively. 
In non-Abelian theories without tree-level symmetry breaking, such as QCD, the result men- 
tioned above holds unchanged for the corresponding gauge bosons mediating the interaction 
(gluons). In the case of QCD such an example is given in Eqs (2.142); note that the rhs of these 
equations vanish when contracted with the corresponding (on- shell) polarization tensors. In the 
case of non-Abelian theories with spontaneous symmetry breaking (electroweak sector), the 
above result gets, in general, modified by symmetry breaking effects. When the amplitude is 
contracted by the momentum carried by a massive gauge boson {W or Z), the result does not 
vanish up to terms related to the would-be Goldstone bosons and the corresponding gauge boson 
masses. However, for the particular case of the photons, i.e., the gauge boson corresponding to 
the unbroken U{l)em, the vanishing of the contracted amplitude persists (no mass nor would-be 
Goldstone boson associated with the photon). 

The way the fundamental property of Eq. (5.108) is realized diagrammatically at tree-level 
is through a number of delicate cancellations triggered by the elementary Abelian Wis satis- 
fied by the bare photonic vertices. Beyond tree-level, to any finite order in perturbation theory, 
Eq. (5.108) is still valid. However, its diagrammatic demonstration is more involved, due to 
the proliferation of graphs and the fact that, in a non-Abelian context, the quantum corrections 
(concretely, the bosonic loops) to the conventional photonic vertex introduce new terms that 
convert the simple tree-level WI into a more complicated STI. Nonetheless, at the conceptual 
level, the situation is straightforward; all one has to do is contract with the relevant momentum 
all Feynman diagrams contributing to the amplitude in that order, and sum up the terms: the 
various contributions conspire in such a way as to enforce Eq. (5.108). The PT rearrangement 
of the amplitude facilitates the demonstration, for one thing because it restores the simple tree- 
level Wis to higher orders, but, strictly speaking, is not necessary. 

The PT becomes indispensable, however, when one attempts to maintain Eq. (5.108) near the 
resonance. Let us imagine that the kinematic configuration is such that a part of the amplitude 
becomes resonant and must be regulated through appropriate resummation of some of its parts. 
Since the Dyson resummation is not a fixed order calculation, it leads, in general, to the dis- 
tortion of the cancellations enforcing the validity of Eq. (5.108) at any finite order. Moreover, 
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near resonance a great number of graphs become numerically subleading (box diagrams are not 
resonant, etc), and the tendency is to omit them, even though, away from the resonance, when 
fixed order perturbation theory works, their inclusion is necessary for Eq. (5.108) to be valid. 
Evidently, the fixed-order wisdom does not carry over easily to the resonant case. The question 
that arises naturally, therefore, is under what conditions the resummed amplitude will be still 
gauge-invariant, i.e., it will satisfy the crucial Eq. (5.108). To put it differently, what is the min- 
imum number of graphs that must be kept, and what is the minimum amount of "dressing" they 
must undergo, in order to maintain Eq. (5. 108) in the vicinity of a resonance? 

Let us focus on the concrete example of the process — > ji'v^y^^ shown in Fig. 46 (recall 
that Furry's theorem does not apply in non-Abelian theories). We assume, for simplicity, that 
the external fermions are all massless, and therefore we keep only the g^" parts of the propaga- 
tors involved. At tree-level, and away from the resonance, it is elementary to demonstrate that 
the amplitude Tj^^ satisfies 

g"r^°) = 0. (5.109) 

To that end, one must employ the the WI satisfied by Ae^e~ and An~^ji~, i.e., Eq. (2.41), 
together with the elementary WI of the tree-level AW^W~ vertex, namely (q + + p+ — 0) 

QaTZ^w = iP- - M^)9"' - (P+ - M^)g^'', (5. 1 10) 

where we have omitted longitudinal momenta, since they vanish when contracted with the con- 
served currents. 

It is clear that the negatively charged W (carrying momentum p_) in graphs (a) may become 
resonant, in which case the tree-level expression for its propagator must be regulated. It is im- 
portant to notice, however, that if one were to simply replace, by hand, the tree-level propagator 
by a Dyson-resummed one, with no further modifications, one would violate (5.110) and, as a 
consequence, also (5.109). In order to maintain (5.110) one must: 

/. Replace in all three graphs the tree-level W propagators by the (one-loop) Dyson-resummed 
PT propagators A(^(p±), 

^'w{p±)= , ,2V (5.111) 

pi - + Ilww{p±) 

a. Add to the tree-level vertex V"^^ of graph (a) the one-loop PT vertex Taww^ satisfying 
theWI 

Qa^Aww = ^ww{P~) - ^ww(P+)- (5.112) 
Thus, one arrives at the following resonant transition amplitude. 



res 



rweue^w{P+) 



^ AWW "T ^ AWW 



Aw{p-)rw^ui, 



+ r^eu.si'^T'x,,Aw{p-)Tw,., + rwe.Aw{p+)r^A,,s^;^^w^^,, 



(5.113) 
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where contraction over all Lorentz indices except of the photonic one is implied. 
Then, since by virtue of (5.112) we have that 

= A^^(p_)^^^ - A^i(p+)^^., (5.114) 

namely the generalization of Eq. (5.110), it is straightforward to verify that the C/(l)em gauge 
invariance of this resonant process is maintained, i.e., that 

QafZs^O. (5.115) 



V. Equivalence theorem 

The equivalence theorem states that at very high energies (s ^ Af|) the amplitude for emis- 
sion or absorption of a longitudinally polarized gauge boson becomes equal to the amplitude 
in which the gauge boson is replaced by the corresponding would-be Goldstone boson [151- 
153,159]. The above statement is a consequence of the underlying local gauge invariance of the 
SM, and has been known to hold to all orders in perturbation theory for multiple absorptions 
and emissions of massive vector bosons. Compliance with this theorem is a necessary require- 
ment for any resummation algorithm, since any Born-improved amplitude which fails to satisfy 
it is bound to be missing important physical information. The reason why most resummation 
methods are at odds with the equivalence theorem is that, in the usual diagrammatic analysis, 
the underlying symmetry of the amplitudes is not manifest. Just as happens in the case of the 
OT, the conventional subamplitudes, defined in terms of Feynman diagrams, do not satisfy the 
equivalence theorem individually. The resummation of such a subamplitude will, in turn, distort 
several subtle cancellations, thus giving rise to artifacts and unphysical effects. Instead, the PT 
subamplitudes satisfy the equivalence theorem individually; as usual, the only non-trivial step 
for establishing this is the proper exploitation of elementary Wis. 

To see an explicit example, let us return to the process f{pi)f{p2) — Z{ki)Z{k2). The 
equivalence theorem states that the full amplitude T = % + % satisfies 

T{ZlZl) = -T(xx) - iTixz) - iTizx) + r(xx), (5.116) 

where is the longitudinal component of the Z boson, x is its associated would-be Goldstone 
boson, and Zij,{k) = e^{k) — k^/Mz is the energetically suppressed part of the longitudinal 
polarization vector e^. It is crucial to observe, however, that already at the tree-level, the con- 
ventional s- and t- channel subamplitudes Tg and % fail to satisfy the equivalence theorem 
individually [75,76]. 

To verify that, one has to calculate Ts{ZlZl), using explicit expressions for the longitudinal 
polarization vectors, and check if the answer obtained is equal to the Higgs-boson mediated 
s-channel part of the lbs of Eq. (5.116). In particular, in the center of mass (cm.) system, we 
have 

^.(^i) = eiik,) - 1^ = -2mA + o{^^y (5.117) 



^ AWW ' ^ AWW 
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and an exactly analogous expressions for z^{k2). The residual vector z^{k) has the properties 
k^Z/j, — —Mz and z^ — 0. After a straightforward calculation, we obtain 

rsiZ^ZL) = -%{xx) - i%{zx) - iTsixz) + %{zz) - T/, (5.118) 

where 



%{zx) + %{xz) = [2;^(A';i)r^2x + Zuik2)T''H^z]^H{s)v{p2)T'HfMPl), 

%{zz)^z^{k^)z,{k2)rr{ZZ), (5.119) 

with Vhxx — ~'^9wMff/{2Mw) and ^hzx — ~9w{ki +2A;2)ju/ (2c^). Evidently, the presence of 
the term prevents T/^{ZlZl) from satisfying the equivalence theorem. This is, of course, 
not surprising, given that an important Higgs-boson mediated s-channel part has been omitted. 
Specifically, the momenta /cf and k!^, stemming from the leading parts of the longitudinal po- 
larization vectors £l{ki) and e'li^'i)^ extract such a term from %{ZlZl) (see Fig. 45). Just as 
happens in Eq. (5.107), this term is precisely , and must be added to Ts{ZlZl), in order to 
form a well-behaved amplitude at high energies. In other words, the amplitude 

fsiZLZL) = %{ZlZl) + rf (5.120) 

satisfies the equivalence theorem by itself [see Eq. (5.116)]. 

In fact, this crucial property persists after resummation, provided that one follows the same 
methodology for maintaining the external gauge-invariance, presented in the previous subsec- 
tion. Indeed, as shown in Fig. 44(a), the resummed amplitude, to be denoted by Ts{ZlZl), may 
be constructed from 7^(ZiZL) in Eq. (5.96), if A.h{s) is replaced by the resummed Higgs-boson 
propagator Ah{s), and Tj^zz by the expression T'^zz + ^^hzz^ where T^h^z the one-loop 
HZZ vertex calculated within the PT. It is then straightforward to show that the Higgs-mediated 
amplitude Ts{ZlZl) = Ts{ZlZl) + Tf respects the equivalence theorem individually; to that 
end we only need to employ the following tree-level-type PT Wis 



2c, 



h^^HZxi^^ ^1' ^2) + iMzVaxxiQ, h, = 
ki^ikiuV^Hzzi^l^ ki, k2) + MlTHxxiQ, ki) 



nHH{q^) + %xikl) 



2c„ 



nHH{q^) +%x{kl) +%x{kl)\, 

(5.121) 



where T^^^ and T^^^ are the one-loop PT HZx and Hxx vertices, respectively. In addition, 
one should also make use of the PT WI involving the Zx- and xx- self-energies, namely 



k.n^zxik) = -iMzn^xik''), 

which is the exact analogue of Eq. (4.1 15). 



(5.122) 
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vi. Renormalization group invariance 

Physical quantities, such as scattering amplitudes, must be invariant under the RG, i.e., they 
should not depend on the renormalization point ji chosen to carry out the subtractions, nor the 
renormalization scheme (MS, on-shell scheme, momentum subtraction, etc). 

Let us consider, for concreteness, a two-to-two amplitude, mediated (at tree-level) by a gauge 
boson (photon, gluon, W or Z). In QED the RG-invariance of such an amplitude is realized in 
a very particular way. Due to the characteristic relations (5.5) and (5.6), the amplitude may be 
decomposed in a unique way into three parts that are individually RG-invariant: (/) a universal 
(process-independent) part, corresponding to the effective charge defined in (5.8), [expanded to 
the given order], which is RG-invariant due to (5.6); (//) a process-dependent part composed by 
the vertex corrections and the wave-function renormalization of the external particles, which is 
RG-invariant due to (5.5); {Hi) a process-dependent part, coming from UV finite boxes; this is 
trivially RG-invariant, since it is UV finite and does not get renormalized. 

In non-Abelian theories the RG-invariance of scattering amplitudes is enforced order-by- 
order in perturbation theory, regardless of the PT rearrangement, by virtue of equations such as 
(5.3), which hold also in a non-Abelian context [but not (5.5) and (5.6)]. There is an important 
difference, however, with respect to the QED case: while the entire amplitude is RG-invariant, 
the identification of a universal part corresponding to an effective charge is no longer possible. 
Since the PT rearrangement restores relations of the type (5.5) and (5.6), the three individually 
RG-invariant quantities introduced above for QED can also be identified in a non-Abelian con- 
text; in particular, non-Abelian effective charges constitute the universal part of the amplitude. 

It should be clear from the above discussion, together with the analysis of the previous sub- 
sections, that when resonant amplitudes are regulated following the PT procedure they are au- 
tomatically RG-invariant. In fact, in the cases where the resonating particles are W, Z, or Higgs 
bosons, one can isolate a universal part, which, in turn, may be identified with the lineshape of 
the corresponding particle. 

vii. Good high energy behavior. 

On physical grounds one expects that far from the resonance the Bom-improved amplitude 
must behave exactly as its tree-level counterpart; in fact, a self-consistent resummation formal- 
ism should have this property built in, i.e., far from resonance one should recover the correct 
high energy behavior without having to re-expand the Born-improved amplitude perturbatively. 
Recovering the correct asymptotic behavior is particularly tricky, however, when the final parti- 
cles are gauge bosons. In order to accomplish this, in addition to the correct one-loop (running) 
width, the appropriate one-loop vertex corrections must be supplemented; these vertex correc- 
tions and the width must be related by a crucial tree-level Ward identity. In practice this WI 
ensures that the massive cancellations, which take place at tree-level, will still go through after 
the Born-amplitude has been "dressed". The exact mechanism that enforces the correct high 
energy behavior of the Born-improved amplitude, when the PT width and vertex are used, has 
been studied in detail in [160], for the specific reference process /(pi)/(p2) — Z(ki)Z(k2) 
used above. 
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6 Beyond one loop: from two loops to all orders 

In this section we generalize the PT to two loops and beyond; this is a rather more difficult 
problem than pinching at one loop, both conceptually and operationally. In the first part of this 

section we will establish the rules of the game beyond one-loop; the final upshot of these con- 
siderations is simple but cumbersome to implement: one must repeat exactly what one did at 
one loop, only now with many more diagrams. There are essentially two important lessons that 
can be learned from the two-loop construction: (/) the PT works perfectly well beyond one loop, 
and (//) the PT must evolve into a non-diagrammatic procedure. The second lesson is taken seri- 
ously in the second part of this section, where the all-order PT construction is presented. There 
we show that the entire pinching action is actually encoded into the STl satisfied by a very spe- 
cial all-order kernel shared by propagator and vertex diagrams. This fundamental observation 
allows us to rise beyond the diagram-by-diagram treatment, and eventually generalize the PT to 
all orders. 



6.1 The pinch technique at two loops 

In this subsection we present the PT construction at two loops [43,161]. Specifically, we will 
show that the PT can be generalized at two loops by resorting exactly to the same physical and 
field-theoretical principles as at one-loop. In addition, it will become clear that the correspon- 
dence between the PT and BFG, established at one-loop, persists also at the two-loop level. 

Historically, the basic conceptual difficulty associated with the generalization of the PT be- 
yond one loop has been to determine the origin of the pinching momenta. Let us assume that, 
without loss of generality, one chooses from the beginning the conventional Feynman gauge. 
Then, the only sources of possible pinching momenta are the three-gluon vertices. The ques- 
tion is whether all such vertices must be somehow forced to pinch, or, in other words, whether 
the standard PT decomposition of Eq. (2.38) should be carried out to all available three-gluon 
vertices. The problem with such an operation, however, is the following: for the case of a three- 
gluon vertex nested inside a Feynman diagram, how does one choose what is the "special" 
momentum? Or, in other words, which way is one supposed to break the Bose-symmetry of the 
vertex? It turns out that the solution to these questions is very simple: one should only apply 
Eq. (2.38) to the vertices that have the physical momentum incoming (or outgoing) in one of 
their legs (not mixed with virtual momenta); the special leg is precisely the one carrying q. We 
will call such a vertex "external". All other vertices are not to be touched, i.e. they should not 
be decomposed in any way; such vertices have virtual momenta in every one of their three legs, 
and are called "internal" (see Fig. 47). A simple way to understand why the decomposition of 
internal vertices would lead to inconsistencies is to consider the special unitarity properties that 
the PT subamplitude must satisfy (see corresponding subsection). 

We emphasize that throughout the entire two-loop analysis we will maintain a diagrammatic 
interpretation of the various contributions. In particular, no sub-integrations should to be car- 
ried out. This additional feature renders the method all the more powerful, because unitarity is 
manifest, and can be easily verified by means of the Cutkosky cuts. 
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(a) (C2) 



(C3) (C4) 




(cs) (ce) (C7) (cs) 



Fig. 47. Left panel:Some examples of external and internal vertices wtiich appears in the two-loop graphs. 
Diagram (a) has only internal three-gluon vertices, while diagram (6) has two internal vertices and an 
external one (indicated by the arrow). Right panel: The two- and three-particle Cutkosky cuts (cutting 
through gluons only). 

In addition to the result of Eq. (2.17), throughout this section we will employ the following 
formulas, valid in dimensional regularization: 



k* KA-eJJkk'^ 
i2k + q)^ 



k k^{k + qy 
ln"(A;2) 



A;2 



= 0, 

n = 0,1,2,... (6.1) 



Finally, in order to make contact with the notation of [43,161], we introduce the dimensionful 
projection operator 

t,Aq)=q'P^.{q). (6.2) 



6.1.1 The one-particle reducible graphs 

We begin the two-loop construction by treating the IPR graphs, collectively shown in Fig. 48. 
All such graphs are the product of two one-loop subgraphs, which may be individually con- 
verted into their PT counterparts, following precisely the standard FT procedures established in 
section II. Note, in fact, that, as has been explained in detail in [23,74,72], the resummability 
of the one-loop PT self-energy requires precisely this: the conversion of one-particle reducible 
(IPR) strings of conventional self-energies 11'^^^ into strings containing PT self-energies II^^^ 

There is an important point, however, that one must realize. The conversion of the IPR graphs 
into the corresponding PT does not take place for free; instead, the process of the conversion 
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gives rise to certain residual pieces, all of which have the crucial characteristic of being effec- 
tively IPl. The way these pieces are produced is (?) because there is a mismatch between the 
propagator-like terms obtained from the available quark-gluon vertices T^^\ and those needed 
to convert the string of two 11*^^) s into a string of two n^^^s [this happens with graphs (a), (6), 
(c) and (d) in Fig. 49], or (i) terms that in the one-loop construction were vanishing, due to the 
on-shell conditions, now they do not vanish, because they do not communicate with the external 
quarks (i.e., the Dirac equation cannot be triggered) [see graph (6) in Fig. 49] . 

To see this in detail, let us return for a moment to the one-loop construction, and consider the 
conventional quark-gluon vertex at one-loop, to be denoted by T''^\pi,p2). We will repeat the 
calculation of subsection 2.4.1, but now we will not assume that the external quarks are on-shell; 
this is because, at two-loops, we can have the situation depicted in Fig. 49. In particular, 

ri'^ = f W + 1 vjZ{q)r + x\2{pi,P2){h -m) + (^1 - m)X^2{Pi,P2) , (6.3) 

where 

xS!{pr,P2) = g'CA /, fe2(/+g)2 ^^°Hp2 + fc)7a. (6.4) 

By I Vp^^p{q) we denote the dimensionless propagator-like contribution to be alloted to H^^) (q), 
i.e. 

V^'2.(9)=2/C,P„,(,)/^,^ (6.5) 
Thus, Eq. (2.66) reads (completely equivalently) 

^iUd) = Q'vi'^fsil) (6.6) 

or 

= vllWmq) . (6.7) 

Of course, on-shell (p^ = f^ = ra) the V[}^ of (6.3) collapses to that of (2.67). 
It is relatively straightforward to establish that 



{2a)^{2a)-d{q)E!^l^{q)d{q), 

(26) + (2c) + {2d) + (2e) = (26) + (2c) + {2d) + (2e) - Fi%,,p2) , (6.8) 

with 

^41,(?) =nS(g)yW-(g) + I q' Vjl{q)vi'^' {q) , 

^S(Pi,P2) (g) d{q) f(^'(pi,P2) + d{q) Y^'J {p.^p^), (6.9) 
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Fig. 48. The one-particle reducible graphs (a), (6), (c), (d), and (e) before the PT rearrangement. G^^^ 
denotes the sum of the conventional one-loop quark-gluon vertex and one-loop wave-function correc- 
tions to the external quarks. H^'^^ is the product of the one-loop quark-gluon vertex times the one-loop 
wave-function corrections to the external quarks (see also Fig. 49). Note that (a), (6), (c), and (d) become 
disconnected by cutting a gluon line, whereas (e) by cutting an external quark line. All these graphs are 
converted into their PT equivalent graphs, i.e. (a), (6), (c), (d), and (e) are produced, together with some 
residual terms that, due to the pinching action, are effectively IPI. 

with 



(6.10) 
(6.11) 
(6.12) 

is simply the numerator of the conventional Il^^^{q) [i.e., the terms in square brackets on the rhs 
ofEq. (2.70)]. 



Notice that 



where 



(9) 

{q,k,-k~q) -2ka{k + q)p 



'-a/siq, k) = r^''(g, k, -k - q)Vp^p 



6.1.2 Quark-gluon vertex and gluon self -energy at two loops 

In this subsection we will first demonstrate the construction of the two-loop PT quark-gluon 
vertex T^^\pi,p2), which turns out to have the exact same properties as its one-loop counter- 
part r^^) {pi , P2) • At the same time we will determine the two-loop propagator-like contributions 
V^^^'ya, which will be subsequently converted into Hp^^, i.e. the two-loop version of Hp^^ of 
Eq. (6.7). In addition, out of this procedure the terms Y^^{pi,p2) of Eq. (6.10) will emerge 
again, but with opposite sign. Then, we will turn to the two-loop gluon self-energy, and we will 
outline the basic steps that must be followed in its construction. 

The construction of the two-loop quark-gluon vertex proceeds as follows: the Feynman graphs 
contributing to T'^a\PiiP2) can be classified into two sets: (/) those containing an "external" 
three-gluon vertex i.e. a three-gluon vertex where the momentum q is incoming, as shown in 
Fig.s 50 and 51, and (?'?') those which do not have an "external" three-gluon vertex. This latter 
set contains either graphs with no three gluon vertices (Abelian-like), or graphs with internal 
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(a) (a) (6) (c) 

Fig. 49. The PT rearrangement of the non-Abelian part of H^^^ [graph (a)], giving rise to its PT counter- 
part [graph a], and to additional contributions [graphs (6) and (c)]. Diagram (6) is effectively IPX, and is 

(2) (2) 

alio ted to , whereas (c) contributes to the first term of Fp . 

three-gluon vertices (all three legs are irrigated by virtual momenta, i.e. q never enters alone 
into any of the legs). Of course, all three-gluon vertices appearing in the computation of the 
one-loop ^-matrix are external, and so are those appearing in the IPR part of the two-loop S- 
matrix (see previous subsection). Then one carries out the decomposition of Eq. (2.38) to the 
external three-gluon vertex of all graphs belonging to set (i), leaving all their other vertices 
unchanged, and identifies the propagator-like pieces generated at the end of this procedure. 

Let us define the following quantities (the two loop integration symbol will be suppressed 
throughout) 



th = g'Cl[f{i - qfk\k + £)2(fc + £ - qfY\ 
^h = g'Cl[^\^-qfk\k + qf]-\ 
zh = g'Cl[f{i-qyk\k + iy]-\ 

ih = g'Cl[ek\k + qf]-\ 



(6.13) 



which will be used extensively in what follows. The calculation is straightforward, but lengthy 
[see also again Fig.s 50 and 51]; we find 



(6.14) 



with 



VjZiq) = hLo^Ai, k) + (2/2 + h)ga,„ - h [k^gap + r^Li-k, -i, k + i)] {i - qf. (6.15) 
The interpretation of the three terms appearing on the rhs of Eq. (6.14) is as follows: 

/. The term |Fp^2(Pi)P2) is half of the vertex-like part necessary to cancel the corresponding 
term appearing in Eq. (6.8), during the conversion of conventional IPR graphs into their PT 
counterparts. The other half will come from the mirror vertex (not shown). 
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Fig. 50. The result of enforcing the PT decomposition on the external vertices of some of the two-loop 

(2) 

Feynman diagrams contributing the conventional two-loop quark-gluon vertex Ta 

ii. I^pao-T"^ is the total propagator- like term originating from the two-loop quark-gluon vertex; 
together with the equal contribution from the mirror set of two-loop vertex graphs (not shown) 
will give rise to the self-energy term 

nS;3(g) = (6.16) 

which will be part of the effective two-loop PT gluon self-energy, to be constructed below. 

T'^a\Pi^P'i) '^he PT two-loop quark-gluon vertex; it coincides with the corresponding two- 
loop quark-gluon vertex computed in the BFG, i.e., 

fL'Hpi,P2) = fi^Hpi,P2,eQ = 1) (6.17) 

as happens in the one-loop case. Either by virtue of the above equality and the formal prop- 
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Fig. 51. The result of enforcing the PT decomposition on the external vertices of some of the remaining 
two-loop vertex graphs. 

erties of the BFM, or by means of an explicit diagrammatic calculation, where one acts with 
on individual diagrams, one can establish that T^^^ {pi.Pi) satisfies the WI 

g"f(f)(pi,p2) = - (6.18) 

which is the exact two-loop analogue of Eq. (2.68). S*^^^ {p) is the two-loop PT fermion self- 
energy; it is given by 

S(2)(p) = = 1) = = 1). (6.19) 

Again, this is the precise generalization of the one-loop result of Eq. (2.53). At this point this 
result comes as no surprise, since all three gluon vertices appearing in the Feynman graphs 
contributing to ^) are internal; therefore, at ^ = 1 there will be no pinching. 

Notice that, as happened in the one-loop case, in deriving the above results no integrations (or 
sub-integrations) over virtual momenta have been carried out. 



149 




(a) (6) (c) (d) 




(e) (/) (5) (ft) 




(*) (j) (fc) W 



Fig. 52. The Feynman diagrams contributing to the conventional two-loop gluon self-energy H^^, in the 
gauges. 

The construction of fl^^^{q) proceeds as follows: To the conventional two-loop gluon self- 

(2) 

energy n)^^(g) (shown in Fig. 52) we add two additional terms; (/) the propagator-like term 

np^^(g) derived in the previous subsection, Eq. (6.16), and (zz) the propagator-like part 

(2) 

—Rpa/sil) given in Eq. (6.9), stemming from the conversion of the conventional string into 
a PT string; this term must be removed from the IPR reducible set and be alloted to n[fj(g), as 
described in [23,74,72]. Thus, ^^^(g) reads 

nS(g) = ng(g) + nS«(g) - R?Ui)- (6.20) 



It is a rather lengthy exercise to establish that the two-loop PT gluon self-energy coincides 
with that of the BEG, z. e. , 

nS](g) = ng(g,eQ = l). (6.21) 
To verify this important result explicitly, we simply start out with the diagrams contributing 
to Il^^^{q), and convert them into the corresponding diagrams contributing to &^^{q, = 1), 
shown in Eig. 20, keeping track of the terms that are left over. In doing so we only need to 
carry out algebraic manipulations in the numerators of individual Eeynman diagrams, and use 
judiciously the identity of Eq. (2.71). Again, no integrations over virtual momenta need be 
carried out, except for identifying vanishing contributions by means of the formulas listed in 
Eqs (6.1), (6.1) and (6.1). It turns out that all terms left over after this diagram-by-diagram 
conversion cancel exactly against the terms [npj|,^(g) — i?p^^(g)], finally furnishing the crucial 
equality of Eq. (6.21). 

Since we have used dimensional regularization throughout, and no integrations have been 
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(0 



(e) 
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(n) 
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Fig. 53. The two-particle Cutkosky cuts of the PT (and BFG) two-loop gluon self-energy. We have used 
the same labeling of individual diagrams as in Fig. 20. The two upper (lower) rows show graphs where 
two gluon (ghost) lines have been cut. 

performed, the results of this section do not depend on the value d of the space-time; in particular 
they are valid for d = 3, which is of additional field-theoretical interest [162-164]. Clearly, 
when d ^ A the renormalization program should also be carried out (for details see [161]). 



6.1.3 The two-loop absorptive construction 

We now turn to the absorptive two-loop construction. Operationally the situation is significantly 
more involved compared to the one-loop case; the full details have been presented in [ 1 6 1 ] . Here 
we will give a brief qualitative description of how this construction proceeds. 

The central result is that the strong version of the OT, given in (2.126), holds also for the 
two-loop case. Specifically, the imaginary parts of the two-loop PT Green's functions (under 
construction) are related by the OT to precisely identifiable and very special parts of two dif- 
ferent squared amplitudes, namely the one-loop squared amplitude for the process qq gg 
and the tree-level squared amplitude for the process qq — > ggg. For example, the two-particle 
Cutkosky cuts of the two-loop PT self-energy. Fig. 53, are related to the propagator-like part of 
the PT-rearranged one-loop squared amplitude for qq gg. Fig. 54, while, at the same time. 
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the three-particle Cutkosky cuts of the same quantity. Fig. 55, are related to the s-channel part 
of the PT-rearranged tree-level squared amplitude for qq ggg (Fig. 56). The same holds for 
vertex- and box-like contributions. The aforementioned PT-rearranged squared amplitudes are 
to be constructed in a way exactly analogous to the PT-rearranged tree-level qq — > gg squared 
amplitude. 

In order to get a firmer understanding of the above statements, let us consider the OT for the 
forward scattering process q{pi)q{p2) q{Pi)q{P2) at two loops. We have that 

$Jm(gg|T[^l|QQ) = i(i) J^^^ {999\T^'W {g99\T^'^\qq) 

+ 1 (i) J^^^ 25Je {{9g\T^%qy{gg\Tl'^\qq)) , (6.22) 

where Jpg^^^ and Jpg.^^ stand for the two- and three-body phase-space for massless gluons, re- 
spectively. The superscripts [n] denotes the order of the corresponding amplitude in the coupling 
constant g; when counting powers of g remember the couplings from hooking up the external 
particles. The Ihs of (6.22) can be obtained by carrying out all possible Cutkosky cuts on the 
two-loop diagrams contributing to the process q{pi)q{p2) ?(Pi)?(P2)- Specifically, one must 
sum the contributions of both two-particle and three-particle cuts; the cuts involve gluons and 
ghosts. Equivalently, on the rhs one has intermediate physical process involving two and three 
gluons [qq — > gg and qq ggg]', as usual one averages over the initial state polarizations and 
sums over the final state polarizations. 

Let us now assume that the amplitude q{pi)q{p2) — ^ q{pi)q{P2) has been cast in its PT form, 
as described in the previous subsection. That means that the subamplitudes t]^' have been con- 
structed, where i = 1, 2, 3 denotes (as in the one-loop case) the propagator-like subamplitudes 
(i = 1), the vertex-like subamplitudes (I = 2), and the box-like ones (£ = 3). Thus t|^' is com- 
posed of the two-loop PT gluon self-energy n[j^j(g), of the two-loop PT vertex f^a KPi^P^) 

(and its mirror), and t]^^ of the two-loop PT box (which coincides with the regular two-loop 
box in the Feynman gauge). 
Then, one can show that 

Qm{qq\fP\qq) = ^l^^^ J^^^ [{ggg\f^%q)* {ggg\f^%q)]i 

+ \ (^) X^^^ 2 5Je [{ggmqq)* {ggmm)) ^ . (6.23) 

Lets us now see how one constructs the "PT-rearranged" squared amplitudes appearing on 
the rhs of (6.23); the construction is identical to what we did in the one-loop case, but is suffi- 
ciently more complicated at the technical level to merit some additional clarifying remarks. 

A PT-rearranged squared amplitude means the following. Consider a normal squared ampli- 
tude, i.e. the product of two regular amplitudes [remember that "product" means that they are 
also connected (multiplied) by the corresponding polarization tensors]. Then each amplitude 
must be first cast into its PT form; this is done following simply the PT rules for converting 
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(a) (fe) (c) (d) (e) 




(<?) (/^) 



Fig. 54. The product of the PT-rearranged ampUtudes of the process qq — > qq at one-loop (up) and 
tree-level (down). The longitudinal momenta from the polarization tensors will produce additional 
cancellations between s-channel and i-channel graphs furnishing finally the first term on the rhs of 
Eq. (6.22). 

a on-shell amplitude into its PT form. However, this is not the end of the story as far as the 
PT-rearrangement of the square is concerned. One must go through the additional exercise of 
letting the longitudinal momenta coming from the polarization vectors trigger the s-t cancella- 
tion at that order. That will identify the genuine propagator-like piece of the entire product. 

The reader should recognize that this is exactly the procedure followed in the one-loop ab- 
sorptive construction of Section 2 for arriving at the Ai^. First, the tree-level amplitude 7^ was 
converted into 7^.^; this is the conversion of Tg into its PT form. This was done simply by car- 
rying out the PT decomposition of (2.38) to the only available three-gluon vertex; note that this 
vertex has a preferred momentum (q) (employing the terminology introduce in this chapter, it is 
"external"), because the momenta of the other two legs are integrated over all available phase- 
space. Then, the longitudinal momenta from the polarization tensors were used to trigger the 
s-t cancellation, which, in turn, furnished the three Aii. 

For the two-loop case at hand this procedure must be applied for both squared amplitudes 
appearing on the rhs of (6.23). For {ggg\T^'^^\qq) {ggg\T^'^^\qq) we cast the tree-level process 
9(^1)^(^2) — ^ g{ki)g{k2)g{k'i) into its PT form. This means to carry out (2.38) only to the 
three-gluon vertices shown in Fig. 56; all other vertices are internal, because they are irri- 
gated by momenta (the ki) that are being integrated over in /psg^- It turns out that the 
parts cancel completely, as expected; this takes some algebra to demonstrate. Then, the lon- 
gitudinal momenta {k^, k^ , k2, k!^' , k^, k^ ) contained in the three polarization tensors will act, 
giving rise to the s-t cancellations corresponding to this particular process; its realization is 
operationally more complicated, but otherwise completely analogous to the one showed in Sec- 
tion2.For {gglT^'^^lqq) {gg\T^'^^\qq) things are more involved. Now the amplitude g(pi)g(j92) 
g{ki)g{k2) must be cast into its PT form both at tree-level [for {gg\T^^'^\qq)], and at one-loop [for 
{gg\T^'^^\qq)*]. The tree-level PT amplitude is, of course, known from the absorptive construc- 
tion of subsection 2.5. The construction of the one-loop PT amplitude q{pi)q{p2) ~* g{ki)g{k2) 
has been described in great detail in the literature [63,165]. In fact, as mentioned in subsec- 
tion 2.4.3, this process was the first explicit example [63] where the universality (process- 
independence) of the PT gluon self-energy was explicitly demonstrated; the end result is shown 
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(«) (6) (c) (fl) 




Fig. 55. The three-particle Cutkosky cuts of the PT two-loop gluon self-energy. The first five graphs have 
three-gluon cuts, the next two have two-gluon-one-ghost cuts, while the remaining ones have one-glu- 
on-two-ghost cuts. 

in Fig. 54. As we see there, the procedure of the PT rearrangement leads to the appearance of 
n(g) and the conversion of the conventional one-loop three-gluon vertex r(^^^(g, ki, ^2) into 

Tp^^^^,{q, ki, ^2), which is the BFG three-gluon vertex at one-loop, with one background gluon 

(g) and two quantum ones (ki, k2). It is straightforward to show that Tp^^^j^{q, ki, k2) satisfies 
the following WI 

g"rtV(?, ^1, k2) = nW(A;i) - n«(A;2), (6.24) 

which is the exact one-loop analogue of the tree-level WI of Eq. (2.40); indeed the rhs is the 
difference of two one-loop self-energies computed in the conventional Feynman gauge. Then, 
one must let the longitudinal momenta in the polarization tensors trigger the corresponding s- 
t cancellation. When they hit on {gg\T^'^^qq) they will simply trigger the prototype tree-level 
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ki.ji.a 




(ft) 

Fig. 56. The tree-level graphs contributing to the process q{pi)q{p2) 5(^1)5(^2)5(^3), after the PT 
rearrangement. The momenta ki are to be integrated over in the three-body phase-space integral. 

s-t cancellation of Section 2; but when they hit on {gg\T^'^^\qq)* they will trigger the one-loop 
version of the same s-t cancellation [43,161]. To demonstrate this latter cancellation one needs 
to know the result of the action of the longitudinal momenta ki and k2 on r^)j^^,(g, ki, ^2), 
exactly as happened in the tree-level construction, see Eq.(2.140). Given that these momenta 
correspond to quantum fields (as opposed to the g", which corresponds to a background field) 
the result of their contraction with r^^^^^(g, ki, k2) is not a WI, as in (6.24), but rather an STI, 
which is given in Eq.(C.30). 

The reader should appreciate at this point that any rearrangement of the (internal) vertices of 
two-loop box-diagrams cannot be reconciled with the arguments of the simultaneous two- and 
three-particle Cutkosky cuts presented here. To see this with an example, let us return to the 
two representative two-loop diagrams of Fig. 47. After their PT rearrangement, the two-particle 
Cutkosky cut on (a), denoted by (02) in Fig. 47, must reproduce (c) ® [(/) + (^f)] in Fig. 54, 
and cut (04) on (6) must reproduce (6) ® [(/) + [g]]. Obviously, if we were to modify the 
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Fig. 57. The one-loop PT algorithm seen in terms of the fundamental s-t cancellation. The self-energy 
like contribution coming from the vertex is exactly canceled by the one coming from the propagator. 
Notice that none of the vertices appearing in the rhs of the above diagrammatic identities is an elementary 
vertex of the theory, they are all unphysical vertices. 



internal three-gluon vertices of (a) or (6) in Fig. 47 in any way, this identification would not 
work: one must modify only the vertex injected with q (turning it to F^). This argument may 
be generalized to include all remaining two-particle and three-particle cuts, making the above 
conclusion completely airtight. 

We emphasize that the arguments presented here do not postulate at any point the existence of 
any relation between the PT and the BFM. On the other hand, in hindsight, all conclusions drawn 
are in complete agreement with the known PT/BFM correspondence. Specifically, switching 
now to the BFM language, the fact that internal vertices should not be touched is precisely what 
the BFM Feynman rules dictate: since one cannot have background fields propagating inside 
loops, all internal vertices have three quantum gluons merging. 



Let us finally comment on an additional point. The philosophy of this subsection has been to 
establish that the two-loop PT Green's functions, constructed explicitly in the previous subsec- 
tion, satisfy the strong version of the OT. Evidently, one could adopt an alternative approach, 
and consider the absorptive formulation as the defining construction for the PT Green's func- 
tions. Thus, one can start from the rhs of the OT, carry out the same analysis that we did here, 
and postulate that the sum of the propagator-like parts of the rhs furnish the imaginary part of 
the (now unknown) two-loop gluon self-energy on the Ihs, and similarly for vertices and boxes. 
Then, the real parts would have to be reconstructed from the corresponding dispersion rela- 
tion, in the spirit of subsection 2.5. The advantage of this strategy is that all the PT-rearranged 
(squared) amplitudes appearing on the rhs are at least one loop lower than the amplitude on 
the Ihs. Therefore, one can actually reconstruct the Ihs, by working directly on the rhs, because 
one knows already how to pinch at lower orders. Of course, the downside is that, in order to 
obtain the final answer, one would have to carry out complicated phase-space and dispersion 
integrations. 
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Fig. 58. The fundamental amplitude receiving the action of the longitudinal momenta stemming from 
r^. The gray blob represent the (connected) kernel corresponding to the process A A — > qq. 

6.2 The PT to all orders in perturbation theory 



The two-loop construction of the PT quark-gluon vertex and gluon propagator outlined in the 
previous subsections follows to the letter the one-loop recipe: we have tracked down the rear- 
rangements induced to individual Feynman diagrams when the longitudinal pinching momenta 
acting on their bare vertices trigger elementary Wis. Clearly such a method does not lend itself 
to an all-order generalization; realistically speaking, the two-loop construction is as far as one 
can push this diagrammatic procedure. 

In order to generalize the PT to higher orders one must find an expeditious way of enforcing 
the crucial cancellations without manipulating individual diagrams, but, instead, through the 
collective treatment of entire sets of diagrams. It turns out that such a breakthrough is indeed 
possible [44,166]: the PT algorithm can be successfully generalized to all orders in perturbation 
theory through the judicious use of the STI satisfied by a special Green's function, which serves 
as a common kernel to all higher order self-energy and vertex diagrams. 

In fact, as was first realized in [44,166], the one- and two-loop PT rearrangements are but 
lower-order manifestations of a fundamental cancellation, taking place between graphs of dis- 
tinct kinematic nature when computing the divergence of the four-point function AAqq (with the 
gluons off-shell, and the quarks on-shell). At tree-level, this is nothing else than the "s-t cancel- 
lation" that we already encountered in the absorptive PT construction of Section 2 and 4. As for 
the one-loop PT rearrangement, it is actually encoded in the two graphs of Fig. 57: both graphs 
have the terms in common, while their terms shown in dotted brackets are the tree-level t- 
and s-channel contributions, respectively, to the four-particle amplitude AA — > qq. Dressing the 
above amplitude with higher order corrections, and exploiting its STI, will eventually provide a 
compact way of generalizing the PT to all orders. 



6.2. 1 The four-point kernel AAqq and its Slavnov -Taylor identity 

With this intention in mind, of all the diagrams contributing to the QCD amplitude under con- 
sideration we will focus on the subset that will receive the action of the longitudinal momenta 
stemming from F^, to be denoted by A. It is given by (see Fig. 58) 
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Q 




Fig. 59. Diagrammatic representation of the Greens functions appearing in the Slavnov-Taylor identity 
(6.27). The function (which coincides with when the fermion arrows reversed) is not shown. 

A{ri, -r2,p2, -Pi) = u{r2)giJ''u{ri)^ ( iT''^,^:', {q, -ki, -k2)TZ,{K h,P2, -Pi), 

Jki ^ 

TZih, k2,P2, -Pl)=u{p,) [tA^j:Ukl)tKnik2)C%l'{k„ k2,P2, -pi)] u{p2). (6.25) 

From the definition above we clearly see that T is the subamplitude AA — > qq with the gluon 
off-shell and the fermions on-shell. The next step is to carry out the usual PT vertex decompo- 
sition on the three-gluon vertex F^",'",' appearing inside the integrand on the rhs of (6.25), and 
concentrate on the action of its F^ part on the amplitude T. Therefore, we need to determine 
the STI satisfied by the amplitude T of Eq. (6.25). 

In order to get this STI, one starts from the trivial identity in configuration space (valid due 
to ghost charge conservation) 



{T\c^{x)Al{y)q{z)q{w)]) = 0, 



(6.26) 



where T denotes the time-ordered product of fields. By rewriting the fields in terms of their 
BRST transformed counterparts, using the equations of motions and the equal time commuta- 
tion relations [62], and, finally, Fourier transforming the result to momentum space, one arrives 
at the following identity 



k'lCZ" = k2uGr - ^9^'QZ' + qXTJ" + qXZ 



(6.27) 



The various Green's functions that appears in the rhs of the equation above are shown in Fig. 59. 
The terms Xi^^ and Xi^ correspond to contributions that vanish when the external quarks are 
assumed to be on-shell, since they are missing one full quark propagator; at lowest order they 
are simply the terms proportional to the inverse tree-level propagators (^i — m) and {j)2 — n^) 
appearing in the PT calculations. Indeed, if we multiply both sides of Eq. (6.27) by the prod- 
uct S^^{p2)S^^{—pi) of the two inverse propagators of the external quarks, and then sand- 
wich the resulting amplitude between the on-shell spinors u{pi) and u{p2), the vanishing of the 
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Fig. 60. Definition of the momentum space auxiliary function Q™'^*. Gray blobs represent connected 
kernels, while black (respectively white) blobs represent IPI (respectively connected) n-point Green's 
functions. Notice that the kernel Ky * is IPI with respect to s-channel cuts. 

aforementioned terms follows by virtue of the (all-order) Dirac equation. Thus we arrive at the 
on-shell STI 



5r(A:i, fc2,P2, -Pi) = u{v2) [fc2.^I^'""'(A;i)^D""'(A;2)6;r'"'(fci, ^2,^2, -pi) 
- igrHD"^^' {k^)Qt'\k^, k2,P2, -Pi)l u{p2), 



(6.28) 



where the auxiliary function Q^^^^ is shown in Fig. 60. A similar (Bose-symmetric) relation 
will hold when hitting the kernel with the k2 momentum. 



6.2.2 The fundamental all-order s-t cancellation 



Having established the STIs of Eq. (6.28), we now turn to the main conceptual point related to 
the all orders PT construction. The basic observation is the following. In perturbation theory the 
quantities T^^'^, S^", and are given by Feynman diagrams, which can be separated into 
distinct classes, depending on their kinematic dependence (s/t separation) and their geometrical 
properties (IPI/IPR separation). We recall that s graphs are those which do not contain infor- 
mation about the kinematic details of the incoming test-quarks (self-energy graphs), whereas t 
graphs are those that depend also on the mass of the test quarks (vertex graphs). Thus, the Feyn- 
man graphs allow the following separation (see also Fig. 61, where we show the decomposition 
below at an arbitrary perturbative order n) 



'-rmn \'-rmn'\ i r/T-mn] i f'T-mnl i \'-rmn'\ 

-^fiu — [-^^J.u \s,l "T l-^^u Js,H. "T l-^^u Ji,l ' [ 

= [sru + [sru. + [srh + i^z^'k.., (6.29) 



On the other hand, we know by now that the action of the (longitudinal) momenta fcf or fcg 
on 7^™" does not respect, in general, the above separation; their action mixes propagator- with 
vertex-like terms, since the latter generate (through pinching) effectively propagator-like terms. 
Similarly, the separation between IPI and IPR terms is no longer unambiguous, since IPR 
diagrams are converted (again through pinching) into effectively IPI ones (the opposite cannot 
happen). An early example of this effect appeared in the construction of the PT three-gluon 
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Fig. 61. Decomposition at an arbitrary perturbative level n of the fundamental amplitude 7^™" in terms 
of s and t channel, IPI and IPR components. 

vertex in Section 2, and was encountered again in subsection 6.1.1. 

Therefore, even though Eq (6.28) holds for the entire amplitude 7^™", it is not true for the 
individual subamplitudes defined in Eqs (6.29), i.e., we have 

K[T,TU. + [5r].,v, X = t; Y = I, R, (6.30) 

where / (respectively E) indicates the one-particle irreducible (respectively reducible^ parts of 
the amplitude involved. The reason for this inequality are precisely the propagator-like terms, 
such as those found in the one- and two-loop calculations (see Fig. 62). One should notice that 
the situation is exactly analogous to that encountered when studying the OT, which holds at the 
level of the full amplitude but not at the level of individual subamplitudes. 
In particular, for individual subamplitudes we have that 
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with similar equations holding when acting with the momentum kl^. In the above equations 
the superscript "ext" and "int" stands for "external" and "internal" respectively, and refers 
to whether or not the pinching part of the diagram at hand has touched the external on-shell 
fermion legs. At order n, some example of the IZ^^^ terms introduced in the equations above are 
shown in Fig. 63. The structure of the [7?.^"]s,y terms is very characteristic: kinematically they 
only depend on s; whereas this is obviously true for the first two equations of (6.31) (since these 
terms originate from the action of on an s-dependent piece [^j'^"]s,y)5 it is far less obvious 
for those appearing in the last two equations of (6.31), since they stem from the action of k'^ 
on a t-dependent term ['?^™"]t,Y- In addition, all the IZ terms share a common feature, i.e., they 
cannot be written in terms of conventional Feynman rules; instead they are built out of unphys- 
ical vertices, which do not correspond to any term in the original Lagrangian. It should be clear 
by now that the IZ terms are precisely the terms that cancel against each other when we carry 
out the PT procedure diagrammatically. 
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Fig. 62. Some two-loop examples of the TZ terms, together with the Feynman diagrams from which they 
originate. 

Thus, after the PT cancellations have been enforced, we find that for the IPX t-channel part 
of the amplitude we have the equality 

[Kr.TYtJ = [srku (6.32) 

What is crucial in the above result is that it automatically takes care of both the s-t as well as 
the IPR and IPI cancellations of the TZ terms, which is characteristic of the PT, without having 
to actually trace them down. Thus, on hindsight, the PT algorithm as applied e.g., in Section 2 
and 4, and even in the two-loop generalization carried out in the initial part of this section, has 
amounted to enforcing diagram-by-diagram the vast, BRST-driven s-t channel cancellations, 
without making explicit use of the all-order STIs. Evidently, tracing down the action of the 
longitudinal momenta and the resulting exchanges between vertex and self-energy graphs, is 
equivalent to deriving (loop-by-loop) Eq. (6.32). Therefore, the non-trivial step for generalizing 
the PT to all orders is to recognize that the result obtained after the implementation of the PT 
algorithm on the Ihs of Eq. (6.32) is already encoded on the rhs! Indeed, the rhs involves only 
conventional (ghost) Green's functions, expressed in terms of normal Feynman rules, with no 
reference to unphysical vertices. 

This last point merits some additional comments. It should be clear that no pinching is pos- 
sible when looking at the t-channel irreducible part of the rhs of Eq. (6.28). So, if we were to 
enforce the PT cancellations on both sides of the t irreducible part of these equations, on the 
rhs there would be nothing to pinch (all the vertices are internal), and therefore, there would be 
no unphysical vertices generated. Therefore, on the Ihs, where pinching is possible, all contri- 
butions containing unphysical vertices must cancel. The only way to distort this equality is to 
violate the PT rules, allowing, for example, the generation of additional longitudinal momenta 
by carrying out sub-integrations, or by decomposing internal vertices. Violating these rules, 
however, will result in undesirable consequences: in the first case the appearance of terms of 
the form q ■ k in the denominators will interfere with the manifest analyticity of the PT Green's 
functions constructed, whereas, in the second, the special unitarity properties of the PT Green's 
functions will be inevitably compromised. 
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Fig. 63. Examples of the generic structures included in the TZ terms. A black dot indicates that a propa- 
gator has been removed through pinching. 

6.2.3 The PT to all orders: the quark-gluon vertex and the gluon propagator 

The considerations just presented can be used in order to accomplish in a rather compact form 
the all-order generalization of the PT construction. 

To begin with, it is immediate to recognize that, in the Feynman gauge (RFG for short), 
box diagrams of arbitrary order n, to be denoted by B^^\ coincide with the PT boxes i?*^"), 
since all three-gluon vertices are "internal", i.e., they do not provide longitudinal momenta. 
Thus, they coincide with the BFG boxes, B^^\ i.e.. 



(6.33) 



for every n. The same is true for the PT quark self-energies; for exactly the same reason, they 
coincide with their RFG (and BFG) counterparts, i.e.. 



(6.34) 



The next step will be the construction of the all-order PT quark-gluon IPX vertex F^. Now, 
of all the diagrams that contribute to this vertex in the RFG (shown in Fig. 64), the only one 
receiving the action of the longitudinal pinching momenta is diagram (a); in fact, we know 
from the two-loop construction that (in the RFG) when the external gluon couples to a diagram 
through any type of interaction vertex other than a three-gluon vertex, then that diagram is inert, 
as far as pinching is concerned. Thus, we carry out the PT vertex decomposition of Eq. (2.38) 
in diagram (a), and concentrate on the part only; specifically 



gf 



t.i 



(6.35) 



Following the discussion presented in the previous subsection, the pinching action amounts to 
the replacements 
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or, equivalently. 
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(6.36) 



(6.37) 



In the formula above, and in what follows, we indicate only the momenta of the gluons ki, 
omitting the momenta of the external fermions Pi. 
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Fig. 64. The Feynman diagrams contributing to the quark-gluon vertex in the gauge. Kernels 
appearing in these diagrams are t-channel and IPI. Not shown are the contribution (6') and (c') corre- 
sponding to diagrams (6) and (c) with the fermion and ghost arrows reversed. 

At this point the construction of the effective PT quark-gluon vertex has been completed, and 
we have 



ri{q,P2, -Pi) = + (b) + (6') + (c) + (c') + (d) 



(6.38) 



We emphasize that in the construction presented thus far we have never resorted to the BFM 
formalism, but have only used the BRST identities of Eq. (6.28), together with (6.32). 

The next crucial question will be then to establish the connection between the effective PT 
vertex and the quark-gluon vertex written in the BFG. To that end, we start be observing that 
all the inert terms contained in the original RFG F^ vertex carry over to the same sub-groups 
of BFG graphs. In order to facilitate this identification we recall (see also Appendix B) that to 
lowest order one has the identities F^ = T^^^ , while TAqq 



that 



^Agq and Taaaa 



^AAAA' 



(a)^ = (a), ib) = {b) {b') = {b'), {d) = {d), (6.39) 
where a "hat" on the corresponding diagram means that the (external) gluon A'^ has been effec- 
tively converted into a background gluon A^. 

As should be familiar by now, the only exception to this rule are the ghost diagrams (d) and 
(d'), which need to be combined with the remaining terms from the PT construction in order to 
arrive at (see Fig. 65) both the symmetric ghost gluon vertex T^^., characteristic of the BFG, as 
well as at the four-particle ghost vertex T^^^., totally absent in the conventional diagrams. 

Indeed, using Eq. (6.28), we find (omitting the spinors) 



Jki ' Jki '- 



Jki L 

with a similar relation holding for the ^2 term. Then, we find 



(6.40) 



Jki '- -' 

= gr"""" I {ki-k2)aD'^'^'{k,)D^^'{k2) te™'">i,^2) 

Jki L 



(6.41) 
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Fig. 65. Additional topologies present in the BFM quark-gluon vertex. As before, not shown are two 
similar contributions (e') and (/') with the ghost arrows reversed. 

and, using the decomposition for the Q^ '"'* shown in Fig. 60, 



Jki '- 



^g2famnfnrsg^^ / / D"'^' (h) D'^' (h) A^', (h) I [/C^'^'^' ( A^i , h, h] 
Jk\Jkz L 



= (e) + (/), 



(6.42) 



with KJ^i ^ representing the IPI five-particle kernel shown in Fig. 60, while F^, is the usual 
ghost-gluon vertex. 

In exactly the same way, the remaining ^2, when added to the ghost diagram (c'), will 
give rise to graphs (c'), (e'), and (/'); so, we finally arrive at the relation 



(6.43) 



The final step is to construct the all-order PT gluon self-energy 11^^ (g). Notice that at this 
point one would expect that it too coincides with the BFG gluon self-energy 11^^ (g), since both 
the boxes B and the vertex F^ do coincide with the corresponding BFG boxes B and vertex 
FJ^, and the 5'-matrix is unique. We will conclude this Section by furnishing an indirect proof of 
this statement by means of the "strong induction principle", which states that a given predicate 
P{n) on N is true V n G N, if -P(A;) is true whenever P(j) is true V j G N with j < k. In order 
to avoid notational clutter, we will use the schematic notation where all the group, Lorentz, and 
momentum indices will be suppressed. 

At one- and two-loop (i.e., n = 1, 2), we know that the result is true from our explicit calcu- 
lations. Let us then assume that the PT construction has been successfully carried out up to the 
order n — 1 (strong induction hypothesis): we will show then that the PT gluon self-energy is 
equal to the BFG gluon self-energy at order n, i.e., fl^") = H^"); hence, by the strong induction 
principle, this last result will be valid at any given n, showing finally that the PT construction 
holds true to all orders. 

From the strong inductive hypothesis, we know that 



(6.44) 
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where 



1 n~l. 



Now, the S'-matrix element of order n, to be denoted as 5'^"^, assumes the form 



(6.45) 



Moreover, since it is unique, regardless if it is written in the Feynman gauge, in the BFG, as 
well as before and after the PT rearrangement, we have that S^"^^ = S^"'^ = S^"\ Using then 
Eq. (6.33) (which holds to all orders, implying that Eq. (6.44) holds true also when i — n), we 
find that 

{rAr}^") = {fAf}^") = {rAr}("). (6.46) 

The above amplitudes can then be split into IPR and IPI parts; in particular, due to the strong 
inductive hypothesis of Eq. (6.44), the IPR part after the PT rearrangement coincides with the 
IPR part written in the BFG, since 



ni, 712, 713 < n, 



(6.47) 



Then Eq. (6.46) state the equivalence of the IPI parts, i.e., 

{fAf}('^) = {fAf}("), (6.48) 

which implies 

_ f (")" A(°)r(°) + r^^^A^") f(") - f(")" + r^^^A^^) n^") - fi^")" a^^^f^"^ = o. (6.49) 

At this point we do not have the equality we want yet, but only that 



p(n) _p(n) _|_ j(n)p(0)^ 

n(n)^n(n) _2^^2y(n)^ (6.50) 

with /'^"^ an arbitrary function of q"^. However, by means of the explicit construction of the PT 
vertex just presented, we know that F*^"^ = r*^"\ and therefore / = 0. Then one immediately 
concludes that 

n(n) = n(n) (5 

Hence, by strong induction, the above relation is true for any given order n, i.e., inserting back 
the Lorentz and gauge group structures, we arrive at the announced result 

K'^iq) ^ n«5,(g). (6.52) 

The same techniques described in this section have been used in [94] to generalize the PT 
algorithm to all orders in the electroweak sector of the SM. 
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7 PT in the Batalin-Vilkovisky framework 

In the previous section we demonstrated how the PT algorithm can be generalized beyond the 
one-loop level. In passing from the two-loop to the all-order construction we abandoned the di- 
agrammatic treatment, and resorted instead to a more formal procedure, where the longitudinal 
pinching momenta trigger the STls satisfied by specific subsets of fully dressed vertices appear- 
ing in the ordinary perturbative expansion. Due to the non-linearity of the BRST transformation, 
we have also seen that the Green's functions generated by this process involve composite oper- 
ators of the type {0\T[s^{x) • • • ] |0), with s the BRST operator and $ a generic QCD field. 

While it is rather satisfactory that the PT could be generalized to all orders, the way this was 
actually accomplished leaves some important issues still open, mainly for the following reasons. 

* The PT quark-gluon vertex was constructed explicitly, but was only partially off-shell, since 
the external fermions were assumed (as always up to now) to be on-shell; however, for the 
upcoming SD analysis (next section) we should be able to construct /w/fy off-shell vertices. 
To be sure, a fully off-shell quark-gluon vertex can be constructed through appropriate em- 
bedding (as was done for the completely off-shell three-gluon vertex in Section 2), but this 
would take us further away from the non-diagrammatic formulation that we are striving for. 

* The only fully off-shell Green's function considered was the PT gluon propagator; however, it 
was not explicitly constructed, but rather indirectly shown to coincide with the corresponding 
BFG gluon propagator. It is clearly preferable to devise an explicit procedure for obtaining 
the PT gluon propagator to all orders. 

* During the all-order construction presented, no pinching contributions have actually been 
ever identified; rather, all cancellations of such terms were concealed in the crucial steps cor- 
responding to Eqs (6.36). However, the determination of closed expressions for the pinching 
contributions is instrumental for understanding the process-independence of the algorithm, 
as well as for determining crucial identities relating the Green's functions with those of 
the BFG. 

As it turns out [165], the most efficient framework for dealing with the type of quantities ap- 
pearing in the PT procedure is the so-called Batalin-Vilkovisky (BV) formalism [46]. This for- 
malism not only streamlines the derivation of the STIs satisfied by IPI Green's functions and 
connected kernels, but has two additional important key features [165,167]: it allows for the 
construction of the auxiliary (ghost) Green's functions in terms of a well-defined set of Feyn- 
man rules, and furnishes a set of useful identities, the so-called Background-Quantum Identi- 
ties (BQls), which relate Green's functions involving background fields to Green's functions 
involving quantum fields. As we will see, these latter identities will allow for the effortless 
identification of the PT Green's functions with those of the BFG, and constitute one of the main 
advantages gained from employing the BV formalism [165]. 

In this section we present an introduction to the BV formalism, providing the minimum 
amount of information needed to establish notation, and arrive at the relevant generating func- 
tionals and master equations, together with the differentiation rules needed to generate from 
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Fig. 66. Our conventions for the (IPI) Green's functions r$j...$^(pi, . . . ,pn)- All momenta p2, • • • ,Pn 
are assumed to be incoming, and are assigned to the corresponding fields starting from the rightmost one. 
The momentum of the leftmost field <I>i is determined through momentum conservation iJ2iPi — 0) ^^^^ 
will be suppressed. 

the latter useful identities. We will then concentrate on putting to work all the machinery intro- 
duced, by casting in the BV language the one- and two-loop results presented in earlier sections. 

Thus, this introductory section sets up the stage for an alternative, and more efficient, way 
of generalizing the PT to all orders. In fact, as will be shown in the next section, casting the 
PT in the BV language permits to go on step further, allowing for the generalization of the PT 
algorithm to the Schwinger-Dyson equations of QCD. 



7. 1 Green 's functions: conventions 

The Green's functions of the theory can be constructed in terms of time-ordered products of free 
fields $5 ■ ■ ■ "^n ^iid vertices of the interaction Lagrangian (constructed from the pieces of 
£ which are not bilinear in the fields) through the standard Gell-Man-Low formula for the IPI 
truncated Green's functions 

= (T[$?(xi)---$°(x„)]expH /rf'xA,t))'^^ (7.1) 

The complete set of Green's functions can be handled most efficiently by introducing a gener- 
ating functional (see also Section 3), which in Fourier space reads 

m = E / n s\Y.p^)^M ■ ■ ■ $n(j9„)r^,...^„(pi, . . . (7.2) 

n=0 i=0 j=l 

with Pi the (in-going) momentum of the ^ j field. Since in perturbation theory r<i,^...<i,,^ is a formal 
power series in h, we will denote its m-loop contribution as T^^l,^^^. Then, the Green's functions 
of the theory may be obtained from the generating functional r[$] by means of functional 
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Table 2 

Ghost charges and statistics (B for Bose, F for Fermi) of the QCD fields, anti-fields and BFM sources. 



differentiation: 



r$i...$„(pi,...,Pn) ^i' 



5"r 



5$i(pi)5$2(p2)---5$n(Pn) 



(7.3) 



where denotes the Fourier transform of and our convention on the external momenta 
is summarized in Fig. 66. From the definition given in Eq. (7.3) it follows that the Green's 
functions i~^V^^...^^^ are simply given by the corresponding Feynman diagrams in Minkowsky 
space. Finally, notice that upon inversion of two (adjacent) fields we have 

r$i...$,$i+i...$„(pi, . . . . . . = ±r$j...$,_^^$....$„(pi, . . . . . . ,p„), (7.4) 

with the minus appearing only when both fields $j and obey Fermi statistics. 

The Green's functions defined so far are sufficient for building all possible amplitudes in- 
volved in the -S-matrix computation; however, due to the non-linearity of the BRST transfor- 
mations, they do not cover the complete set of Green's functions appearing in the STIs of the 
theory (and therefore needed for its renormalization, as well as the PT construction). 



7.2 The Batalin-Vilkovisky formalism for pedestrians 



Let us now introduce for each field $ appearing in the theory ^ a corresponding anti-field, to 
be denoted by The anti-field $* has opposite statistics with respect to its ghost charge, 
gh($*), is related to the ghost charge gh($) of the field $ by gh($*) = — 1 — gh($). For 
convenience, we summarize the ghost charges and statistics of the various QCD fields and anti- 
fields in Table 2. Next, we add to the original gauge invariant Lagrangian Ci of Eq. (2.2) a term 
coupling the anti-fields with the BRST variation of the corresponding fields, to get 



(7.5a) 



= A*"(9'^c" + gf^'Ay) - -gf'''"c*''d'c'' + igi:*c''ty - igc^i^t'^ilj* . (7.5b) 

Notice that we have suppressed all spinor indices (both flavor and color), since they play no role 
in the ensuing construction. 



In the rest of this report, quark fields will be denoted by the generic letter ip 
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Then, the action F^'^) $*] constructed from >Cbv> will satisfy the master equation 

/<^^-E§^^ = 0. (7.6) 

To verify this, observe that, on one hand, the terms in dV^^^S^^ that are independent of the 
anti-fields are zero, due the BRST (actually the gauge) invariance of the action 

/^'^E«^^ = jd'x{sTf\^) =0; (7.7) 

on the other hand, terms in 5V^^^ that are linear in the anti-fields vanish, due to the nihilpo- 
tency of the BRST operator 

jd^x ^ s^'^-^ = jd^x J2 s'^' = 0. (7.8) 

Now, since the anti-fields are external sources, we must constrain them to suitable values before 
the action T^^^ can be used for calculating the S'-matrix elements of the theory [39]. To that end, 
we introduce an arbitrary fermionic functional, ^[$], with ghost charge -1, and set for all the 
anti-fields $* 

Then the action becomes 

= r(°)[$] + (7.10) 

and therefore, choosing the functional ^ to satisfy the relation 

= I d'x (£gf + >Cfpg) , (7.1 1) 

we see that the action F^"^ (obtained from Cbv) is equivalent to the gauge-fixed action obtained 
from the original Lagrangian C of Eq. (2.1). The functional ^ is often referred to as the "gauge 
fixing fermion". 

It is well-known that the BRST symmetry is crucial for endowing a (gauge) theory with a uni- 
tary S'-matrix and gauge-independent physical observables; therefore, it must be implemented 
to all orders. For doing so we establish the quantum corrected version of the master equation 
(7.6) in the form of the STI functional 



<S(F)[$]= /rf^.V^^ 



I 



(fx I I I = H =- + B 

[ SAt^ SA^ Sc*"^ 5d^ Sip* Sip Sip Sip* Sc^ 



0, (7.12) 
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where r[$, $*] is now the effective action. 

In order to simplify the structure of the STl generating functional of Eq. (7.12), let us notice 
that the anti-ghost (f and the multiplier B"^ have linear BRST transformations; therefore they 
do not present the usual complications (due to non-linearity) of the other QCD fields. Together 
with their corresponding anti-field, they enter bi-linearly in the action, and one can write the 
complete action (which we now explicitly indicate with a C subscript) as a sum of a minimal 
and non-minimal sector 

rg)[$,$*] = r(°)[A«,A*",V',V'*,V',V'*,c",c*"] + c*"s«. (7.13) 

The last term has no effect on the master equation (7.6), which is satisfied by V^^^ alone; the 
fields {A^, A*", ip, ip*, ip, ijj*, c", c*"} are usually called minimal variables while and 5" are 
referred to as non-minimal variables or "trivial pairs". Equivalently, one can introduce the min- 
imal (or reduced) action by subtracting from the complete one the local term corresponding to 
the gauge-fixing Lagrangian, i.e., 

r = Tc- jd^xCcF. (7.14) 
In either cases, the result is that the STI functional is now written as 

6(1 -jdx + + j^-^ + s^srl ~ 

In practice, the STIs of Eq. (7.15), generated from the reduced functional F, coincide with those 
obtained from Tq after the implementation of the Faddeev-Popov equation, described in the 
next subsection [168]. One should also keep in mind that the Green's functions involving un- 
physical fields that are generated by F coincide with those generated by Fc only up to constant 
terms proportional to the gauge fixing parameter, e.g., Fa^a^(?) = ^Af^A^io.) ~ i^~^QnQi^- The 
differences between employing F or Fc is further explored in Appendix C; there, all relevant 
identities needed for the generalization of the PT procedure to the SDEs of QCD (next section) 
are derived and discussed. 

Taking functional derivatives of 5(F) [$] and setting afterwards all fields and anti-fields to 
zero will generate the complete set of the all-order STIs of the theory; this is in exact analogy 
to what happens with the effective action, where taking functional derivatives of F[$] and set- 
ting afterwards all fields to zero generates the Green's functions of the theory, see Eq. (7.3). 
However, in order to reach meaningful expressions, one needs to keep in mind that: 

* S{r) has ghost charge 1; 

* functions with non-zero ghost charge vanish, since the ghost charge is a conserved quan- 
tity. 

Thus, in order to extract non-trivial identities from Eq. (7.15) one needs to differentiate the 
latter with respect to a combination of fields, containing either one ghost field, or two ghost 
fields and one anti-field. The only exception to this rule is when differentiating with respect to 
a ghost anti-field, which needs to be compensated by three ghost fields. In particular, identities 
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involving one or more gauge fields are obtained by differentiating Eq. (7.15) with respect to 
the set of fields in which one gauge boson has been replaced by the corresponding ghost field. 
This is due to the fact that the linear part of the BRST transformation of the gauge field is 
proportional to the ghost field: linear = d^j^c"-. For completeness we also notice that, for 
obtaining STIs involving Green's functions that contain ghost fields, one ghost field must be 
replaced by two ghost fields, due to the non linearity of the BRST ghost field transformation 
[sc" oc f°-^'^c^c^, see Eq. (2.9)]. The last technical point to be clarified is the dependence of 
the STIs on the (external) momenta. One should notice that the integral over d^x present in 
Eq. (7.15), together with the conservation of momentum flow of the Green's functions, implies 
that no momentum integration is left over; as a result, the STIs will be expressed as a sum of 
products of (at most two) Green's functions. 

An advantage of working with the BV formalism is the fact that the STl functional (7.15) 
is valid in any gauge, i.e., it will not be affected when switching from one gauge to another. 
In particular, if we want to consider the BFM gauge, the only additional step we need to take 
is to implement the equations of motion for the background fields at the quantum level. This 
is achieved most efficiently by extending the BRST symmetry to the background gluon field, 
through the relations 

sA^ = n^, sO™ = 0, (7.16) 

where represents a (classical) vector field, with the same quantum numbers as the gluon, 
ghost charge +1, and Fermi statistics (see also Table 2). The dependence of the Green's func- 
tions on the background fields is then controlled by the modified STI functional 

where F' denotes the effective action that depends on the background sources il^ (with F = 
F'|n=o), and 5(F')[$] is the STI functional of Eq. (7.15). Differentiation of the STI functional 
(7.17) with respect to the background source and background or quantum fields will then pro- 
vide the BQls, which relate IPl Green's functions involving background fields with the ones 
involving quantum fields. The BQIs are particularly useful in the PT context, since they allow 
for a direct comparison between PT and BFM Green's functions. 

Finally, the background gauge invariance of the BFM effective action implies that Green's 
functions involving background fields satisfy linear Wis when contracted with the momentum 
corresponding to a background leg. They are generated by taking functional differentiations of 
the WI functional 

d'x ^ =0, (7.18) 

where are the local infinitesimal parameters corresponding to the SU{3) generators i", 
which now play the role of the ghost field. The transformations S^^ are thus given by 



S^il^i = igr{t%^4 8^i^\ = -igrijl{t'')ji, (7.19a) 
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and the background transformations of the anti-fields 5^$* coincide with the gauge transfor- 
mations of the corresponding quantum gauge fields according to their specific representation. 
Notice that, in order to obtain the Wis satisfied by the Green's functions involving background 
gluons A, one has to differentiate the functional (7.18) with respect to the corresponding pa- 
rameter 

The STIs and BQIs needed for the PT construction have been derived in [169], together with 
the method for constructing the auxiliary functions appearing in these identities; they are re- 
ported for convenience in Appendix C.2 and C.3. 



7.3 Faddeev-Popov equation(s) 



The Faddev-Popov equation is a highly non-trivial identity, which is extremely useful in the PT 
context, since it determines the result of the contraction of longitudinal momenta on auxiliary 
Green's functions. The FPE is also instrumental in proving the equivalence between the STIs 
and BQIs derived using T or Tq (see Appendix). Since the FPE depends crucially on the form 
of the ghost Lagrangian, which, in turn, depends on the gauge fixing function [see Eq. (2.7)], 
we will first present the corresponding derivation in the gauges, and then generalize it to the 
REM. 

To derive the FPE in the gauges, one observes that in the QCD action the only term 
proportional to the anti-ghost fields comes from the Faddeev-Popov Lagrangian density, which 
can be rewritten as 

/:?Ig = -^d^isA^) = -^9^Jj;^- (7-20) 
Differentiation of the action with respect to (f yields the FPE in the form of the identity 

+d^^ = 0, (7.21) 



SO that, taking the Fourier transform, we arrive at 



^'^^-0. (7.22) 



Thus, in the i?^ case, the FPE amounts to the simple statement that the contraction of a leg cor- 
responding to a gluon anti-field (A*J^) by its own momentum (g'^) converts it to an anti-ghost leg 
(c"^. Functional differentiation of this identity with respect to QCD fields (but not background 
sources and fields, see below) furnishes useful identities, that will be used extensively in our 
construction. 

For obtaining FPEs for Green's functions involving background gluons and sources, one has 
to modify Eq. (7.22), in order to account for the presence of extra terms in the BEM gauge 
fixing function (and therefore in the REM Faddeev-Popov ghost Lagrangian). Eq. (7.21) gets 
then generalized to 

S^+I^'SA*^) (7.23) 
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id) 

Fig. 67. The 5-matrix PT setup for constructing the gluon propagator at one loop. The external particles 
are left unspecified since, due to the process-independence of the algorithm, they can equally well be 
quarks or gluons. When the external particles are, e.g., gluons, the kernel /C^'^^ appearing in diagram (6) 
is the tree-level version of the one shown in Fig. 71. Mirror diagrams having the kernels on the opposite 
side are not shown. 

Once again, the specific FPEs needed for the PT construction have been derived in [169], and 
are reported in Appendix C.l. 

7.4 The ( one-loop ) PT algorithm in the BV language 

After introducing all this formal machinery, it would be important to make contact with the PT 
algorithm. This is clearly best done at the one-loop level, since in this case all calculations are 
rather straightforward, and it is relatively easy to compare the standard diagrammatic results 
with those coming from the BV formalism. This comparison will (/) help us identify the pieces 
that will be generated when applying the PT algorithm, and (//) establish the rules for distribut- 
ing the pieces obtained in (?) among the different Green's functions appearing in the calculation. 

The starting point is the usual embedding of the (one-loop) gluon propagator into an ^-matrix 
element (Fig. 67). Choosing the external legs to be, e.g., gluons, and carrying out the PT de- 
composition r = + on the tree-level three-gluon vertex of diagram (b) [see Eqs (2.39)], 
we find 

{b) = {bf + {bf, 

= -gn^'ga ^^k^lJ^%A^^ArAiik2,P2, -pi) ■ (7.24) 

The 1/2 symmetry factor carried by the kernel /C is due to the explicit presence of the cross- 
ing term. Then, expanding at tree-level the STI (C.35), dropping the terms proportional to the 
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inverse gluon propagator ryji{pi), since they vanish for "on-shell" gluons, and finally making 
use of Eq. (C.44), we get 

m = -gn-g: /^^^<°J^.^,^..(P2, -pi, h)T^llA,ik2). (7.25) 

At this point the FT calculation is over, and one needs to reshuffle the pieces generated. Since 
{b') is a vertex-like contribution, the PT vertex Taaa, which is obtained by considering the 
corresponding Green's function embedded in the S'-matrix element, will be given by 

{bf + (6') + (c) + (d) = (6) + (c) + (d) + {b') - {bf, (7.26) 

or 

i^AlArAs{P2, -Pi) = i^AlArA^^iP2, -Pl) + r[Ja^*7 (-gjrjj]^^^, (p2, -Pi)- 0.21) 

The PT self-energy will be given instead by the combination (a) + 2(6)^ [the factor of 2 coming 
from the mirror diagram of (6)], i.e., 

nS(?) = nS(?) + nS^n?), (v.28) 

where we have defined, with the aid of Eq. (C.16), 

^l?iQ) = 2^^£A*.(?)^i°^A,(?)• (V.29) 

We can now proceed to the comparison of the PT Green's functions with those of the BFG, by 
resorting to the BQIs. Clearly, Eq. (7.27) represents the one-loop expansion of the BQI (C.48), 
and we immediately conclude that 

^AiArA,{P2, -Pl) - r^i^.^. (P2, -Pl). (7.30) 

For the self -energy we have instead [recall that in our conventions —TAA{<i) = n(g)] 

<^"'nS(?) = -r^^. (g) + 2^^g^..(g)^^°]^. (g) , (7.31) 
which represents the one-loop version of the BQI of Eq. (C.39), i.e., we have 

<^'^'nW(?) = -r5i (7.32) 

7.5 The two-loop case 

As can be inferred on the basis of the analysis carried out in the previous section, at the two- 
loop level all the diagrams appearing in the skeleton expansion of the propagator and vertex are 
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participating in the PT construction. Tlius, it would be useless to carry out the same comparison 
between the diagrammatic and the BV formulation as we did at the one-loop level: while the 
level of difficulty would be the same as that of the all-order analysis, no deeper understanding 
would be gained in the process. 

However, what we can still show is how the BV formalism enormously facilitates the com- 
parison between the final PT result and the corresponding BFG Green's function, drastically 
reducing the additional effort required in order to compare the PT self-energy to the corre- 
sponding BFG one. This is particularly relevant in the SM case, where the use of the BQIs has 
been instrumental for generalizing the PT algorithm to two loops [170]. Let us start with the 
two-loop gluon self-energy, which is given by [see Eq. (6.20)] 

nS(g) = ng)(g) + ifj'\q) - Rl^'\q), (7.33) 

with 



- h [k^gaa + -I, k + e)] {i - qr 

+ tV;^'^\q)U^'^{q)-q'hPaM- 



(7.34) 



On the other hand, the two loop version of the BQI (C.39) satisfied by the gluon two-point 
function gives 



+ rS A*. (?) ri°^ A. (?) rj;j^« (?) , (7.35) 

where we have used the fact that —TA„Ag = ^ap- From the one-loop results of the previous 
subsections it is immediate to establish the identity 

2^^gIA*.(?)^^^A,(?) + 4V(?)r?^A.(?) = <^'^"(?)nS(?) - q'hPaf^iq)- (7.36) 

Finally, the perturbative expansion at the two-loop level of the auxiliary function T^a* is shown 
in Fig. 68; one has the results 



(a) = h.r^Xi-k, k + £){£- qr, (b) = h^i£ - q^k,, 

1 1 
{c) = --hLa^{£,k), {d) = --I^ga^, (7.37) 



or 
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(a) (6) (c) id) 

Fig. 68. The two-loop diagrams contributing to the auxiliary function Fqa* 



<0) 



(7.38) 



Putting everything together, we see that 



which thus implies 

nS(g) = nS(g), (7.40) 

— (2) 

where Ha/siq) = —Ta^a^ is the BFG two-loop gluon self-energy. The proof in the case of 
the PT two-loop quark-gluon vertex is even easier; after using the one-loop result, the two-loop 
PT vertex can be cast in the form 



h \kpga. + Tf(-k, -i, k + i)] (i - qf \y 



(7.41) 



The two-loop BQI (C.57) for the gluon-quark vertex reads 



A 



nlA*'i{q)^^M'^^ij>2.-Pl) 



+ rniA*^(9)r5Ja,/„A(p2,-Pi) 



{lAT) 



where we have neglected pieces that vanish on- shell. Then one has 
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4S*.(g)ri°^^^-(P2, -Pi) = -\^hL^,{^, k) + hg^, 

- h \Kgaa + rfU-K ^ + ^)1 - g)47^ 



(7.43a) 



(7.43b) 



where in (7.43b) we have suppressed a factor gt"-. Thus we get the equality between the two- 
loop PT and BFG quark-gluon vertex [one needs to take into account that, due to the different 
conventions used, r„(pi,p2) = ir^^^^(p2, -Pi)]. 
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8 The PT Schwinger-Dyson Equations for QCD Green's functions 



After recasting the PT algorithm in the BV language, and making contact with the original di- 
agrammatic formulation, we are now ready to face the final challenge: apply the PT program 
to the (non-perturbative) Schwinger-Dyson equations (SDEs) of QCD. In fact, historically, this 
was the main motivation for introducing the method in the first place [5-8]. 

In this section, after briefly discussing the difficulties encountered when attempting to trun- 
cate the SDEs within the conventional formalism, we will scrutinize, in detail how the PT algo- 
rithm can be extended to the construction of new SDEs for the QCD Green's functions. Next we 
proceed to the actual construction of the new SDEs for the gluon two- and three-point functions. 
We will finally discuss in depth the theoretical and practical advantages of the new SDE series. 



8.1 SDEs for non-Abelian gauge theories: difficulties with the conventional formulation 

The SDEs provide a formal framework for tackling physics problems requiring a non pertur- 
bative treatment. In fact, even though these equations are derived from an expansion about the 
free-field vacuum, they finally make no reference to it, or to perturbation theory, and can be used 
to address problems related to chiral symmetry breaking, dynamical mass generation, formation 
of bound states, and other non-perturbative effects [26,27]. 

In practice, however, their usefulness hinges crucially on one's ability to devise a self- 
consistent truncation scheme that would select a tractable subset of these equations, without 
compromising the physics one hopes to describe. Inventing such a scheme for the SDE of 
gauge theories is a highly non-trivial proposition. The problem originates from the fact that 
the SDEs are built out of unphysical Green's functions; thus, the extraction of reliable physical 
information depends critically on the delicate all-order cancellations we have been describing in 
this review, which may be inadvertently distorted in the process of the truncation. For example, 
several of the issues related to the truncation of the SDEs of QED have been addressed in [171- 
180]; it goes without saying that the situation becomes even more complicated for strongly 
coupled non-Abelian gauge theories, such as QCD [181], mainly because of the following two 
reasons. 

/. As we have seen, the complications caused by the dependence of the Green's functions on 
the gfp are more acute in non-Abelian gauge-theories. For example, recall that in QED the 
photon self-energy (vacuum polarization) is independent of the gfp, both perturbatively (to 
all orders) and non-perturbatively; when multiplied by it forms a physical observable, the 
QED effective charge. In contradistinction, the gluon self-energy is gfp-dependent already at 
one loop; depending on the gauge-fixing scheme employed, this dependence may be more 
or less virulent. This difference is clearly of little practical importance when computing 5"- 
matrix elements at a fixed order in perturbation theory, but has far-reaching consequences 
when attempting to truncate the corresponding SDEs, written in some gauge. Moreover, con- 
trary to what happens in the perturbative calculation, even if one were to put together the 
non-perturbative expressions from these truncated SDEs to form a physical observable, the 
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Fig. 69. The SDE satisfied by the gluon self-energy — r^^^. The symmetry factors of the diagrams are 

Sai — — ^ag — 1/2, Sa^ — Sa^ — 1, Sag — 1/6. 

gauge-cancellations may not go through completely, because the process of the truncation 
might have distorted them. Thus, there is a high probability of ending up with a residual 
gauge-dependence infesting one's non-perturbative prediction for a physical observable. 

a. In Abelian gauge theories the Green's functions satisfy linear Wis, which in non-Abelian the- 
ories are replaced by the non-linear STIs, involving, in addition to the basic Green's functions 
of the theory, various composite ghost operators. In order to appreciate how the fact that the 
Green's functions satisfy STIs may complicate the truncation procedure of the SDEs, let us 
consider the simplest STI (and WI in this case) satisfied by the photon and gluon self-energies 
alike, namely 

g"n„^(g)=0. (8.1) 
Eq. (8.1) is without a doubt the most fundamental statement at the level of Green's functions 
that one can obtain from the BRST symmetry: it affirms the transversality of the gauge-boson 
self-energy, be it a photon or a gluon, and is valid both perturbatively to all orders as well as 
non-perturbatively. The problem stems from the fact that in the SDE of IIq,^ enter higher order 
Green's functions, namely the fully-dressed fundamental vertices of the theory. It is these 
latter Green's functions that in the Abelian context satisfy Wis, whereas in the non-Abelian 
context satisfy STIs. Thus, whereas in QED the validity of Eq. (8.1) can be easily seen at 
the level of the SDE, simply because q°'Ta{p,p + q) = e [S^^{p + q) — S~^{p)], in QCD 
proving Eq. (8.1) explicitly, i.e., by contracting with g° the SDE of the gluon self-energy, 
requires a subtle conspiracy of all the (fully-dressed) vertices appearing in it. Truncating the 
SDE naively usually amounts to leaving out some of these vertices, and, as a result, Eq. (8.1) 
is compromised. 

To be concrete, consider the SDE for the gluon propagator shown in Fig. 69; then, Eq. (8.1) 
translates at the level of the SDE to the statement 

6 

i=l 

The diagrammatic verification of (8.2), i.e., through contraction of the individual graphs by 
g", is practically very difficult, essentially due to the complicated STIs satisfied by the vertices 
involved. The most typical example of such an STI is the one satisfied by the conventional three- 
gluon vertex of Eq. (2.94). In addition, some of the pertinent STIs are either too complicated. 
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such as that of the conventional four-gluon vertex, or they cannot be cast in a particularly con- 
venient form. For instance, in the case of the conventional gluon-ghost vertex, T^{q, p), the STI 
that one may obtain formally for q^V ^^{q, p) is the sum of two terms, one of which is p^T ^{q, p) ; 
this clearly limits its usefulness in applications. 

The main practical consequence of these complicated SUs is that one cannot truncate (8.2) 
in any obvious way without violating the trans vers ality of the resulting Haidio)- For example, 
keeping only graphs (ai) and (02) is not correct even perturbatively, since the ghost loop is 
crucial for the transversality of already at one-loop; adding (03) is still not sufficient for a 
SD analysis, because (beyond one-loop) q°'[{ai) + (02) + (a3)]a/3 7^ 0. 

Last but not least, these complications are often compounded by additional problems related 
to the loss of multiplicative renormalizability and the inability to form renormalization-group 
invariant quantities. 

It should be clear by now that the difficulties pointed out are exactly of the type that can 
be circumvented using a PT approach (in fact, a gauge invariant truncation scheme for SDEs 
has been the original motivation for introducing it). In particular, the way e.g., point (/) is re- 
solved, for the prototype case of the gluon self-energy, is the following. The BFG is a privileged 
gauge, in the sense that it is selected dynamically when the gluon self-energy is embedded into 
a physical observable (such as an on-shell test amplitude). Specifically, the BFG captures the 
net propagator-like subamplitude emerging after QED-like conditions have been replicated in- 
side the test-amplitude, by means of the PT procedure. Thus, once the PT rearrangements have 
taken place, the propagator is removed from the amplitude and is studied in isolation: one con- 
siders the SDE for the background gluon self-energy, H^a, at = 1. Solving the SDE in the 
BFG eliminates any gauge-related exchanges between the solutions obtained for 11^/3 and other 
Green's functions, when put together to form observables; thus, the solutions are free of gauge 
artifacts. Regarding point (//), all full vertices appearing in the new SDE satisfy now Abelian 
Wis; as a result, gluonic and ghost contributions are separately transverse, within each order in 
the "dressed-loop" expansion (as was already noticed in our discussion of the BFM two-loop 
gluon self-energy, see subsection 3.3.2). Thus, as we will see explicitly in the next section, it is 
much easier to devise truncation schemes that manifestly preserve the validity of Eq. (8.1). Let 
us for now turn to the problem of how the PT algorithm can be generalized to a non-perturbative 
setting. 



8.2 The PT algorithm for Schwinger-Dyson equations 

The BV (re)formulation of the PT algorithm reveals its true power when dealing with the prob- 
lem of constructing (off-shell) PT Green's functions without resorting to fixed order calcula- 
tions, as it is the case when dealing with SDEs [182,183,169]. In particular, it is immediate 
to realize that the (one-loop) procedure described at the end of the previous section for the 
various QCD Green's functions carries over practically unaltered to the construction of the 
corresponding (non-perturbative) SDEs. This is basically due to the following three crucial ob- 
servations [182,183,169]: 

* the pinching momenta will be always determined from the tree-level decomposition given in 
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Eq. (2.38); 



* their action is completely fixed by the structure of the STIs they trigger; 

* the kernels encountered in these STIs are those appearing in the corresponding BQIs; thus, it 
is always possible to write the result of the action of the pinching momenta in terms of the 
auxiliary Green's functions of the BQIs. 

The only operational difference is that, in the case of the SDEs for vertices, all external legs 
will be off-shell. This is of course unavoidable, because the (fully dressed) vertices are nested 
inside, for example, the SDE of the off-shell gluon self-energy, (see Fig. 69); thus, all legs are 
off-shell (the external leg because the physical four-momentum (g^) is off-shell, and the legs 
inside the diagrams because they are irrigated by the virtual off-shell momenta). As a result, 
the equations of motion employed in the previous section in order to drop some of the resulting 
terms cannot be used in this case; therefore, the corresponding contributions, proportional to 
inverse self-energies, do not vanish, and form part of the resulting BQl. 
Thus the PT rules for the construction of SDEs may be summarized as follows: 

* For the SDEs of vertices, with all three external legs off-shell, the pinching momenta, com- 
ing from the only external three-gluon vertex undergoing the decomposition (2.38), generate 
four types of terms: one of them, corresponding to the term {h') in Eq. (7.25), is a genuine 
vertex-like contribution that must be included in the final PT answer for the vertex under 
construction, while the remaining three-terms will form part of the emerging BQI (and thus 
would be discarded from the PT vertex). These latter terms have a very characteristic struc- 
ture, which facilitates their identification in the calculation. Specifically, one of them is al- 
ways proportional to the auxiliary function F^a* , while the other two are proportional to the 
inverse propagators of the fields entering into the two legs that did not undergo the decompo- 
sition of Eq. (2.38). 

* In the case of the SDE for the gluon propagator, the pinching momenta will only generate 
pieces proportional to Fqa* ; these terms should be discarded from the PT answer for the 
gluon two-point function (since they are exactly those that cancel against the contribution 
coming from the corresponding vertices), and will contribute instead to the corresponding 
BQI. 

Thus, using these rules, and starting from the corresponding SDEs written in the Feynman gauge 
of the R^, we will first derive the new SDEs for the V aaa vertex (the quark-gluon vertex V j^^^) 
has been also explicitly constructed in [169]), and will then address the more complicated case 
of the SDE for the PT gluon propagator Vaa- 



8.2.1 Three-gluon vertex 

The SDE for the conventional three-gluon vertex is shown in Fig. 70. Before starting the calcu- 
lation, let us emphasize that the purpose of this exercise is to generate dynamically the vertex 
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Fig. 70. The SDE of the three-gluon vertex. The symmetry factors of the (first and second hne of 
the figure) diagrams are s{a,b) = 1. s{c) = 1/2, s{d) = 1/6, s(e) = —1, s{f,g) = 1/2. In the third 
line we show the additional topologies present in the BFM version of the equation i, /, m) = —1], 
generated during the PT procedure. 

^AAA ^^'^ fully Bose-symmetric vertex [8,65] ^2aa studied in Section 2. The reason for 

this is the fact that it is the former vertex that appears in the SDEs for the gluon propagator [see, 
e.g., diagram (rfi) in Fig. 77], making it the relevant vertex to be studied at this level. 

We then begin by carrying out the decomposition of Eq. (2.38) to the tree-level vertex ap- 
pearing in diagram (c), which will be the only one modified in our construction. Concentrating 
on the part, we find 

{cf = gn-'g^,. [ ^A'';':^{k2)k^,ICA^A^ArAs{h,p,,-p,), (8.3) 

where the kernel Kaaaa is shown in Fig. 71. 

Using the STI (C.35) satisfied by this kernel, we obtain from Eq. (8.3) four terms, namely 
{cY = (si) + (S2) + (S3) + (S4). Then, using Eqs (C.44) and (C.45), it is fairly straightforward 
to prove that 



182 




Fig. 71. Skeleton expansion of the kernel appearing in the SDE for the three-gluon vertex [diagram (c) 
of Fig. 70] 

(51) = -TnaA'/{-q)'^Ai^ArAs^{P2, -Pl), 

(52) = -'rnaAU*^^{-PuP2)TAdAr{P2), 

{S3) = -^n-A-A^iPi, -Pi)rAdAj(Pi)- (8.4) 

Evidently, the term (si) gives rise to the propagator- like contribution, ^ which, in the S- 
matrix PT, would be allotted to the new two-point function, Taa- As for (52) and (53), they 
correspond to terms that would vanish on-shell, but now, due to the off-shell condition of the 
external legs, must be retained in the final answer. 

Finally, let us consider the term (54), given by 

{sA)=9n''''9au' I D"'™(A;i)A:;::;(A:2)/C,™^*.^.^j(A;2,P2,-Pi)r^^Aj(A:2), (8.5) 

and show how it combines with the remaining diagrams to generate the BFG vertex ^aaa- 
To this end, using Eq. (C.17) and the FPE satisfied by the kernel ICca*aa, we can write (54) = 

(S^a) + (sAb), with 

(s4a) = -^^7r"^'V / /^"'"(A:i)/C,^A7A^,AJ(A;2,P2,-Pl), 
J ki 

is,b) = -gn''''gau' I 5'-'^D"^'"'ih)}C,^,.ArAsik2,P2,-Pi). (8.6) 

Jki ^2 

The kernel ]CccAA is defined by replacing in Eq. (C.36) every anti-field leg A* by the correspond- 
ing anti-ghost field c. First of all, notice that the apparently missing topologies (l) and (m) of 
Fig. 70 will be generated by the tree-level contribution appearing in the SDE of the auxiliary 
function Tcaa*- To prove this, let us write 

^c^A^A-Aj (^2,^2, -Pl) = ^'c^AVA-A- (^2,^2, -Pl) - ig f^"^"' gJT {-pi, e)D^^' (i) 

-igf''glD^'\tT,^Ar,AP2, -n, (8.7) 

^ Note that this term is identical to the one found in the construction of the SDE for the quark-gluon 
vertex case [169]. This is the (all-order) manifestation of the PT process-independence (see 2.4.3): the 
propagator-like contributions do not depend on the details of the external (embedding) particles. 
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Fig. 72. The IPR terms appearing in K,^mjs^*i j<^rj^s contain a tree-level contribution generating the missing 

BFM topologies. Here we show the case for {I); a symmetric term generates (m). The first term on the 
rhs is part of the skeleton expansion of diagram {h) of Fig. 70. Notice that the Ihs is simply a pictorial 
representation of the rhs: the anti-fields are static sources and do not propagate. 

where the prime denotes that the Vcaa* appearing in the corresponding IPR terms starts at 
one-loop. We then find (see also Fig. 72) 



'4a, 



+ (0 + (^), 



(8.8) 



Consider then the terms {s'^^) and {s^b). Their general structure suggests that {s'^g) should give 
rise to the ghost quadrilinear vertex, while (s4b), when added to diagram (e), should symmetrize 
the trilinear ghost gluon coupling. It turns out that this expectation is essentially correct, but its 
realization is not immediate, mainly due to the fact that the (S45) contains a tree-level instead of 
a full ghost propagator instead of D{k2)], while (54^) can reproduce, at most, diagram 

{h) of Fig. 70, but not [i). The solution to this apparent mismatch is rather subtle: one must 
employ the SDE satisfied by the ghost propagator. This SDE is common to both the -R^-gauge 
and the BFM, given that there are no background ghosts. 

To show how this works in detail, we add and subtract to the sum (54^) + (s4f,) the missing 
term (see Fig. 73), obtaining 



Jki L d P cr 

d P ^ 

Jki <^ 

is,,) = -9n''''9a I 



srdn' k2u' 



^2 



X D"'''^{ki))C^^^dArAAk2,P2, -Pi] 



(8.9) 



Then, using Eq (C.40) (which can be safely done now, since tree-level contribution has been 
already taken into account) 

(4 J = Ch) + (?). (8.10) 
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Fig. 73. Diagrammatic decomposition of the kernel K,^^.*.^, introduced in Eq. (8.9). The first term 
represents the kernel /C'„ .,7 .,, ; therefore the TcAA* appearing in the corresponding IPR terms start 

at one-loop. The second term is the one added (and subtracted) to the original sum (54^) + (54;,). After 
replacing the gluon anti-field JC^ with the corresponding composite operator (second line), this kernel 
generates the BFM terms (K) + (i). 

We finally turn to (^4^) and consider the ghost SD equation of Fig. 74. One has 



+ 1- 
2 1^2 



-T'Ah) iD^-{k2 



(8.11) 



where is given by T^g^gi minus its tree-level part. Multiplying the above equation by 



using the FPE (C.l), and factoring out a k2u' we get the relation 



dn 



I k2u' 



-r,^,Ak2)D^'ik2). 



(8.12) 



Therefore, we obtain 



546) = -^?/"'"'"' / fc2a/^'"''"(A;i)/^"'"(A;2)/Ce™5"AMj(A:2,P2,-pi), (8.13) 



SO that 



54;,) + (e) 



e . 



(8.14) 



Using the tree-level Feynman rules (see Appendix B), it is straightforward to establish that the 
graphs (6), (d), (/), and {g) can be converted to hatted ones automatically, and that (c)^ = (c). 
Thus, collecting all the pieces we have, and using the standard PT decomposition (2.38) on the 
tree-level contribution (a), we get 

«rA-A-Aj(P2, -Pl) = -^n-A*;'{-(l)'^AdArA',{P2, -Pl) " ^n-A^,A*/{-Pl,P2)^A^Ar{P2) 

- ^n-ArA';<{P2, -Pi)rAdAj(Pi) + [{a) + (b) + (c) + (d) + (e) 

+ (/) + (g) + (h) + (?) + (0 + (rn)]-; - ^^rTP(p2, -pi). (8.15) 
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o— - = + ----^--o--#---o--- 

Fig. 74. The SDE (8.11) satisfied by the ghost propagator. 

As in the previous case, the sum of diagrams in the brackets is nothing but the kernel expansion 
of the SDE governing the vertex ^^aa' 

'^A'^ArA^ (P2, -Pi) = m + (b) + (c) + (d) + (e)) 

+ (/) + (g) + (h) + (?) + (0 + (m)]-;. (8.16) 

This, in turn, implies that Eq. (8.15) represents the BQI of Eq. (C.48) up to the last (tree- 
level) term on the rhs. Of course, this tree-level discrepancy is to be expected, since the PT 
algorithm cannot possibly work at tree-level if the external legs are amputated, as is the case in 
the SDEs we are considering. To be sure, if we start from the tree-level T^aaa oiiIY' ^•^•^ without 
hooking (two of) the external legs to (conserved) external currents, we can still carry out the 
decomposition of Eq. (2.38), but the term will have nothing to act upon. 

In summary, the application of the PT to the conventional SDE for the trilinear gluon vertex 
(/) has converted the initial kernel expansion [graphs (a) through (g) in Fig. 70] into the graphs 
corresponding to the kernel expansion of the vertex T^^^^; (//) all other pinching terms extracted 
from the original diagram (c) are precisely the combinations of auxiliary Green's functions 
appearing in the BQI that relates the two vertices. 

Notice at this point that the skeleton expansion of the multi-particle kernels appearing in the 
SDE for r^^^ is still written in terms of the conventional fully dressed vertices and propagators 
(involving only quantum fields). Thus, Eq. (8.16) is not manifestly dynamical, i.e., it does not 
involve the same unknown quantities on the right and left hand side. Specifically, in order to 
convert (8.16) into a genuine SDE, one has two possibilities, both involving the use of the above 
BQI: (z) substitute the Ihs of Eq. (8.15) into the rhs of Eq. (8.16) and solve for the conventional 
^AAA vertex, or (ii) invert Eq. (8.15) and use it to convert every Taaa vertex appearing in the 
rhs of Eq. (8.16) into a ^2aa vertex. It would seem that the latter option is operationally more 
cumbersome, especially taking into account that a similar procedure has to be followed for all 
the Green's functions that appear in the coupled system of SDEs that one considers. 

8.2.2 The gluon propagator 

In this section we turn to the SDE of the gluon self-energy. From a technical point of view, the 
construction is somewhat more involved compared to that of the the vertices, simply because the 
PT decomposition of Eq. (2.38) must be carried out on both sides of the self-energy diagram. Put 
in a different way, now we must convert not one, but two external gluons to background gluons. 
This is achieved through a procedure consisting of the following three basic steps [183,169]: (/) 
Start with the conventional SDE for Taa and convert (through pinching) A to A; this generates 
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Fig. 75. The SDE satisfied by the gluon self-energy — r^^. The symmetry factors of the diagrams are 
s(6i, 62, bg) = 1/2, 5(65) = 1/6, and all the remaining diagrams have s = —1. 

the SDE for F^^. (ii) Use the symmetry of to interchange legs: = F^^; this saves a 
lot of algebra in the next step. (Hi) In the SDE for F^^, convert (through pinching) A to A; this 
generates the SDE for F^^- Let us now go over these steps in detail. 

* First step 

The starting point is diagram (ai) of Fig. 69. Following the PT procedure, we decompose the 
tree-level three-gluon vertex according to (2.38), and concentrate on the pinching part, 

{aif = ^gn-'g.u' ^^Kak2)K'^A^A,A>'^{k2, -q). (8.17) 

The application of the STI of Eq. (C.IO), together with Eq. (C.17) and the FPE (C.5), resuks in 
the following terms 

{a,f = ign'-'g^., f A::::;(A:2)F,.^„^*.(A^2, -g)F^.^. (g) 

J ki ^ P 

Jki 1^ 

Jki k2 1^ 
= (S1) + (S2) + (S3). (8.18) 

Using the SDE of the auxiliary function Fj^^., shown in Eq. (C.44), one has immediately that 

(si) = -iFf^a^-7(g)r^d^b(g). (8.19) 

This corresponds to half of the pinching contribution coming from the vertex in the S-matrix 
PT. 

As far as the (52) and (53) terms are concerned, let us start by adding and subtracting to them 
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Fig. 76. The SDE satisfied by tiie gluon self-energy — r^^. The symmetry factors of the diagrams are 

s(ci, C2, ce) = 1/2, s(c3, C4, cr) = -1, 5(05) = 1/6. 

the expression needed to convert the tree-level ghost propagator of (53) into a full one; making 
use of the ghost SDE (8.12), we obtain 



iT 



(3 a 



(8.20) 



J ki 

d P 

(S3) = -Z(7r™'"' / fc2„/^™'"^(fci)D"'"(A;2)W.-n(-g,fc2). 

J ki 

The second term symmetrizes the trilinear ghost-gluon coupling, and one has 

(S3) + (%) = (63), (8.21) 

where (63) is shown in Fig. 75. The term (^2) will finally generate all the remaining terms. 
To see how this happens, we denote by (s2a) and (s2b) the two terms appearing in the square 
brackets of (^2), and concentrate on the first one. Making use of the SDE (C.43) satisfied by the 
auxiliary function Tcaa*, and the decomposition (C.46) of the kernel appearing in the latter, we 
get 



J ki 



+ /r'"''/'"'^'w / / I^"^'"^(fci)A:;;(A;3)Z^"'"(A;4)/C,„^.^,,„(-g,A;3,fc4) 
Jki Jk'i " 

= (&4) + (M + (M + (M- (8.22) 
For the second term, using the SDE satisfied by Fca*, shown in Eq. (C.42), we obtain 



J ki J ki 

F^m^ 



X rc-A^c9(-9,^2) 



\k^,k^)D3^{k2) X 

(8.23) 
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Fig. 77. The SDE satisfied by tlie gluon self-energy —^^a' symmetry factors are the same as the 
one described in Fig. 75. 

Finally, since the diagrams (02), (04) (05), and (ag) carry over directly to the corresponding 
BFM ones (62), (^5), (be), and (&11), and given that (ai)^ = (61), we have the final identity 



[S2) + (S3) + 



i=2 



11 



1=1 



and therefore 



(8.24) 
(8.25) 



which is the BQI of Eq. (C.38). 
* Second step 

The second step in the propagator construction is to employ the obvious relation 



r 



A'lA 



7b 



(8.26) 



that is to interchange the background and quantum legs (the SDE for the self-energy — r^j^ 
is shown in Fig. 76). This apparently trivial operation introduces a considerable simplification. 
First of all, it allows for the identification of the pinching momenta from the usual PT decompo- 
sition of the (tree-level) F appearing in diagram (ci) of Fig. 76 [something not directly possible 
from diagram (61)]; thus, from the operational point of view, we remain on familiar ground. 
In addition, it avoids the need to employ the (formidably complicated) BQI for the four-gluon 
vertex; indeed, the equality between diagrams (C5), (cg), {cj) of Fig. 76, and (^5), {cLq), {dn) of 
Fig. 77, respectively, is now immediate [as it was before, between the diagrams (04), (05), (og) 
and (65), {ho), (fen), respectively]. 

* Third step 

We now turn to diagram (ci) and concentrate on its pinching part, given by 

(ci)P = tgn^'ga.' [ ^^/\iak2)KT^^^^^, {h, -q). (8.27) 
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Fig. 78. Summary of the PT procedure employed for the construction of the new SDE describing the 
gluon propagator. 

Notice the appearance of the full BFM vertex T^^^ instead of the standard Taaa (in the R^). 
The STI satisfied by the former vertex has been derived in Eq. (C.30). Now, the first three terms, 
(si), (S2) and (S3), appearing in this STI, will give rise to PT contributions exactly equal to those 
encountered in first step described above, the only difference being that the field appearing 

there is now a background field A^. Thus, following exactly the reasoning described before, we 
find [see again Fig. 77 for the diagrams corresponding to each (di)] 



(si) ^ -iroaA-(g)r^e;ji (g), 
{S2) + (S3) + (C3) = (^3) + + (dj) + ids) + (rfg) + (rfio). (8.28) 
For the term (54) we have instead 

(sa) - g'n'^r'-^gc.'gp, f A^^ih). (8.29) 

Jki 

Clearly this has a seagull-like structure; in particular, it is immediate to prove that when added 
to (C2) it will convert it into (^2) 

(54) + (C2) = (^2). (8.30) 
Thus, since as always (ci)^ = (di) we get 



{82} + (S3) + [Si] 

and therefore 



(ci)" + E(c.) 



i=2 



11 



(8.31) 



i=l 



which is the BQI of Eq. (C.38). This concludes our proof. 

In Fig. 78 we summarize the steps that allowed the successful construction of the SDE for 
the PT propagator. 



8.3 The new Schwinger-Dyson series 



We will now have a closer look at the structure and physical consequences of the new SDEs 
obtained in the previous subsections. We focus, for concreteness, on the SDE for the gluon 
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propagator; notice, however, that the following analysis applies with minimal modification to 
the three-point functions SDEs. 

The PT rearrangement gives rise dynamically to the new SD series (shown in Fig. 79) which 
has the following characteristics: 

* On the rhs, it is as if the external gluons had been converted dynamically into background 
gluons, since we have graphs that are made out of new vertices, which coincide precisely 
with the BFG ones. Notice, however, an important point: the graphs contain inside them the 
same gluon propagator as before, namely A. 

* On the Ihs, we have the sum of three terms: in addition to the term A~^{q'^)Pa^{q), present 
there from the beginning, we have two additional contributions, 2G'(g^)A^^(g^)Pofl(g) and 
G'^{q^)A~^{q^)Pa[j{q), which appear during the PT rearrangement of the rhs (and are subse- 
quently carried to the Ihs). Thus, the term appearing on the Ihs of the new SDE is [q^] [1 -|- 
G{q^)YPai3{q), with the function G{q^) defined through 

^n„A•(g) = ^^a/3G'(g2) + ..., (8.33) 

where the omitted terms are proportional to qaq^ (and therefore irrelevant due to trans versal- 
ity). 

Summarizing, one may write schematically 

A-i(g2)[l + G{q^)fP^p{q) = q^P^p{q) + i Y.{d,U, (8.34) 

1=1 

which is nothing but a rewriting of the BQI relating the background and the conventional gluon 
two-point function [see Eq. (C.39)]. Equivalently, one can cast Eq. (8.34) into a more conven- 
tional form by isolating on the Ihs the inverse of the unknown quantity, thus writing 

^-H,')P.M = "^''-'f^a^f'^'' - (8.35) 



8.3.1 The PTasa gauge- invariant truncation scheme: advantages over the conventional SDEs 

The new SD series of Eqs (8.34) and (8.35) has a very special structure. In order to gain a deeper 
understanding of the situation at hand, let us first step back and consider the one-loop case 
again, in which the application of the intrinsic PT algorithm to the (one-loop) gluon self-energy, 
amounts to carry out the PT rearrangement of Eq. (2.71) of the two elementary three-gluon 
vertices appearing in diagram (a) of Fig. 9, thus getting the result 
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Fig. 79. The new SD series projected out dynamically by the PT algorithm. 

It is elementary to verify that each of the two terms in braces on the rhs of the equation above are 
transverse; thus, the PT rearrangement has created three manifestly transverse structures. That in 
itself might not be so important, if it were not for the fact that, as we know, these structures admit 
a special diagrammatic representation and a unique field-theoretic interpretation. Specifically, 
the two terms in the square bracket correspond precisely to diagrams (a) and (6) of Fig. 80, 
defining the one-loop gluon self-energy in the BFG, while the third term on the rhs of Eq. (8.36) 
is the one-loop expression of the special auxiliary Green's function Tqa*, identified in the BV 
formulation of the PT (or, more precisely, the ga/s part of this latter function); it corresponds to 
diagram (c) in Fig. 80. Since the one-loop PT self-energy is obtained by simply dropping this 
last term from the rhs of Eq. (8.36), one has 

nS(g) = nS(g) + (cU, (8.37) 

which, as we know from Section 7 [see Eq. (7.31)], is nothing but the one-loop version of the 
BQI of Eq. (C.39) [and, therefore, also of the SDE (8.34)]. Let us now focus on nij](g), and 
imagine for a moment that no ghost loops may be considered when computing it, z.e., the graphs 
{b)ai3 must be omitted; in a SDE context this "omission" would amount to a "truncation" of the 
series. One may still obtain a transverse approximation for Il^^^{q) with no ghost-loop, given 
by 

nS(g) = {aU + (c)a/3 = V/(g')i^a/3(g), (8.38) 

where the function /(g^) has been defined in Eq. (3.37). Interestingly enough, the PT rear- 
rangement offers already at one-loop the ability to truncate gauge-invariantly, i.e., preserving 
the transversality of the truncated answer. 

Turning now to the full SDE (8.35), one can prove that the special transversality property 
found above holds true non-perturbatively, with gluonic and ghost contributions separately 
transverse, and, in addition, no mixing between the one- and two-loop dressed diagrams. In 
the BFM context this property has been already seen explicitly for the divergent parts of the 
two-loop gluon self-energy diagrams (Section 3); here we will show that this is in fact a con- 
sequence of the all-orders Wis satisfied by the full vertices appearing in the diagrams defining 
the PT self-energy (Fig. 77). There are four fully dressed vertices appearing in 11, whose Wis 
we need: . . , T x_, . . . and, finally, T ^_ . . One way to derive their Wis is to differentiate 
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Fig. 80. The conventional one-loop gluon self-energy before (first line) and after (second line) the PT 
rearrangement. 

the WI functional of Eq. (7.18) with respect to the corresponding field combination where the 
background field has been replaced by the corresponding gauge parameter ^. On the other hand, 
a much more expeditious way is to derive the corresponding tree-level Wis, and then use lin- 
earity to generalize them to all orders, as we do in QED. Either way, one obtains the following 
results 



Aa Ah Am A 



padb-n i ^ j^adm-\ 



;3 M 



(8.39) 



Armed with these Wis, we can now prove that the four groups identified (at two-loop level) in 
Eq. (3.41) are in fact independently transverse even non-perturbatively. 

Let's start from the one-loop dressed gluonic contributions given by the combination of 
(di) -I- (rfa) of Fig. 77. Using the first WI of Eq. (8.39) we get 



-g'CAS'^'qjA'^ik), 

•J k 



(8.40) 



while, by simply computing the divergence of the tree-level vertex Tj^^^^ given in Appendix B, 
we get 

q^{d2)% = g'CA5'''q.U^,{k), 



so that clearly 



(8.41) 
(8.42) 



Exactly the same procedure yields for the one-loop dressed ghost contributions 
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/(^3)?^ = -2/««V [D{k), 

J k 

q^{d^)% = 2g'CAd^''q^ I D{k), (8.43) 

Jk 

and therefore 

/ [(^3) + (^4)]?^ = 0. (8.44) 
For the two-loop dressed contributions the proof is only slightly more involved. We begin with 
the gluonic contributions. Using the third WI of Eq. (8.39) in diagram (^5), after appropriate 
manipulation of the the terms produced, and taking into account the symmetry factor of 1/6, 
we obtain 

/(^5)S = Igf-^'-rf^^^^^,^^.^ ljA^'%k)A^'''{i + k)rA.A.A.{kJ)A'^'^{i + q). (8.45) 
Similarly, after making use the full Bose symmetry of the three-gluon vertex, graph (de) gives 



X A^'^i^x'-A^'^^i^ + g)^;' 



(8.46) 



The first term in the square brackets vanishes (the integral is independent of q, and therefore 
the free Lorentz index (3 cannot be saturated). Furthermore, the second term is exactly equal but 
opposite in sign to the one appearing in Eq. (8.45), so that we obtain 



ab 



(8.47) 



Finally, we turn to the two-loop dressed ghost contributions. Using the last WI of Eq. (8.39), 
we see that the divergence of diagram (^7) gives us three terms, namely 



/K)S = -^^fj,^„^,^_„, f jD-'-{i+k)D-'-{i + q)A^;^Ak) x 

X [gf^'T.r.AyAk -q,-i-k)+ gf^'^r^eAr-Mk, -£ - k) 
+ gf'^r,r.ArsAk,-q-£-k) . 



(8.48) 



Each one of these three terms can be easily shown to cancel exactly against the individual 
divergences of the remaining three graphs. To see this in detail, let us consider for example 
diagram (dio) and use the WI (8.39) to obtain 



D"' ™(£ + A;)D" %i + q)D'' "(£ + k + q)A'X{k) x 



X r^^Arcd' {k,-q-e-k) \d-^ (e + k + q)- L>(-i) {£ + k) 



(8.49) 



Then, we see that the second inverse propagator in the square brackets will give rise to a q- 
independent integral that will integrate to zero, while the first term will cancel exactly the third 
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term appearing in the square brackets of Eq. (8.48). It is not difficult to realize that the same 
pattern will be encountered when calculating the divergence of diagrams (dg) and (dg), so that 
one has the identity 

q" [(dj) + ids) + (d,) + id^o)C = 0- (8-50) 

This concludes the proof of the special transversality property of 11^^ (g), showing that gluon 
and ghost loops are separately transverse, and that dressing loops of different orders do not mix. 

This last property has far-reaching practical consequences for the treatment of the SD se- 
ries [183,169]. Specifically, it furnishes a systematic gauge-invariant truncation scheme that 
preserves the transversality of the answer. In fact, we can drastically reduce the number of cou- 
pled SDEs that must be included in order to maintain the gauge (or BRST) symmetry of the 
theory intact, as reflected, for example, in the validity of Eq.(8.1). For example, keeping only 
the diagrams in the first group, we obtain the truncated SDE 

A [q )^ap{q) [l + G{q^)f ' ^ ^ ^ 

and from Eq. (8.42) we know that [(o?i) -|- (o?2)]a/3 is transverse, i.e., 

[{di) + {d2)U ={d- ir\{d^) + {d2)Y^P,,M- (8-52) 

Thus, the transverse projector Paaiq) appears exactly on both sides of (8.51); one may subse- 
quently isolate the scalar cofactors on both sides, obtaining a scalar equation of the form 

^ (^)- [1 + G(^2)]2 ■ (8-53) 

A truncated equation similar to (8.51) may be written for any other of the four groups previously 
isolated, or for sums of these groups, without compromising the transversality of the answer. 
The price one has to pay for this advantageous situation is that one must consider, in addition, 
the equation determining the scalar function G{q^). This price is, however, rather modest, since 
one can approximate this function via a dressed- loop expansion [see, e.g. , Fig. C. 1 together with 
Eq. (C.44)], without jeopardizing the transversality of lia/siq), given that [1 4- G{q^)Y' affects 
only the size of the scalar prefactor. 

Thus, in the case of pure Yang-Mills, within this new formulation, the minimum number of 
equations that one must consider is only two: The SDE for the gluon self-energy, given by the 
first gauge-invariant subset only {i.e., [{di) + ((i2)]a/3 in Fig. 79), and the SDE for the full three- 
gluon vertex, shown in Fig. 70 (which is instrumental in assuring the gauge invariance of the 
subset chosen). This is to be contrasted to what happens within the conventional formulation: 
there the SDEs for all vertices must be considered, or else Eq. (8.1) is violated (which is what 
usually happens). 



8.3.2 Some important theoretical and practical issues 

We now turn to some additional points that, due to their theoretical and practical relevance, 
deserve further elaboration. 
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It is important to emphasize that the analysis presented here does not furnish a simple dia- 
grammatic truncation, analogous to that of the gluon self-energy, for the SDE of the three gluon 
vertex ^2aa' ^hown in Fig. 70. Thus, if one were to truncate the SDE for the three-gluon vertex 
by keeping any subset of the graphs appearing in Fig.70, one would violate the validity of the 
all-order WI of ^^.aa (8-39) first line]; this, in turn, would lead immediately to the viola- 
tion of Eq. (8.1), thus making the entire truncation scheme collapse. 

The strategy one should adopt is instead the following (see also the discussion in the next 
section). Given that the proposed truncation scheme hinges crucially on the validity of the WI 
of ^2aa' ^'^'^ should start out with an approximation that manifestly preserves it. The way 
to enforce this, familiar to the SDE practitioners already from the QED era, is to resort to the 
"gauge-technique" [184], namely "solve" the WI. Specifically, one must express the three-gluon 
vertex as a functional of the corresponding self-energies, in such a way that (by construction) 
its WI is automatically satisfied. For example, an Ansatz with this property would be 

^a^a^aS^i. h) = rf^^^Jh, h) - [^M - . (8.54) 

Contracting the rhs with = {ki + k2}a yields automatically the first WI of Eq. (8.39). Thus, 
the minimum amount of ingredients for initiating a self-consistent non-perturbative treatment 
is the SD for the gluon self -energy, consisting of [(di) -|- (o?2)]q,^, supplemented by an Ansatz 
for the three-gluon vertex like the one given in (8.54). Note that the "gauge-technique" leaves 
the transverse (i.e., automatically conserved) part of the vertex undetermined. This is where the 
SDE for the vertex enters; it is used precisely to determine the transverse parts. Specifically, 
following standard techniques [45,65], one must expand the vertex into a suitable tensorial 
basis, consisting of fourteen independent tensors, and then isolate the transverse subset. This 
procedure will lead to a large number of coupled integral equations, one for each of the form- 
factors multiplying the corresponding tensorial structures, which may or may not be tractable. 
However, at this point, one may simplify the resulting equations (e.g., linearize, etc) without 
jeopardizing the transversality of n^^, which only depends on the "longitudinal" part of the 
vertex, i.e., the one determined by (8.54). Thus, the transverse parts will be approximately de- 
termined, but gauge invariance, as captured by = 0, will remain exact. 

Note by the way that the methodology described above constitutes, even to date, the stan- 
dard procedure even in the context of QED, where the structure of the SDE is much simpler, 
given that the SDE for the photon contains one single graph [diagram (oe) in Fig. 69], and the 
photon-electron vertex satisfies automatically a naive all-order WI. Thus, while the PT approach 
described here replicates QED-like properties at the level of the SDEs of QCD, admittedly a 
striking fact in itself, does not make QCD easier to solve than QED. 

One should appreciate an additional point: any attempt to apply the approach described above 
in the context of the conventional SDE is bound to lead to the violation of the transversality of 
IIq,^, because (/) the vertices satisfy complicated STI's instead of the Wis of Eq. (8.39), a fact 
that makes the application of the "gauge-technique" impractical, and (ii) even if one came up 
with the analogue of Eq. (8.54) for all vertices, one should still keep all self-energy diagrams 
in Fig. 69 to guarantee that g"n„^ = 0. From this point of view, the improvement of the PT 
approach over the standard formulation becomes evident. 

Finally, one should be aware of the fact that there is no a-priori guarantee that the gauge- 
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invariant subset kept (i.e., [{di) + ((^2)]a^) capture necessarily most of the dynamics, or, in 
other words, that they represent the numerically dominant contributions (however, for a va- 
riety of cases it seems to be true, see next section). But, the point is that one can systematically 
improve the picture by including more terms, without worrying that the initial approximation 
is plagued with artifacts, originating from the violation of the gauge invariance or of the BRST 
symmetry. 

Now, in going from Eq. (8.34) to Eq. (8.35) one essentially chooses to retain the original prop- 
agator A{q) as the unknown quantity, to be dynamically determined from the SDE. There is, of 
course, an alternative strategy: one may define a new "variable" from the quantity appearing on 
the Ihs (8.34), namely 

which leads to a new form for (8.34), 

A-\q')P^p{q) = q''Pap{q) + % E(rfi)a/3 ■ (8.56) 

i=l 

Obviously, the special transversality properties established above hold as well for Eq. (8.56); 
for example, one may truncate it gauge-invariantly as 

A-\q^)P^f,{q) = q^P^M + ^[(^^i) + (c?2)]a/3. (8.57) 

Should one opt for treating A(g) as the new unknown quantity, then an additional step must 
be carried out: one must use (8.55) to rewrite the entire rhs of (8.56) in terms of A instead of A, 
i.e., carry out the replacement A — > [1 -|- G]^ A inside every diagram on the rhs of Eq. (8.56) 
that contains A's. 

Thus, while Eq. (8.51) furnishes a gauge-invariant approximation for the conventional gluon 
self-energy A(g), Eq. (8.56) is the gauge-invariant approximation for the effective PT self- 
energy A. The crucial point is that one may switch from one to the other by means of Eq. (8.55). 
For practical purposes this means, for example, that one may reach a gauge-invariant approxi- 
mation not just for the PT quantity (BEG) but also for the conventional self-energy computed 
in the Feynman gauge (REG). Eq. (8.55), which is the all-order generalization of the one-loop 
relation given in Eq. (8.37), plays an instrumental role in this entire construction, allowing one 
to convert the SDE series into a dynamical equation for either A(g) or A(g). 

Let us end this section by observing that the new SDEs constructed in the previous subsec- 
tions have been dynamically projected out in the BEG, which captures, as usual, the net gauge- 
independent and universal {i.e., process-independent) contribution contained in any physical 
quantity. In practice, however, one would like to be able to truncate gauge-invariantly {i.e., 
maintaining transversality) sets of SDEs written in different gauges. This becomes particularly 
relevant, for example, when one attempts to compare SDE predictions with lattice simulations, 
carried out usually in the Landau gauge, as we do in the next section. 

This can be achieved by using the GPT algorithm described in subection 3.6. As described 
there, the GPT modifies the starting point of the PT algorithm distributing differently the longi- 
tudinal momenta between F^^j, and F^^^,. Specifically, the non-pinching part, i.e., the analogue 
of F^ , must satisfy, instead of (2.40), a WI whose rhs is the difference of two inverse tree-level 



— ^ 



l-rG{q') A{q), 



(8.55) 
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propagators in the gauge one wishes to consider. In the context of SDEs, one starts out with the 
conventional SDE in the chosen gauge, carrying out the generalized PT vertex decomposition. 
Then, the action of the corresponding F^^^ projects one to the corresponding BFM gauge. This 
new SD series contains full vertices that, even though they are in a different gauge, satisfy the 
same QED-like Wis given in Eq. (8.39). Therefore, the truncation properties of this SDE are 
the same as those just discussed for the case of the Feynman gauge. The analogy is completed 
by realizing that the BQIs in the corresponding gauge allow one to switch back and forth from 
the conventional to the BFM Green's function. Thus, one may obtain, for example, transverse 
approximations for the gluon propagator in the conventional Landau gauge by studying the SDE 
written in the BFM Landau gauge, computing the [1 + G{q'^)]'^ in the same gauge, i.e., by em- 
ploying Eq. (8.35) and using for the diagrams on its rhs the BFM Feynman rules in the Landau 
gauge. 
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9 Applications part II: Infrared properties of QCD Green's functions and dynamically 
generated gluon mass 

The generation of mass gaps in QCD is one of the most fundamental problems in particle 
physics. In part the difficulty lies in the fact that the symmetries governing the QCD Lagrangian 
prohibit the appearance of mass terms at tree-level for all fundamental degrees of freedom 
and, provided that these symmetries are not violated through the procedure of regularization, 
this masslessness persists to all orders in perturbation theory. Thus, mass generation in QCD 
becomes an inherently non-perturbative problem, whose tackling requires the use of rather so- 
phisticated calculational tools and approximation schemes [27]. 

Whereas the generation of quark masses is intimately connected with the breaking of chiral 
symmetry [185], Cornwall argued long ago [7] that an effective gluon mass can be generated 
dynamically, while preserving the local SU{3)c invariance of QCD, in close analogy to what 
happens in QED2 (Schwinger model) [186], where the photon acquires a mass without violat- 
ing the Abelian gauge symmetry (see discussion below). The gluon mass furnishes, at least in 
principle, a regulator for all infrared (IR) divergences of QCD. It must be emphasized that the 
gluon mass is not a directly measurable quantity, and that its value is determined by relating it 
to other dimensionful non-perturbative parameters, such as the string tension, glueball masses, 
gluon condensates, and the vacuum energy of QCD [187]. 

Since gluon mass generation is a purely non-perturbative effect, the most standard way for 
studying it in the continuum is through the SDEs governing the relevant Green's functions, and 
most importantly the gluon self-energy. One of the cornerstones in the original analysis of [7] 
was the insistence on preserving, at every level of approximation, crucial properties such as 
gauge-invariance, gauge-independence, and invariance under the renormalization group. With 
this motivation, a physical gluon propagator, A^i,, was derived through the systematic rear- 
rangement of Feynman graphs, which led to the birth of the PT. As the reader knows very well 
by now, the self-energy 11^,^ of this propagator is gauge-independent, and captures the leading 
logarithms of the theory, exactly as happens with the vacuum polarization in QED. The cen- 
tral result of [7] was that, when solving a simplified (one-loop inspired) SDE governing the 
PT propagator, one finds (under special assumptions for the form of the three-gluon vertex) 
solutions that are free of the Landau singularity, and reach a finite (non-vanishing) value in 
the deep IR. These solutions may be successfully fitted by a "massive" propagator of the form 
A~^(g^) = + m^(g^); the crucial characteristic, enforced by the SDE itself, is that m?'{q^) 
is not "hard", but depends non-trivially on the momentum transfer q^. Specifically, m'^{q^) is 
a monotonically decreasing function, starting at a non-zero value in the IR (m^(0) > 0) and 
dropping "sufficiently fast" in the deep UV. 

Arguments based on the Operator Product Expansion (OPE) suggest that m^(g^) should dis- 
play power-law running, of the type m^(g^) {G'^)/q^, where (G^) is the gauge-invariant 
gluon condensate of dimension four: (G^) = (0| : G'^^^G'^^ : |0). The unambiguous connection 
between the gluon mass and the gluon condensate established by Lavelle [188] merits further 
comments, because it constitutes another important success of the PT (for early calculations re- 
lating the gluon condensate and the effective gluon mass, see [189]). Specifically, the OPE was 
used to find the contribution of the (G^) condensate to the conventional gluon propagator, but 
the results turned out to be of limited usefulness: in addition to (G^), gauge-dependent conden- 
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sates involving tlie gliost fields c and c also appeared [188]. This calculation amply demonstrates 
that no physical results can be obtained from the OPE for a gauge-dependent quantity, such as 
the usual gluon propagator. Then, the same calculation was repeated for the PT propagator with 
very different results [190]: only the gauge-invariant condensate (G^) appeared, and in just such 
a way that it could be interpreted as contributing to a running mass. This result is equivalent to 
saying that, at large Euclidean momentum, A in SU (N) behaves as 

Note that the multiplicative constant is positive, so this OPE correction has the right sign to rep- 
resent a running mass, since the condensate (G^) is also positive (actually, powers of logarithms 
of can also occur, but we ignore them here). We emphasize also that this kind of power-law 
running has also been obtained from independent SDE studies [7,191,192]. 

An effective low-energy field theory for describing the gluon mass is the gauged non-linear 
sigma model known as "massive gauge-invariant Yang-Mills" [193], with Lagrangian density 

Cmym = \gI, - m^Tr [A^ - g-^U{e)d^U-\e)\^ , (9.2) 

where = ^ Ea ^a^^, the are the SU(3) generators (with TrAaA^ = 25ab), and the x 
unitary matrix U{9) = exp i^XaO"' describes the scalar fields 9a. Note that >Cmym is locally 
gauge-invariant under the combined gauge transformation 

A'^ = VA^V-' - g-' [d,V] , U' = U{9') = VU{9) , (9.3) 

for any group matrix V = exp ?|AaCj"(a;) , where uj"-{x) are the group parameters. One might 
think that, by employing (9.3), the fields 9a can always be transformed to zero, but this is not so 
if the 9a contain vortices. To use the Cmym in (9.2), one solves the equations of motion for U 
in terms of the gauge potentials and substitutes the result in the equations for the gauge poten- 
tial. One then finds Goldstone-like massless modes, that, as we will see later in this section, are 
instrumental for enforcing gauge-invariance. This model admits vortex solutions [193], with a 
long-range pure gauge term in their potentials, which endows them with a topological quantum 
number corresponding to the center of the gauge group [Zj^ for SU{N)], and is, in turn, re- 
sponsible for quark confinement and gluon screening [193,194]. Specifically, center vortices of 
thickness ~ m~^, where m is the induced mass of the gluon, form a condensate because their 
entropy (per unit size) is larger than their action. This condensation furnishes an area law to the 
fundamental representation Wilson loop, thus confining quarks. On the other hand, the adjoint 
potential shows a roughly linear regime followed by string breaking when the potential energy 
is about 2m, corresponding to gluon screening [7,193]. Of course, Cmym is not renormalizable, 
and breaks down in the ultraviolet. This breakdown simply reflects the fact that the gluon mass 
m in (9.2) is assumed to be constant, while, as commented above, both the OPE and the SDEs 
furnish a momentum-dependent gluon mass, vanishing at large g^. 

The main theoretical tool for quantitative calculations in the infrared region of QCD, aside 
from the SDEs, is the lattice. In this framework, QCD is approximated by a lattice gauge the- 
ory with a non-zero lattice spacing and a finite space-time volume. In this way, one reduces 
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Fig. 81. (Left panel) The gluon propagator calculated for different lattice sizes at /? = 5.7, from 
Ref. [195]. The data points drawn at = 0.001 represent the zero-momentum gluon propagator A(0). 
(Right panel) The ghost dressing function Zgh((7^) = q^D{q^) for the same value of (3. Notice that no 
power-law enhancement is observed for this quantity (see discussion in subsection 9.3). 

the infinite functional integrals to a finite number of finite integrations, thus allowing the com- 
putation of correlation functions by numerical evaluations of these integrals via Monte-Carlo 
methods. The gluon and ghost propagators (in various gauges) have been studied extensively on 
the lattice [196-198]. To be sure, lattice simulations of gauge-dependent quantities are known 
to suffer from the problem of the Gribov copies, especially in the infrared regime, but it is 
generally believed that the effects are quantitative rather than qualitative. The effects of the Gri- 
bov ambiguity on the ghost propagator become more pronounced in the infrared, while their 
impact on the gluon propagator usually stay within the statistical error of the simulation [199- 
201]. It turns out that a large body of lattice data, produced over several years, confirm that the 
gluon propagator reaches indeed a finite (non-vanishing) value in the deep IR, as predicted by 
Cornwall. This rather characteristic behavior was already suggested by early studies, and has 
been firmly established recently using large-volume lattices, for pure Yang-lVIills (no quarks 
included), for both SU{2) [202] and SU{3) [195] (see Fig. 81). 



9. 1 PT Schwinger-Dyson equations for the gluon and ghost propagators 



As mentioned above, in the original analysis of gluon mass generation a simplified (and lin- 
earized) SDE was considered, that involved only the gluon self-energy, with no ghost loops 
included [7]. In this section we go one step further: we will exploit the powerful machinery of- 
fered by the SDE truncation scheme introduced in the previous section, in order to study gauge- 
invariantly the gluon-ghost system. In particular, we will show how to obtain self-consistently 
an infrared finite gluon propagator and a divergent (but non-enhanced) ghost propagator, in 
qualitative agreement with recent lattice data [195]. It is worth emphasizing that this behavior 
has also been confirmed within the Gribov-Zwanziger formalism [203]. 

In the previous sections we have employed the standard notation of the BV formalism, where 
all Green's functions are denoted by the letter F, and all incoming fields (together with their 
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Fig. 82. The new SDE for the gluon-ghost system. Wavy lines with white blobs are full gluon propagators, 
dashed lines with white blobs are full-ghost propagators, black blobs are full vertices, and the gray blob 
denotes the scattering kernel. The circles attached to the external gluons denote that, from the point of 
view of Feynman rules, they are treated as background fields. 



color and Lorentz indices) are explicitly displayed as subscripts. This notation is completely 
unambiguous, and is particularly suited for formal manipulations carried out so far, but is rather 
cumbersome for actual applications. Therefore, in this section we will switch to a simplified 
notation, that will result much more familiar to the SDE practitioners. 

The SDEs for the gluon-ghost system are shown in Fig. 82. Evidently, we only consider the 
"one-loop dressed" contributions, leaving out (gauge-invariantly!) two-loop dressed diagrams. 
Indeed, as we know from the previous analysis this truncation preserves gauge-invariance, in 
the sense that it does not compromise the transversality of the gluon self-energy. In the case of 
pure (quark-less) QCD these SDEs read 



M-v^y [1 + G(g2)]2 

iD'^p") =p^ + zxj^ r^A^,{k)r''{p, k)D{p + k), 

= A / Hf)D{k + q)/\'"^{k) H^,{k, q), (9.4) 



where A = g^C^- is the standard (asymmetric) gluon-ghost vertex at tree-level, and the 
fully-dressed one. G{q^) is the component of the auxiliary two-point function A^,^(q), and 
the function H^-u is defined diagrammatically in Fig. 82. H^^, and is related to the full gluon- 
ghost vertex by q'^H^^{p, r, q) = —iT^{p, r, q); at tree-level, Hj^^J = ig^y. 
Using the BFM rules of Appendix B to evaluate the diagrams [di), we find 
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{di) = - f T^^i3A^''{k)r,,^A^^{k + q), 

Z Jk 

{ds) = -X I f^D{k)D{k + q)r,, 

Jk 

{d^)^2i\g^, f D{k). (9.5) 

Jk 



In the above formulas, r^a/3(g,pi,P2) = r^Q/3(g,Pi,P2)+ ^ irP„^(g,Pi,P2), where r^„^ is the 
standard QCD three-gluon vertex, and T^q,^ its the fully-dressed version. Similarly, V ^ denotes 
the symmetric gluon-ghost vertex at tree-level and its fully-dressed counterpart. Due to the 
Abelian all-order Wis that these two full vertices satisfy (for all 0, namely 



q^T^^j^iA-l{k + q)-iA-l{k), 

g'^f ^ = iD-\k + q)- iD-\k) , (9.6) 



one can easily demonstrate that q'^[{di) -\- {d2)\^v — and ^^[(rfa) -I- (c?4)]/iz/ = [90]. 

In order to make contact with the lattice results of [195,202] shown in Fig. 81, we will have 
to project the above system of coupled SDEs in the LG (^ = 0). This is a subtle exercise, 
because one cannot set directly = in the integrals on the rhs of Eqs (9.5), due to the terms 
proportional to Instead, one has to use the expressions for general ^, carry out explicitly 
the set of cancellations produced when the terms proportional to ^ generated by the identity 



k'^A^.ik) = -iikjk\ (9.7) 



are used to cancel terms, and set ^ = only at the very end (this exercise is very similar to 
the BFM pinching we have carried at the one-loop level in subsection 3.5). 

Let us focus on graph (di). First of all, it is relatively straightforward to establish that only 
the bare part of the full F may furnish contributions proportional to To see why this is 
so, consider the SDE of F shown in Fig. 70. Evidently, the parts of the bare vertex are 
longitudinal; therefore, by virtue of Eq. (9.7), they cancel when contracted with an internal 
gluon propagator. Moreover, all kernels appearing in this SDE are regular in the LG, since all 
the fields entering are quantum ones (it is like computing the kernels in the normal LG, where 
no terms exist). Therefore, writing Ti,ap — ^vap + Kj^q,^, we have that 'Kj.^p is regular 
in the limit ^ — * 0; we will denote by K,^„3 its value at ^ = 0. Thus, the only divergent 
contributions contained in (rfi) reside in the product V ^afi^upa- It is then a simple algebraic 
exercise to demonstrate that they cancel exactly against the part of the seagull diagram (0^2) 
proportional to Thus, taking the LG limit we obtain 
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where A^^(g) = P^^(g) A(g2), and L^^^^j = T^^^j + K^^./?- Note that L^^^j satisfies the WI 

q^L^^p = Pap{k + q)A-\k + q) - Pap{k)A~\k) , (9.9) 

as a direct consequence of (9.6). Therefore, one can verify that the Ihs of (9.8) vanishes when 
contracted by q^, thus proving the announced trans vers ality of this subset of graphs. 

In order to proceed with our analysis, we need to furnish some information about the all- 
order vertices L^a/3> T^, F^, and H^^, entering in our system of SDEs. Of course, these vertices 
satisfy their own SDEs; so, in principle, one should couple all these equations together, to form 
an even more extended (and more intractable) system of coupled integral equations. As mention 
at the end of the previous section, given the practical difficulties of such a task, one resorts to 
the "gauge technique" [184,204,205], expressing the vertices as functional of the various self- 
energies involved, in such a way as to satisfy by construction the correct Wis ^ . The Ansatz we 
will use for L^q/j and is 





L^a/J = ^u,a/3 + i-^ i^aisik + q) - ^apik)] , 

f M = f ^ - ^% [L{k + q)- L{k)] . (9.10) 

where L denotes the ghost self-energy, D~^{p'^) = — iL{p'^). As announced, the corre- 
sponding Wis, (9.6) and (9.6), are identically satisfied. On the other hand, for the conventional 
ghost-gluon vertex F^, appearing in the SDE of (9.4) we will use its tree-level expression, i.e., 
Ti/ — >^ = —p^. Note that, unlike F^, the conventional F^ satisfies a STI of rather limited 
usefulness; the ability to employ such a different treatment for F^ and F^ without compromis- 
ing gauge-invariance is indicative of the versatility of the new SD formalism used here. Finally, 
for Hfj^i, we use its tree-level value, Hj^J = ig^y. 

The above Ansatz for the vertices needs further explaining, in view of the fact that it contains 
a longitudinally coupled pole We hasten to emphasize that the origin of this pole is not 
kinematic but rather dynamical, i.e., it is a composite (bound-state) pole, whose presence is 
instrumental for the realization of the Schwinger mechanism in d = 4, leading to A~^(0) ^ 0. 
Given the importance of this mechanism to our approach, and the subtlety of the various con- 
cepts invoked, in the next subsection we present a brief overview of the Schwinger mechanism 
and its connection with the Goldstone phenomenon and the Higgs mechanism [206,207]. 



^ As already mentioned, this method leaves the transverse {i.e., identically conserved) part of the vertex 
undetermined. The transverse parts are known to be subleading in the IR, when a mass gap is formed, 
but must be supplied in the UV, because they are instrumental for enforcing the cancellation of the 
overlapping divergences and the correct renormaUzation group properties. 
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Fig. 83. The new SDE for the three-gluon vertex. Note that, as always, the kernels are one-particle 
irreducible; thus, the pole is not kinematic but dynamical, and is completely non-perturbative, i.e., 
it vanishes to all orders in perturbation theory. Physically it corresponds to a longitudinally coupled 
massless composite excitation, acting as the (composite) Goldstone mode necessary for maintaining the 
local gauge invariance [208]. 

9.2 Schwinger mechanism, dynamical gauge-boson mass generation, and bound-state poles 



According to Goldstone's theorem [209-21 1], the spontaneous breaking of a continuous global 
symmetry is accompanied by massless excitations, known as "Goldstone" particles . Even 
though Goldstone's theorem is most frequently realized by a scalar field acquiring a vacuum 
expectation value, Nambu and Jona-Lasinio [212,213] introduced the notion of a dynamical 
Goldstone boson, demonstrating that the Goldstone mechanism can take place even when the 
Lagrangian does not include scalar fields. Thus, when chiral symmetry is broken, the associated 
Goldstone boson (the pion) is not an elementary excitation of a fundamental scalar field, but it 
is rather formed as a quark-antiquark bound state. 

Goldstone's theorem, however, does not apply when the symmetry that is spontaneously bro- 
ken is not global but local, accompanied by the associated massless gauge boson mediating 
the interaction (equivalently, one may say that the theorem does not apply in the presence of 
gauge-invariant long range forces). In such a case the Goldstone phenomenon is replaced by 
the Higgs phenomenon: no massless excitations appear in the spectrum, because the would-be 
Goldstone bosons combine with the transverse gauge boson to furnish the third helicity state of 
a massive spin one particle [214-218]. In addition, a massive scalar particle, the Higgs boson, 
also appears in the spectrum, and is instrumental for the renormalizability of the theory. Of 
course, both mechanisms may co-exist; if a local and a global symmetry are broken, one may 
have both phenomena. For example, the spontaneous breaking of a gauge symmetry through 
the Higgs mechanism gives mass to the gauge bosons; if, in addition, a global symmetry (e.g. 
chiral symmetry) is broken, then massless Goldstone bosons are present in the spectrum. As we 
will see in a moment, the opposite may also happen: the breaking of a global symmetry may 
furnish the Goldstone bosons that (in the absence of elementary scalar fields) will be absorbed 
by the gauge bosons, which will thus become massive. 

Independently of the above consideration, and before the Higgs mechanism was even in- 



' In most cases these particles are scalars, and are hence referred to as bosons, even though spin ^ 
Goldstone particles may exist, as for example when supersymmetry is spontaneously broken. 
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vented, Schwinger argued that the gauge invariance of a vector field does not necessarily imply 
zero mass for the associated particle, if the current vector coupling is sufficiently strong [186]. 
Schwinger' s fundamental observation was that if (for some reason) the vacuum polarization ten- 
sor n^i^(g) acquires a pole at zero momentum transfer, then the vector meson becomes massive, 
even if the gauge symmetry forbids a mass at the level of the fundamental Lagrangian [219]. 
Indeed, casting the self-energy in the familiar form 



it is clear that if Tliq^) has a pole at = with positive residue /i^, then the vector meson is 
massive, even though it is massless in the absence of interactions ((? = 0, 11 = 0). 

Indeed, there is no physical principle which would preclude n(g^) from acquiring a pole. 
Since bound states are expected to exist in most physical systems, and to produce poles in 11^,^ 
at time-like momenta, one may suppose that for sufficiently strong binding, the mass of such 
a bound state will be reduced to zero, thus generating a mass for the vector meson without in- 
terfering with gauge invariance. Schwinger demonstrated his general ideas in two-dimensional 
massless spinor QED ("Schwinger model"), which, by virtue of the special properties of the 
Dirac algebra atd — 2, is explicitly solvable: 11^,^ does indeed have a pole at — 0, and the 
photon acquires a mass, //^ = e^/vr (in d — 2, e has dimensions of mass) ^ . 

Perhaps the most appealing feature of the Schwinger mechanism is that the appearance of 
the required pole may happen for purely dynamical reasons, and, in particular, without the need 
to introduce fundamental scalar field in the Lagrangian. In fact, the Higgs mechanism can be 
viewed as just a very special realization of the Schwinger mechanism: the vacuum expectation 
value ^; of a canonical scalar field coupled to the vector meson gives rise to tadpole contributions 
to n(g^), which produce a pole. Thus, the Higgs mechanism corresponds to the special case 
where the residue of the pole is saturated by v"^, furnishing a gauge-boson mass /i^ = 2g^v'^\ 
the pole required is provided by the would-be Goldstone particles, which decouple from the 
spectrum. 

In order to employ the Schwinger mechanism in realistic field theories, ultimately one must 
be able to demonstrate that a pole is generated somehow. Of course, the Higgs mechanism guar- 
antees that, at the classical or semi-classical level. In the absence of fundamental scalar fields 
the realization of the mechanism is more subtle, but, at the same time, conceptually superior, 
because one does not have to assume the existence of fundamental scalars (not observed in Na- 
ture, to date). Therefore, in the seventies, an appealing alternative to the Higgs mechanism was 
extensively considered. The idea was to combine the dynamical Goldstone mechanism {i.e., the 
Nambu-Jona-Lasino mechanism with composite Goldstone particles) with a gauge theory, in 
order to give dynamical gauge-invariant masses to the vector mesons. In this two-step scenario, 
mass generation is proceeded by the spontaneous breaking of a global (chiral) symmetry; the 
required pole in 11^,^ is provided by composite Goldstone bosons (fermion-antifermion bound 
states). Gauge invariance (long range forces), on the other hand, ensures that these massless ex- 



The generation of the pole in the Schwinger model is related to the anomaly of the axial-vector cur- 
rent, which is the reason why Godstone's theorem is evaded in this case. This is in fact consistent with 
Coleman's theorem [220], stating the absence of Goldstone bosons in d = 2. 




(9.11) 
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citations will decouple from the complete physical scattering amplitude. The actual realization 
of the decoupling goes through a rather subtle mechanism, as has been demonstrated explicitly 
in the toy models considered [208,221]. 

Even though this activity was mainly directed towards an alternative descriptions (i.e., with- 
out resorting to tree-level Higgs mechanism and elementary scalars) of the electroweak sector. 
Grand Unified Theories, and general model-building, these profound ideas invariably influenced 
our approach to the strong interactions. The general philosophy adopted when applying some 
of the dynamical concepts described above to pure Yang-Mills theories (without matter fields), 
such as quarkless QCD, is the following [222]. One assumes that, in a strongly-coupled gauge 
theory, longitudinally coupled, zero-mass bound-state excitations are dynamically produced. To 
be sure, the demonstration of the existence of a bound state, and in particular a zero-mass bound 
state, in realistic field theories is a difficult dynamical problem, usually studied by means of in- 
tegral equations, known as Bethe-Salpeter equations (see, e.g., [223]). Thus, it is clear that a 
vital ingredient for this scenario is strong coupling, which can only come from the infrared in- 
stabilities of a non-Abelian gauge theories. The aforementioned excitations are like dynamical 
Nambu-Goldstone bosons, in the sense that they are massless, composite, and longitudinally 
coupled; but, at the same time, they differ from Nambu-Goldstone bosons as far as their origin 
is concerned: they do not originate from the spontaneous breaking of any global symmetry. The 
main role of these excitations is to trigger the Schwinger mechanism, i.e. to provide the required 
pole in the gluon self-energy [specifically, the gauge-independent n(g^) obtained with the PT] 
thus furnishing (gauge-invariantly) a dynamical mass for the gluons. The additional important 
step is then to demonstrate that every such Goldstone-like scalar that is "eaten" by a gluon to 
give it mass is actually canceled out of the ^-matrix by other massless poles, or by current con- 
servation. 

Exactly how should the idea of a composite excitation be incorporated at the level of Green's 
functions and the corresponding SDEs? A composite excitation is represented as a pole in an 
off-shell Green's function representing a field that does not exist in the classical action, but that 
occurs in the solution of the SDE for that Green's function, as a sort of bound state. To make 
contact with our starting point, i.e. the Ansatz of (9.10)-(9.10), we turn to the following sim- 
plified situation. Consider the WI of Eq. (3.59), and ask the following question: supposing that 
Aj^*)] develops a mass, how must one modify Fq,^,^ in order for the WI to continue been valid, 
which is tantamount to saying that the gauge-invariance remains intact? Thus, replace in A^^, 
of (2.31) the d~^{k) = k"^ by d:^{k) = k"^ + rn^, and substitute the resulting A^)^^ in the rhs of 
Eq. (3.59). In order to maintain the validity of the WI one must simultaneously replace Fq,^,^ on 
the Ihs by F^^^ given by 



^anv{q,ki,k2) - 



qaki^{q - ki)u 
2 q'^kj 



+ c.p. 



(9.12) 



where "c.p." stands for cyclic permutations. The new vertex ^^^^iq, ki, k^) has, as we men- 
tioned above, terms with longitudinally-coupled massless poles, whose residue is rri^. If the 
propagator is transverse and has mass, this is the only way that the original WI can be satisfied, 
just as the only way a massive gauge-boson propagator can be transverse is if it has similar 
poles in the transverse projector P^^. 



207 



9.3 Results and comparison with the lattice 



Substituting into the system of SDEs the expressions for the various vertices, as discussed 
above, and carrying out elementary but lengthy algebraic manipulations, we arrive at the fi- 
nal form of the SDEs, presented in [224]. 

The crucial point is the behavior of (9.4) as — > 0, where the "freezing" of the gluon prop- 
agator is observed. In this limit, Eq.(9.4) yields 



A-i(O) ~ 15 / A{k) - 6 /' eA^k). 



(9.13) 



The rhs of Eq.(9. 13) vanishes perturbatively, by virtue of the dimensional regularization result 



Ik 



In^ 



0, 



n 



0,1,2,... 



(9.14) 



which ensures the masslessness of the gluon to all orders. However, A~^(0) does not have to 
vanish non-perturbatively, provided that the quadratically divergent integrals defining it can be 
properly regulated and made finite, without introducing counterterms of the form ml(A'^^)A'j^, 
which are forbidden by the local gauge invariance of the fundamental QCD Lagrangian. It 
turns out that this is indeed possible: the divergent integrals can be regulated by subtracting 
appropriate combinations of "dimensional regularization zeros". Specifically, for large enough 
k"^ the A(/c^) goes over to its perturbative expression, to be denoted by Apert {k'^) ; it has the form 



^pert 



ik') 



^ ln"A;2 

n=0 



A;2 



(9.15) 



where the coefficient a„ are known from the perturbative expansion. Thus, we obtain for the 
regularized Aj:gg(0) 



A7eg(0) ~ 15 J^dy y [A(y) - A^^M] - 6 1'dy y' 



(9.16) 



The obvious ambiguity of the regularization described above is the choice of the point s, past 
which the two curves, A{y) and Apert (l/), are assumed to coincide. Due to this ambiguity one 
cannot pin down Areg(O) completely, which must be treated, at this level, as an arbitrary ini- 
tial (boundary) condition. In [224] Areg(O) was fixed by resorting to the lattice data of [195]; 
specifically, when solving the system of SDEs numerically, A~g(0) was chosen to have the 
same value as the lattice data at the origin Aicg(O) = 7.3 GeV~^. Once this boundary condition 
is imposed, the system of SDE is solved for the entire range of (Euclidean) momenta, from the 
deep IR to the deep UV. The solutions obtained are shown in Fig. 84, where we show the nu- 
merical results for A(g^) and the ghost dressing function renormalized at /i — Mf, — 4.5 GeV, 
and the comparison with the corresponding lattice data of Ref.[195]. 

It is interesting to mention that the non-perturbative transverse gluon propagator, being finite 
in the IR, is automatically less singular than a simple pole, thus satisfying the corresponding 
Kugo-Ojima confinement criterion [226,227]. Note that for < 10 GeV^ both gluon propaga- 
tors (lattice and SDE) shown in Fig. 84 may be fitted very accurately using a unique functional 



208 




Fig. 84. {Left panel) The numerical solution for the gluon propagator from the SDE (black continuous 
line) compared to the lattice data of Ref. [195]. {Right panel) The ghost dressing function p^D{p'^) 
obtained from the SDE. In the insert we show the lattice data for the same quantity; notice that there is 
no "infrared enhancement" [225]; instead, the dressing function saturates at a finite value 

form, given by A^^(g^) = a + h {q^Y^^- Specifically, measuring in GeV^, the lattice data are 
fitted by a = 0.14, h = 0.31, and c = 2.51, while the SDE solution is described setting a = 0.14, 
b = 0.86, and c = 2.02 . 

Let us now take a closer look at the ghost propagator, -D(p^). First of all, the D{p^) obtained 
from the ghost SDE diverges at the origin, in qualitative agreement with the lattice data. From 
the SDE point of view, this divergent behavior is due to the fact that the vertex T^, employed 
does not contain l/p^ poles, as suggested by previous lattice studies [228]; actually, was 
fixed at its tree-level value. Notice, however, that away from the LG one may obtain an IR finite 
(massive-like) -D(p^), due to the contribution of the longitudinal form factor of the vertex 
(i.e. proportional to the gluon momentum k^)\ the latter gets annihilated in the LG when con- 
tracted with the gluon propagator, but contributes away from it [229] . 

Of particular theoretical interest is the IR behavior of the ghost dressing function p^Dip^), 
because it is intimately related to the Kugo-Ojima confinement criterion for the ghost propaga- 
tor. This criterion would be satisfied if the non-perturbative ghost propagator (in the LG) were 
more singular in the IR than a simple pole; this type of behaviour is usually referred to as IR 
"enhancement". Thus, if we were to fit the dressing function p^Dip^) [obtained either from the 
lattice data or the corresponding SDE] with a function of the form form p^D^p^) = ci{p'^)~"', a 
positive 7 would indicate that the aforementioned criterion is satisfied. 

It is relatively obvious from both the lattice data and our SDE solutions that no such "en- 
hancement" is observed; p^D{p'^) reaches a finite (positive) value as — > 0; a detailed fitting 
exercise confirms this point. Indeed, a IR-finite fit of the form p^Dip^) = ki — K2 ln(p^ + k^), 
[with ^3 acting as an effective gluon mass; p"^ in GeV^, ki = 1.12, k2 = 0.04, and k^ = 0.08, 
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valid for the range < 10 ] is far superior to any power-law fit that has been tried [224]. 
The absence of power-law enhancement has also been verified in alternative SDE studies [225]. 
The fact that the Kugo-Ojima criterion is not satisfied is by no means an inconsistency, since a 
criterion is a sufficient but not a necessary condition. In that sense, the old confinement criterion 
associated with a gluon propagator going like 1 //c^ in the JR is not valid either; this simply indi- 
cates that the real relation between the gluon propagator and confinement is more sophisticated 
than simply calculating a Fourier transform (see, for example, [230]). 

Comparing the PT solution for the gluon propagator with the lattice data we notice that, 
whereas their asymptotic behavior coincides (perturbative limits), there is a discrepancy of 
about a factor of 1.5-2 in the intermediate region of momenta, especially around the funda- 
mental QCD mass-scale [reflected also in the different values of the two sets of fitting param- 
eters (a, b, c)]. In the case of the ghost dressing function, a relative difference of similar size 
is observed. These discrepancies may be accounted for by extending the gluon SDE to include 
the "two-loop dressed" graphs, omitted (gauge-invariantly) from the original analysis presented 
in [224], and/or by supplying to the vertex given in (9.10) the missing transverse parts. 



9.4 The non-perturbative effective charge of QCD 



As we have seen in detail in subsection 5.1.2, the PT permits the generalization of the prototype 
QED construction of an effective charge in the case of non-Abelian gauge theories, and in 
particular QCD. To remind the reader of the basic steps, we recall that, due to the Abelian 
Wis satisfied by the PT effective Green's functions, the PT self-energy A~^{q'^) absorbs all the 
RG-logs, exactly as happens in QED with the photon self -energy; specifically, in the deep UV, 



2 l + bgHn^"^' 



2 



(9.17) 



where b — 11Ca/4:8tt'^ is the first coefficient of the QCD /3-function. Equivalently, since Zg and 
Za, the renormalization constants of the gauge-coupling and the effective self-energy, respec- 
tively, satisfy the QED relation Zg = Z^^^'^, the product d{q'^) = gf^A(g^) forms a RG-invariant 
(//-independent) quantity [7]; for large momenta g^, 

d{q') = ^ , (9.18) 
q^ 

where g^{q^) is the RG-invariant effective charge of QCD, 

" 1 + 6^2 In (^2/^2) = 5in(g2/A2) " ^^'^^^ 

Let us now address the following question: assuming that one has non-perturbative informa- 
tion about the IR behavior of the conventional gluon propagator A(g2), how should one extract 
an effective charge, which, perturbatively, will go over to Eq. (9.19)? To accomplish this, one 
must use an additional field-theoretic ingredient, namely the BQI of Eq. (C.39), relating the 
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2/ 2, 

[1+G(q')f 



Fig. 85. {Left panel) The solution of SDE renormalized at ^ = Mi, = 4.5 GeV (continuous blue curve) 
and = Mz = 91 GeV (red line plus square curve). (Right panel) The corresponding PT-BFM A{q'^) 
obtained as the convolution of A(g^) and the function g'^{fi'^)/[l + G{q'^)]'^. 

conventional A(g^) and the PT-BFM A(g^) in any i?^-like gauge, i.e.. 



1 + G{q') A{q 



(9.20) 



Note that the G'(g^) already appears in Eq. (9.4) and Fig. 82. The dynamical equation for G'(g^) 
is obtained from the g^^ part of A^j, in (9.4); after using some of the aforementioned approxi- 
mations for the vertices, we obtain 



A 

3 Jk 



2 + 



A{k)D{k + q). 



(9.21) 



First of all, it is easy to verify that, at lowest order, the G{q^) obtained from Eq. (9.21) restores 
the P function coefficient in front of ultraviolet logarithm. In that limit 



1 + Giq') 



9Ca^?% ,q 
ISGa9' 



2 

2I 



1 + 



2 487r2 



fl2 



(9.22) 



Thus, using Eq. (9.20) we recover the A^^(g^) of Eq. (9.17), as we should. Then, non-perturbati- 
vely, one substitutes into Eq. (9.20) the G{q^) and A(g^) obtained from solving the system 
in Eq. (8.35), to obtain A(g^). This latter quantity is the non-perturbative generalization of 
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Fig. 86. The QCD effective charge, a(g^) = if' {q^) / 4,7: , extracted from Fig. 85 by factoring out 
{q^ + m^(0))~\ with a gluon mass of m(0)=500 MeV. 

Eq. (9.17); for the same reasons explained above, when multiplied by it should form an RG- 
invariant quantity, e.g., the non-perturbative generalization of d{q^). In Fig. 85 we present the 

combined result of the above steps: d{q^) is obtained from two different sets of solutions of the 
system of Eqs (9.4) one renormalized at /i = A/f, = 4.5 GeV and one at ^ = Mz = 91 GeV. 
Ideally the two curves of d{q'^) should be identical; even though this does not happen, due to 
the approximations employed when solving the SDE system, the two curves are fairly close, 
indicating that d{q'^) is to a very good approximation an RG-invariant quantity, as it should. 

We are now in the position to define the non-perturbative QCD effective charge from the RG- 
invariant quantity o?(g^). Of course, as already mentioned in subsection 5.1.2, given that d{q'^) 
reaches a finite value in the deep infrared, it would be unwise to define the effective charge by 
factoring out of d{q'^) a factor of because this would give rise to the unphysical situation 
where the strong QCD coupling vanishes in the deep IR. This is wrong not only operationally, 
i.e., forcing the coupling to vanish when it does not want to, but also conceptually, because it 
suggests that QCD in the presence of a gluon mass in non-interactive ^ . Of course, nothing could 
be further from the physical reality. First of all, a multitude of phenomenological studies find, 
with virtually no exception, that the QCD effective charge freezes at a non-zero value [231- 
236]. Second, a finite QCD effective charge constitutes a central assumption of the QCD/CFT 
correspondence [237,238]. Third, as we mentioned in detail at the beginning of this section [see 
discussion following (9.2)], the dynamical gluon mass is responsible for a very rich dynamical 
structure, being intimately connected, among other things, to both quark confinement and gluon 



^ To see how unphysical this procedure is, imagine applying it to the electroweak sector. Specifically, 
given that the propagators of the W and Z are finite in the IR, (due to the standard Higgs mechanism), 
pulling a factor l/q"^ out of them, instead of (g^ + M^) [viz. (5.36), with t/^ ~QE^y would give rise 
to an electroweak coupling that vanishes in the IR. Does that mean that the electroweak theory is non- 
interacting in the IR? Does Fermi's constant vanish all of a sudden? Or is /3 decay no longer observed? 
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screening. The correct procedure corresponds to factor out a "massive" propagator, i.e., write 



dil') - ,y (9.23) 

Of course, as we have emphasized, m'^{q^) itself is running, which must also be taken into 
account in a more sophisticated treatment. For the purposes of this report, however, we assume 
that m^(g^) is constant, m^(g^) = m^(0), and use for m(0) the value of 500 MeV favored by 
phenomenology [239]. The a{q^) obtained is shown in Fig. 86; as announced, at low energies 
it freezes to a finite value, indicating the appearance of an infrared fixed point of QCD. 
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10 Concluding remarks 



In this report we have given a detailed account of the pinch technique and some of its most 
characteristic applications. The present work may be separated in a natural way, into two large 
parts. The first part, comprising of sections 2 to 5, contains practically the entire one-loop PT, 
both in QCD and the electroweak sector, and the connection with the BFM formalism. The 
second part contains the developments following the non-diagrammatic formulation of the PT, 
the streamlining achieved by resorting to the Batalin-Vilkovisky formalism, and finally the non- 
perturbative QCD applications, with particular highlights the gauge-invariant truncation of the 
SDE series and the dynamical generation of an effective gluon mass. 

We hope to have conveyed to the reader the underlying unity of the multitude of topics cov- 
ered, and to have succeeded in demonstrating the versatility of the PT formalism and the wide 
range of its applicability. The reader should be able to appreciate, for example, how a simple 
one-loop calculation contains the seed of a non-trivial truncation of the SDEs, accomplished a 
quarter of a century later; or how a seemingly innocuous (or even redundant, according to some) 
rearrangement of graphs is able to give rise to a resummation formalism for resonant transition 
amplitudes that satisfies such a plethora of tightly interwoven physical constraints. 

Throughout this report we have attempted to maintain a balance between the technical presen- 
tation (how to pinch) and the physical motivations and phenomenological applications (when 
to pinch and why). Even so, there is a considerable number of additional important applications 
that we could not possibly cover. Let us mention a few. There have been several application 
in the area of finite temperature field theory, starting with the early work by Cornwall and 
collaborators [162,191], the calculation of the plasmon decay constant by Nadkarni [240], the 
gauge-independent thermal (3 function computed by Sasaki [241,242], and the work on mag- 
netic screening for the quark-gluon plasma by Alexanian and Nair [243] . In addition, the explicit 
one-loop PT calculations in the context of the Coulomb and temporal axial gauges have been 
presented by Passera and Sasaki in [244]. Moreover, Pilaftsis applied the PT to the resonant CP 
violation a decade ago [245,246], and recently to resonant leptogenesis [247,248]. The PT has 
also been used in order to obtain scale and gauge-independent mixing angles for scalar parti- 
cles [249,250] and [251]. In addition, Caporaso and Pasquetti applied to the non-commutative 
QED [252], and non-commutative (softly broken) supersymmetric Chern-Simons theory [253]. 

To be sure, there are still many things one would like to know about the PT and its field- 
theoretic origin. Most importantly, as mentioned in the Introduction, a formal definition of the 
PT Green's functions in terms of fundamental fields, encoding "ab initio" their special prop- 
erties, still eludes us. Ideally, one would like to find that particular combination of fields or 
operators, which, when appropriately combined, will furnish the PT answer without pinching, 
i.e., regardless of whether or not one tracks down the various cancellations explicitly, and in any 
gauge-fixing scheme considered. Such a situation would be, of course, far superior than what 
happens now with the BFG, where there is no pinching only because of a kinematic accident, 
namely the lack of pinching momenta in that particular gauge. 

One basic and rather obvious question, that, perhaps surprisingly, has not been addressed to 
date, is the following. It is well known that one can construct a gauge-invariant operator out of a 
gauge- variant one by means of a path-order exponential containing the gauge field A [254]. For 
example, in the case of the fermion propagator S{x,y) = (0|^/'(a;)^(|/)|0) the corresponding 
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gauge-invariant propagator Spo reads ("PO" stands for "path-ordered") 

Spo{,x,y) = (OlV^(x)Pexp {i f^dz ■ A{z)^ i^iyM- (10.1) 

Is this gauge-invariant propagator related in any way to the PT fermion propagator, constructed 
in Section 2? Of course, completely related to this question is the construction presented in 
[255]; in fact, the distinction made there between the Wightman and the causal two-point func- 
tion might be worth pursuing from the PT point of view. 

Anyone remotely familiar with the PT gets the tantalizing feeling that, in addition to the 
BRST symmetry, some other powerful (yet undiscovered) mechanism must be at work, en- 
forcing the PT properties. The remarkable supersymmetric relations discovered by Binger and 
Brodsky [65] (see Section 2) intensify this impression; their results indeed beg the question of 
whether one has actually stumbled into something bigger. Could it be, for example, that the PT 
rearrangements end up exposing some sort of hidden symmetry? Such a possibility is not un- 
precedented; an interesting 3-d example of a (topological) field-theory, which, when formulated 
in the background Landau gauge — 0), displays an additional (non-BRST related) rigid su- 
persymmetry, is given in [256]. 

Finally, it would be most interesting to explore possible connections with other field-theoretic 
methods [257-259], [260], [261,262], [10], [263], or string-inspired approaches [66,67,264], 
[265], [266], in order to either acquire a more formal understanding of the PT, or to encompass 
various related approaches into a unique coherent framework. 
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A SU{N) group theoretical identities 



In this Appendix we collect some useful group theoretical identities for the SU{N) gauge 
group. 

For any representation of SU (N) the generators (a — 1, 2...N'^ — 1) are hermitian, traceless 
matrices, generating the closed algebra 

[t'',t^]^if^^H^, (A.1) 
where f^"^ are the (totally antisymmetric) structure constants, which satisfy the Jacobi identity 

jabx jcdx _j_ jacx jdbx _j_ jadx jbcx g 2^ 

The fundamental representation i ^ is A^-dimensional, with the normalization 

Tr(t"/.) = \5°'^ (A.3) 

In the case of QCD, the fundamental = A"/2, where A" are the Gell-Mann matrices. 

The adjoint representation has dimension iV^ — 1, and its generators t\ have matrix elements 
given by the relation 

{t\)bc = -^/"'^ (A.4) 
The Casimir eigenvalue of a representation r is defined as 

tX = Cr 1 (A.5) 

while the Dynkin index dr is defined as 

Tr(t^t^) = 45"'' (A.6) 

The Casimir eigenvalue and the Dynkin index of a representation of a group G are related by 
the general formula 

a = (A.7) 

where dim(G') is the dimension of the group and dim(r) the dimension of the representation. 

Thus, for the adjoint representation r = A, dim(G') = dim(A), and therefore Ca = (Ia- 
Specializing to the SU{N) case, one has Ca = N, and from Eq. (A.3) we have that df = |, 
and thus C/ = {N^ - 1)/2N; for QCD, Cf = 4/3. 
We conclude by quoting some identities involving the structure functions 

jaexjbex ^ ^.^^ab^ (^ g^^ 

jaxm jbmn jcnx ^^^jabc 

j^alm j^bmn j^cne j^del j^alm j^bmn j^dne j^cel ^(^^y*^^^ j^cdx 

2 
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Fig. B. 1. Feynman rules for QCD in the gauges. The first two columns show the lowest order Feynman 
diagrams and rule respectively, while the last one shows the corresponding all-order Green's function 
according to the conventions of Eq.(7.3). 



B Feynman rules 



B. 1 and BFM gauges 



The Feynman rules for QCD in i?^ gauges are given in Fig. B.l. In the case of the BFM gauge, 
since the gauge fixing term is quadratic in the quantum fields, apart from vertices involving 
ghost fields only vertices containing exactly two quantum fields might differ from the conven- 
tional ones. Thus, the vertices T^^^ and ^2aaa have to lowest order the same expression as 
the corresponding ones F^^^ and Taaaa (to higher order their relation is described by the 
corresponding BQIs). 
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Fig. B.2. Feynman rules for QCD in the BFM gauge. We only include those rules which are different 
from the ones to lowest order. A gray circle on a gluon line indicates a background field. 

B.2 Anti-fields 



The couplings of the anti-fields $* with fields is entirely encoded in the BRST Lagrangian of 
Eq. (7.5b). When choosing the BFM gauge the additional coupling (7/"™"A*'"A"c" will arise 

in the BRST Lagrangian £brst as a consequence of the BFM splitting A A + A. One then 
gets the Feynman rules given in Fig. B.3. 



B.3 BFM sources 



The coupling of the BFM source 1]™ with the ghost and gluon fields can be derived from the 
Faddeev-Popov ghost Lagrangian, since making use of the BRST transformation of Eq. (7.16) 
we get 

£fpg = -c"sJ-^FM ^ -c"^/"'""(sl;r)A^ = -gn^c^n'I^A';^. (B.l) 
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Fig. B.3. Feynman rules for QCD anti-fields. 




^rfinM[Jc"(^2, — ^l) 



Fig. B.4. Feynman rule for the BFM gluon source 

The corresponding Feynman rule is given in Fig. B.4. In general Feynman rules involving the 
BFM source ^7 can be derived by the one involving the (gluon) anti-field A* through the re- 
placements A* and c ^ c. 
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C Faddev-Popov equations, Slavnov-Taylor Identities and Background Quantum Iden- 
tities for QCD 

C.l Faddeev-Popov Equations 

As a first example of the use of the FPE introduced in Section 7.3, let us differentiate the 
functional equation (7.22) with respect to the ghost field c^; after setting the fields/anti-fields to 
zero we get (relabeling the color and Lorentz indices) 

rcmgn(g) = 0, (C.l) 

which can be used to relate the auxiliary function VcmA*j'{(l) with the full ghost propagator 
D"-''{q). Due to Lorentz invariance, we can in fact write Tc^y^A*" (?) = Qu^c^^a*" (q), and therefore 

rcmcn(g) = -igTcm^™(g) = -iq^rcmA*n{q). (C.2) 

On the other hand, due to our definition of the Green's functions [see Eq. (7.3)], one has that 

zD™^(g)r,.,n(g)=5™«, (C.3) 

and therefore we get the announced relation: 

^q4q'D"^"{q)]-\ (C.4) 

As a second example, let us differentiate Eq. (7.22) twice, once with respect to and once 
with respect to c^, and then set the fields/anti-fields to zero; in this way we get the identity 

r^rAnc^ {k, q) + igT^r-A^^™ (fc, ?) = 0, (C.5) 

which is particularly useful for the PT construction. All these identities can be easily checked 
at tree-level; for example, using the Feynman rules of Appendix B, we have 

n''^%A;r{k, q) = igr'^'fl. = q)- (C.6) 

Differentiation of the functional (7.23) with respect to a BFM source and a quantum gluon 
field A or a ghost field c and a background gluon A, provides instead the identities (ki + k + q — 
0) 

rn-Aijc- (k, q) + iq^T^r^A^A*^-- (k, q) = gf Qup, (C.7) 
r,.2nc-(^' g) + iq^r^^^„^^^^{k, q) = -^^r"Te.A^e(-A;l), (C.8) 

that can be easily checked at tree-level. 
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C. 2 Slavnov- Taylor Identities 



STIs are obtained by functional differentiation of the STI functional of Eq. (7.15) with respect 
to suitable combinations of fields chosen following the rules discussed in Section 7. 



C.2. 1 STIs for gluon proper vertices 



Let us start by deriving the well-known STI for the trilinear gluon vertex which in the conven- 
tional formalism has been introduced in Eq. (2.94). By considering the functional differentiation 



535(r) 



5d^{q)5A^{ki)8A^{k2] 
and using Eq. (C.4) one obtains 



= g + /ci + A;2 = 0, 



(C.9) 



$,$*=o 



+ Tca'A-A^l^l^ k2)rAdAn{k2)} . (C.IO) 

At this point one would need to find out the relation between the (full) gluon propagator and the 
two point function T^a^t . First of all let us notice that since we are working in the Feynman 
gauge [see also Eq. (2.25)] 

- {^«,(?) + ^} Pa,{ci) - 9a, - (Cll) 

which translates to the all order formula 

iAfpiq) = -i5^' |p«/.(g)A(g2) + ^1 , (C.12) 

with 

Notice that the way the gluon self -energy liafiiq) has been defined in the above equation, i.e., 
with the imaginary i factor in front, implies that it is given simply by the corresponding Feyn- 
man diagrams in Minkowski space. Imposing then the condition 

iA-m^-'Yr^M = ^'''9l (C.14) 

we get 

(A-^)f,(g) = t5^' {P^^{q)A-\q^) + gV} • (C.15) 
On the other hand, recall that we are working with minimal variables, and thus with the reduced 
functional F; in the case of linear gauge fixings (as the and the BFM are) the latter is equiv- 
alent to the complete one after subtracting the local term / d^x >Cgf- This implies in turn that 
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Green's functions involving unphysical fields generated by the reduced functional coincide with 
the ones generated by the complete one only up to constant terms. In our case this affects only 
the two point function of the gluon field, for which one has the tree level expression 

T^llA»^{q)^iq'S'''Pa(}{q), (C.16) 

which furnishes the sought-for all-order formula 

^i5^'Pap{q)A-\q^). (C.17) 



Using the above relation, we can now check the identity at tree-level; we get 



^2) 



(/c2, /ci)r^(iy^m (/i^i) + ^l.J^mj^*iiki, /i^2)r|^j^„ (/i;2 



(0) 



c"-AT-A. 

M a 



(C.18) 



Notice also that Eq. (C.17) allows us to compare the SH of Eq. (C.IO) with the one written 
in the conventional formalism of Eq. (2.94). Factoring out the color structure, one arrive at the 
following identification 

H^.,(h,k2) = T,A,A*{h,k2), (C.19) 

which also shows that the FPE (C.5) corresponds to the well-known relation existing between 
the auxiliary function Hap and the conventional gluon-ghost vertex shown in Eq. (2.96). 

We pause here to show what would have happened had we worked with the complete gen- 
erating functional. In this case, due to the extra term appearing in the master equation (7.12) 
satisfied by the complete action, the differentiation carried out in Eq. (C.9) would generate two 
more terms with respect to the ones already appearing in Eq. (C. 10), namely 



(C.20) 



To get to the terms above we have used the equation of motion of the Nakanishi-Lautrup mul- 
tiplier B eliminating the latter in favor of the corresponding gauge-fixing function J^. Then, 
making use of the FPE (C.5), we get 



—i5'^'^k2vk2'Y^c''A]^A*/{ki, k2) — i5'^^kifj,ki^T ^aAnA*^ {^2, ki), 
so that we finally would get the STI 



(C.21) 



q'^VAaA^A^S^u h) = {r,a'^„^*7(A;2, ki) [r%^A^{ki) - id^^k^^k^^ 



M a 



{k^M) [rC,^„(A;2)-irt2^A;2.]}, 



(C.22) 
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where we have indicated explicitly that the two-point functions are to be evaluated from the 
completed functional (for the three point functions appearing in the STI above there is no dif- 
ference). We then see that the difference amounts to a tree-level piece appearing in the two- 
point function, as has been anticipated in our general discussion of subsection 7.2 (recall that 
we are using the Feynman gauge ^ = 1). In particular notice that we correctly find the relation 
T%Aq) = (A-^)?,(g). 

Another STI that will be needed in the PT construction is the one involving the quadrilinear 
gluon vertex; carrying out the functional differentiation 

s^sjr) 

5c"'{h)5A^{k2)5A^p{p2)5A'^{-pi) 
and using Eq. (C.4), we arrive at the result 

kirA^A^A-A-,(k2,P2, -Pl) = [klD"^""' (ki)]^r^m'A^^A*/(-PU k2 + P2)^ A^A]^Ar{k2, P2) 

+'^c^'ArA*;'iP2,k2- Pl)'rA'},A^Al,ik2,-Pl) + T^m'^^A*^ (^2, P2 - Pl)'^ AdArAiiP2, -Pl) 
+rc-'A^A|A7(P2, -Pl, k2)TAdAn{k2) + r^„,'^„^. (A;2, -Pl,P2)TAdAr{p2) 

+^c^'A^ArA*/ {k2,P2, -Pl)rAdAj (Pl) [ ■ (C.24) 



= ki + k2+P2=Pi, (C.23) 

,*— n 



C.2.2 STIs for mixed quantum/background Green 's functions 

Let us consider a Green's function involving background as well as quantum fields. Clearly, 
when contracting such a function with the momentum corresponding to a background leg it 
will satisfy a linear WI [such as the ones presented in Eq.s (8.39), (8.39), (8.39), and (8.39)], 
whereas when contracting it with the momentum corresponding to a quantum leg it will satisfy 
a non-linear STI. Let us then study the particularly interesting case of the STI satisfied by the 
vertex T^^a when contracted with the momentum of one of the quantum fields. Taking the 
functional differentiation 

5c"'{ki)5Al{q)5A'^{k2) 

we get 



= g + /ci + A;2 = 0, 



(C.25) 



ktv^^^^^^ik,, k2) = [klD^^'ik,)] {r,.'^„^«(^2, q)rx.AM) 

+ ^crr^'M^AlM. k2)VAtA-Sk2)} . (C.26) 

Notice that the same result can be achieved by contracting directly the BQI of Eq. (C.55) with 
the momentum of one of the quantum fields and then using the STI of Eq. (C. 10) together with 
the BQIs of Eq.s(C.38) and (C.59) to bring the result in the above form. 
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It is particularly important to correctly identify, in the above identity, the missing tree-level 
contributions (due to the use of the reduced functional, see also the discussion in Section C.3.2). 
In order to do that, one can either work with the complete functional and use the FPE (C.8), or 
add them by hand using Eq. (C.55), obtaining in either cases the SH 

+ Te^'ls^r ^■^)^AtA^S^2)} - igr'"''{kl9a. - k^ak2.). (C.27) 

This SH can be further manipulate by using Eq. (C.17) and the FPE (C.8) for rewriting the 
term proportional to r^^(A;2) as 

^c^'AlA*M^ k2)^AlA];;{k2)=^^m'A-^A''M^ ^2) (A"^)^"(A;2) + k2uT ^-^c^il-: ^2) 

+ igr''k2uV^^>A''^{-ki). (C.28) 
On the other hand, employing Eq. (C.4) we find 

[klD^^\ki)]{igr'k2u)V,^,Ai.{-k^) = -ign''krak2.-, (C.29) 

so, inserting Eq. (C.28) back into Eq. (C.27) we see that the term above partially cancels the 
tree level contribution, thus leaving us with the STI 

ki^MAr^A^ (ki, k2) = [klD^"^' {k,)] {r,.'^„^«(A;2, q)T2.AM) 

+ ^crr^'A^^Ar('i^k^)(^~')t:(k2)+k2.r^^,^^^.„{q,^ 

(C.30) 

C.2.3 STIsfor the gluon SD kernel 

In the construction of the SDEs for the gluon self-energy and three-gluon vertex, one needs the 
knowledge of the STI satisfied by the kernel (see Fig. 71) 

^A]!^A'iA'pAl,{k2,P2, -Pl) ^^A'^AiA'pA%{k2-,P2-, -Pl) 

+ i^AlA^Al {ki,£)iAf^, {i)iTAe'AnAr (^2, P2) 

+irAsA^At{k2,i')iAii,{e')ir^..^^^^{ki,p2). (c.3i) 

Using the above relation, together with STI of Eq. (C.IO), we find the following result 

A;^^^JA-A|(^l,^)^A:^;(£)^^^e;^„^.(A;2,p2) = -[kfD"'"'' {ki)]r^^^^„^r{k2,P2) x 
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In this case this is, however, not the end of the story, since the first term in the equation above 
still contains (virtual) longitudinal momenta, which will trigger the STI of Eq. (C.IO) together 
with the FPE (C.5). After taking this into account, we obtain 



+ir^r.'^s-A-Pl,^)D'''{£) [^c^'ArA:'^(P2,k2)rA^^An{k2) 



+r 



C^'Al^A*/ 



{k2,P2)^A^^Ar{P2)]} ■ 



(C.33) 



Similarly we find 



k'iirAs^A^Ai{k2j')iAii,{e')tr^.,^^^^{ki,p2) = -[klD^^' {ki)] x 



2 T-\ram' 1 



x<^r 



A%A^A\ik2-,^) 



+ iD^^'{i') [rce^n^*7(/C2, -pi)r^dA. (Pl) + r^e^jA^l-Pl, k2)TAdAn{k2) 
X^crr^'Arc^'iP2,-^')\- 



X 



(C.34) 



As before, after combining these results with the four-gluon IPI vertex STI of Eq. (C.24) we 
arrive at the needed STI for the four-gluon SD kernel, namely 



kilCA^A^ArA-^{k2,P2, -Pl) = [kfD"'"'' {ki)]y:^m' AliA*/ik2, -kl - k2)TAdArA-^{P2, -pi) 

+ ^c"^'A^Al,A*/(k2, -pi,P2)^AdAr{P2) 
+ A^c-' ai;a-a7 (^2, P2, -Pl)rAdA| (Pl) 

+ /C^W^r^.^*7(p2, -Pl, k2)^AdAr^{k2) \, (C.35) 

where the following auxiliary kernels have been defined 
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+ irAs^A^A^Sk2,i')iAii,{e')ir^^,^.,^.,{-e',P2) 

/C m/y^„y^ryl*T(A;2,P2, " ]?1 ) = T^m' y^ny^r ( /i;2 , ^2 , " Pl ) 

^ P a p d 

^c-'A-AlA7(P2, -Pl, h) = r '„/^.^,^.7(p2, -Pl, ^2) 

p cr d P d 

+ i^c"^'A%c-' i-Pi,^)iD^^'i^)i^c-'ArA*AP2, h) 

'-' Pa 
+ ^r,e^J^7(-Pl, k2)lD'''{i')lT^rr.'Ar-cAP2, 'i')- (C.36) 



C.3 Background-Quantum Identities 



BQIs are obtained by functional differentiation of the STI functional of Eq. (7.17) with respect 
to combinations of background fields, quantum fields and background sources. 



C.3.1 BQIs for two-point functions 

The first BQI we can construct is the one relating the conventional with the BFM gluon self- 
energies. To this end, consider the following functional differentiation 



6^s' (ro 



s^s' (r') 



<!>,$* ,n=o 



*,**,n=o 



q + p^O, 
q + p^O, 



(C.37) 



which will give the relations 



7 /3 



(C.38) 



We can now combine Eq.s (C.38) and (C.38) such that the two-point function mixing back- 
ground and quantum fields drops out, to get the BQI 
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Fig. C.l. Expansions of the gluon anti-field and BFM source in terms of the corresponding composite 
operators. Notice that if the anti-field or the BFM sources are attached to a 1 PI vertex, as shown in the 
first line, such an expansion will, in general, convert the IPI vertex into a (connected) SD kernel. The 
equivalence shown is therefore not valid at tree-level {e.g., in the case of three-point functions such an 
equivalence would imply that the kernels shown on the rhs of the corresponding expansions would be 
disconnected); when present, the tree-level needs to be added by hand, as explicitly shown in the two 
expansions of the second line and the last one of the third line. This type of expansion allows one to 
express the terms appearing in the BQIs in a form that reveals kernels appearing in the STIs [see, e.g., 
Eq.s (C.49) and (C.50)] 



= ^r^sA^(9) + 2rf2aA7(g)rA^A^(?) - ^rn.A7(g)rA^A|(g)ro^A«, (c.39) 

where the last identity is due to the transversality of the Vaa two-point function. 

In order for our PT procedure to be self-contained, it is important to express the IPI auxiliary 
Green's function involved in the various STIs and the BQIs in terms of kernels that also appear 
in the relevant STIs. The key observation that makes this possible is that one may always re- 
place an anti-field or BFM source with its corresponding BRST composite operator. Thus, for 
example, one has (see Fig. C.l) 



v' d 



(0) 



1 



(C.40) 
(C.41) 



where ki and k2 are related through k2 = q — ki. In this way we get the following SDEs (see 
again Fig. C.l) 
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Fig. C.2. Skeleton expansion of the kernel appearing in the SDE for the auxiliary function T^aa*- 

c-a'^M = -^'''^^,-^'.^a:M 

a a 

= -5''^-q^ + gf-'^'gl, f D^'^{h)A:J'Uh)T,r.^r.,.{k2,h), (C.42) 

J ki 

zr,.^„^..(fc, q)=tgr''-g2 - igf'^' gl J^^ D^^' {h)AZ' {k2)IC,^A^AsMk, h), (C.43) 

-rf,.A7(g) = ^?r''"'w / D^''^ih)A';;,';^ik,)T,.^.^*.ik,,-q), (c.44) 

J ki 

iTnaAd,c4k,P) = -i9r'^'"9ay-igr^''"'gau' [ D^'^{ki)A''^,''^{k2)IC^eAnAi,c4k2,k,p). 

J ki 

(C.45) 

The kernel }CcAAc appearing in the SDEs (C.43) and (C.45) is shown in Fig. C.2 and reads 



A^c^AjJ Ajc^ {k, k2,ki) — Tco-A^A^c^ {k, k2,ki) 

+ iTA^A'iAr{k2, -k - k2)iAl'^,{k + k2)iT^^^r'^e{k + /c2, ki) 

p' 

+ iTcaAi^c^{k2, -ki - k2)iD''''' {ki + k2)iT ^r' Ar,^e{k, ki). 



(C.46) 



C.3.2 BQIsfor three -point functions 

The relation between the trilinear gluon vertex and the trilinear background gluon vertex, can 
be obtained by considering the following functional differentiation 



6ni{q)6A^-^{p2)6A%{-p,) 

We then get 



= q + p2=pi. (C.47) 



^ria^r^j(p2, -Pi) = [igis""^ + rnaA7(-g)]rAdA^Aj(P2, -Pi) 

+ rngAjA7(-Pl,P2)rAdA-(P2) + ^n-ArA*;'{P2, -Pi)rAdA»(Pi)- 

(C.48) 
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In order to explore further the all-order structure of these two auxiliary Green's functions, re- 
place the BFM source with the corresponding composite operator using Eq. (C.41), thus obtain- 
ing 



«rngAjA*^(-Pl,P2) =ir[^°]^„'-„/ / iD'^''^{ki)il^ir^{k2)lC^rnAnA%A''^'<{k2, -Pl,P2), 
^rQa^.yl-7(p2, -Pi) =^r[J^^„,_^, iD'^''^{kx)ib.''X{k2)l^c^A^A-^A*^{k2,V2, -pi), 



(C.50) 

with the corresponding kernels defined in Eq.s (C.36) and (C.36). Notice the emergence of the 
pattern exploited in the application of the PT to the SDEs of QCD: namely that the auxiliary 
functions appearing in the BQI satisfied by a particular Green's function can be written in terms 
of kernels appearing in the STIs triggered when the PT procedure is applied to that same Green's 
function. 

Now, the BQI of Eq. (C.48) gives at tree-level the result 

^M^AlA%yV2, -Pl) = ^A-ArA-,{P2, -Pl)- (C.51) 

This is once again due to the use of the reduced functional: in fact in such case the two (tree- 
level) vertices need to coincide, since the difference between them is proportional to the inverse 

of the gauge fixing parameter (see Appendix B) and therefore entirely due to the gauge fixing 
Lagrangian. To restore the correct tree-level terms one would have to use the complete func- 
tional; in that case the differentiation of Eq. (C.47) shows the two additional terms 

-5'^'Pl^r^aAr^d{p2, -Pl) + S'^'^P2pTaaAs^^d(-pi,P2), (C.52) 

which, with the help of Eq. (C.7) become 

-iS'^'piaPlj^naArA*;'(P2, -Pl) - iS'^'~P2pP2j^naAs^A*/(-pi,P2) + gT^'^iQapPla + gaaP2p)- 

(C.53) 

Therefore we get the final identity 



^rj„^,^, (P2, -Pl) = [igZS"^ + rnaA*7(-g)]r^dA.^. (p2, -pi) + gT^'^igapPia + gaaP2p) 

dr„ 



+ rn-AtA7(-Pl,P2) ^AiAriP2)-iS >2pP2. 



+ ^n^^ArA*/ {P2, -Pl) [r^d^. (pi) - id'^'piaPi^l , (CM) 



which gives the expected tree-level result. Once again we see that the difference between work- 
ing with the reduced and complete functional lies in some constant (tree-level) terms that one 
recovers after applying the FPE for writing the STI/BQI at hand in the same form using F or Fc. 
Thus, opting for the fast way of deriving the STI/BQI with the reduced functional and adding 
the correct tree-level term, we write the BQI in its final form 
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^^A-ArA^^P^^ -P^) = [^91^"''^ + ^n-A*;'{-Q)]^AdArA^,{P2, -Pi) 

+ ^n-Al,Al^{-Pl,P2)^AdAr{P2) + ^n-ArA*/{P2, -Pl)^AdA-^{Pl) 

+ gP''' {P2p9aa + PlaQap) ■ (C.55) 



We conclude by giving the relation between the trilinear quantum gluon-quark vertex and 
the trilinear background gluon-quark vertex; this can be obtained by considering the following 
functional differentiation 







q + P2 



We then get 



(C.56) 



^ria^v;(^2, -Pi) = [ig^S"-'^ + ^n-A*/{-qWAd^4p^, -Pi) 

+ r^*Vin« Q)^tptp{P2) + r^v;(Pi)ry,nay;*(g, — Pi). 



(C.57) 



C.3.3 BQIfor the ghost- gluon trilinear vertex 

In this section we are going to derive the BQIs relating the ghost sector with the BFM ones. 
We start from the trilinear ghost-gluon coupling, for which we choose the following functional 
differentiation 



thus getting the result 







ki + k'i^ q, 



(C.58) 



*,**,n=o 



ir^^^,.„{-q, k2) = [i6 ""gl + TnaA*j{q)]T^n.A<icr^{-q, /ca) 

~ r(,myi*7(— A;i)rQa^dgn(/ci, " F^a ^m^-.d ( fci , ) T^-dgn ( ) . (C.59) 
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